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Some Infinite ( Singly, Doubly and Triply ) Sums
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Research Institute for Applied Mathematics
Descartes Press Co.

Abstract

In this article some infinite ( singly, doubly and triply ) sums are reported.
Some of them are shown as follows for example. That is,

. = 1 (m-D!am 1
(1) ; k(k+m)(k+m+1)~~(k+m+n)=(n+m)!2""(n+k)'
( Singly infinite sum )

® @ [(m-— 1)! -(2:‘“(;1 Jflc)“)]‘1

(ii) ] =e_2m-1_l_
L&l kk+my(k+m+l)--(k+m+n) k=0 |
( Doubly infinite sum )

- [(m— D (n +m)! (2;"‘1 (n +k)“).|_l

i) - ~1.59063 - ,
b nE-O ,,Z.x 21 kk +m)(k+m+1):-(k+ m+n)

( Triply infinite sum )
where mEZ* and n€Z .

§ 0. Introduction ( Definition of Fractional Calculus )
(1) Definition. ( by K. Nishimoto )([1]Vol. 1)
Let D={D_,D,}, C={C_,C.},
C_be a curve along the cut joining two.points z and - ® +iIm(z),
C, be a curve along the cut joining two points z and o+ iIm(z),
D_be a domain surrounded by C_, D, be a domain surrounded by C, .

(Here D contains the points over the curve C ).
Moreover, let f = f(z) be a regular function in D(z €D),

Copy DD )
fom D=l = [ mdt (VT (1)

() = lim (H,  (mEZY), (2)
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where -ws<arg({-z)sm forC., Osarg({-27)=<2n forC, ,

=z, zEC, vER, T ;Gamma function,
then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order -v for v <0 ), with respect to z , of
the function f , if |(f)v| <,
(II) On the fractional calculus operator N* [ 3]

Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N* be

N’ (F(;’;ll)ﬂ(cd v“) ve&z), [Referto(l)]» (3)

with N = vl_l’n_‘l" N’ (m €Z"), (4)
and define the binary operation o c;s

NP oN°f=N°®N®f=NP(N°f) (a,BER), (5)

then the set

{N}={N|veR} (6)
is an Abelian product group ( having continuous index v ) which has the inverse
transform operator (N")'l =N"" to the fractional calculus operator N' , for the

function f suchthat f €F -{f; O#‘fv|< m,vER}, where f = f(2) and zEC.
(Vis. —0o<v <),
( For our convenience, we call N oN® as product of N* and N¢.)

Theorem B. " F.0.G. {N"} " is an" Action product group which has continuous

indexv " for the set of F .( F.O.G. ; Fractional calculus operator group )

(IIl) Lemma[1]

. b o ib I'(a-b) b-a ['(a -b)

(i) (z=€¢)), = F( 5 ——(z-0¢) Tb) I

(ii) (log(zwc))a =—¢'"™(a)(z-¢c) (|I‘(a)|<°°).
(iii) (u'v) = < I'a+1) u v (U-M(Z))

@ ‘ch!r(aﬂ—k) a-k "k v=uz) "’
where z#c¢ in (i) and (ii).
§ 1. Singly Infinite Sums
Theorem 1. We have
i 1 _(m-1)! 2 1 ()

ol

~ k(k+m)(k+m+l) - (k+m+n) (n+m) &n+k

where mEZ" ,n€Z, (=Z"U{0}) .
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Proof. We have

- [(-m+])

n_l -
(z'-logaz).,, ;kif(— P

(z")_,..(logaz), (az=0) (2)

w k . “coee —
=(z")_m‘logaz+2(—1) m(m+i)‘ (m+k-1)
k=1 4

(Zn)-m—k (logaz)k ( 3 )

Eeurm F( —n - m) n+m logaz+2( 1) n‘(m+1) (m+k 1)

[(-n) k=1 k!
im F(_n—m _k) ; -
(k +m) nemk ink k
xe —_z (—e" " T'(k)z (4)
o ( )
1 n+m logaz

T A D(n+2)(nrm)

—zmmi(—l)k 'm(m+1)"'(m+ k—l). ewm(_l)pm-k (5)
= k (n+)(n+2)--(n+m+ k)
n" n+m1 n! nem ]
- (n+m)!z ogaz—(m__l)!z Qm,n ) ( )
that is,
n! n!
n.l = n+ml _ ! nem ’ .
(z rlogaz)_, i’ logaz L 0, . (7)
where
1 < k-1)!
_ (m+ ) (8)

Qo= “k(k+m)(k+m+1)---(k+m+n) “(k+m+n)lk’

Therefore, operating N- fractional calculus operator N™ to the both sides of
( 7 ) (making m th order derivative of both sides ) we obtain

n! n! ’
".l = d n+m _ n+m 9
(z"-logaz).,,), === (2 logaz), — s (@0, O (9)
hence
7 logaz
=z"logaz + a {(n+1)(n+2) (n+m)(-—l—+ L ot L )}z"
(n +m)! 1 n+2 n+m

_(n+ m)!
(m—1)! © Zmn

(10)

under the conditions.

From ( 10 ) we have



_(m~1)!'n!{m }(m 1)_(m—1)! LA |
Q'"’"—{(n+m)!}z 21("”‘) Zln+k _(n+m)!k2,ln+k ' (11)

Therefore, we have (1) from ( 11 ) clearly, under the conditions.
Note 1. We calculate as , for example,

0D o De-b | Na-2+1) . (a-2T@-2) _

=1li = -2. (12)
'-2) «=»o’'(a-2) o= I'(a-2) a=0 T'(a-2)
However we calculate this as
[(-D)/T(-2)=T(1-2)/[(-2) =(2)T(-2)/T'(-2) =2 , (13)

for our convenience, using the relationship I'(z + 1) = zI'(z) for Gamma function.

§ 2. Doubly Infinite Sums

Theorem 2. Let

[ (2:_l(n+k)°l)-l-l

A(k,m,n)=

k(k+m)(k+m+1) - (k+m+n) ° (1)
We have then
x  ® m—ll
(1) Alk.mnm=e-)» — (2)
% & Alemm=e-3 5
' =] o0 n 1
(ii) k.mny=e-Y — (3)
: 2 & Akmn=e-3
and
(iii) Alk,p +1,n) = A(k,m,p) (4)
22 (k,p +1,7) ;; p

where mEZ" ,n€Z  (=2"U{0}) , pEZ, and e=2.71828... .

Proof of (i). Now we have

i [(m-— D (S s k)'l)]_l 1

S kk+m)y(k+m+1)--(k +m+ n)- (m+n)!

(5)

from Theorem 1.
We have then

EA(k,m,n) - (6)
k=1

(m+n)!
from(5)and(1).
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Therefore, we have

- 1
A(k m,n) = .
n-O o1 "20 (m+n)!

We obtain ( 2 ) from ( 7 ) under the conditions, since

m=-1 _1- o 1

e= + =
k=0 k' k=m k!

Proof of (ii). We have

2 & KB Y G

Therefore, we obtain ( 3 ) under the conditions from ( 9 ), since

5 1 - 1
TR
k=0 k' k=n+l k'
Proof of (iii). We have

co [*2]

2 2 A(k,p +1,n) =€ - Z T
S S akmpe-3 <

and

maml

from ( 2 ) and ( 3 ) respectively.

Therefore, we obtain (4 ) from ( 11 ) and ( 12 ), under the conditions.

Theorem 3. Let
-1

B(k,m,n) = {(m— D-(m+ m! (E’:l (n +k)_l)]

Ckk+my(k+m+1) - (k+ m+n)
We have then

[+ -} =]

(1) B(k
' :12-0 g ( mn) kmm (k')
PRy ———-————1
() 2 Blk.m.m) = 2, &+ 1y
(ii1) > Y Blk,p+ln) =Y ; B(k,m,p)
n=0 k=1 m=l k=l

where mEZ* , n€Z, (=Z'U{0}) and pEZ

Proof of (i)and (ii). Now we have

-1
o [(m-l)!-(m+ m)! (2:’_1 (n+ k)"‘)] !
L kkim)(k+m+ D) (k+men)  {(m+m)l)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)



from Theorem 1.
We have then

- 1
B(k,m,n) =————
21 {(m+n)t}*
from(13)and (17).
Therefore, we have
[o o] o] o0 1
B(k,m.,n) = ——
2 2 Blemm= 3 oy
oL
& (k1)

and

[+ o] [o o [« ] 1
E 2 B(k,m,n) = 2 m

m=1 k=l me=1
ST S
< {(k+1)1Y
from ( 18 ) respectively. '
Proof of (iii). We have
i i B(k,p+1,n) = i ——L;
n=0 k=1 k=p +1 (k')

and

[24) oo o0 1
2 2 Bem.p "Z,, G+ DY

from ( 14 ) and ( 15 ) respectively.

Therefore, we obtain ( 16 ) from ( 21 ) and ( 22 ), under the conditions.

§ 3. A Triply Infinite Sums
Theorem 4. We have the triple infinite sum
© © o [(m— D! (n +m)!(2;"_1 (n +k)'1).|.l
< & Zl k(k +m)(k+m+1):--(k+ m+n)
where mEZ" and n€Z .

Proof. We have

< 1
EPEm = Gty

then

o - © 1 -
2 2 B(k,m,n) = 2 W

mm=l k=} ms=l

=1.59063..- ,

(18)

(19)

(14)

(20)

(15)

(21)

(22)

(1)

(2)

(3)
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T A (k)Y
where B(k,m,n) is the one shownby § 1. (13).

H

Therefore, we have

5

nm0 me=l

o @ 1

>, Blkmm =3 > e D7

k]

E
...

< 1 1
Sty
(4 DY (e T {(ne3))

2 (n+1)'} 20 (n+”)'} z{(n+3)'}

n=

=1.279584.+ + 0.279584 -+ +0.029584 -
" +0.001806: - + 0.000070- -« +0.0000011- -
+0.0000000 - + -
=1.59063 .-

from(4).

§ 4. Ilustrative Examples of Theorems 1, 2 and 3

(I) Examples of Theorem 1.

We obtain
= . 656, .42,
> T e D) ([171p.656, [181p.42.)
Q =§ 1 - ([17]p.666, [18]p.43.)
MU k(k+ D) (k+2) 212
0 -i 1 - ([17]1p.675, [18]p. 43.)
L2 k(k+ ) (k+2)(k+3) 33
— 1
= k(k+1) (k+ 9)(k +3)(k +4) T 414
o 1 1 1
Q1,4"2 — i —

1k(k+1)(k+’7)(k+3)(k+4)(k+5) 515 600

k

for m=1,

(6)

(7)

(8)
(1)

(1)

(2)

(3)

(4)

(5)



2 1 3
= == . 18 1 p. 45.
00 kE e 4 (1171p.656, [18]p. 45.)
d 1 5 5
- 17]p. 666.
Q. = Lzl rki2)(ked) @) 36 (L171p.666.)
0.. - o 1 217 7
227 gt k(k+ 2)(k+3)(k+4) (41)* 288
_i 1 39 3
“ k(k+2) (k+3)(k +4)(k+5) (5! 800
for m=2,
Z k(k+ ST ({17 ] p. 656.)
o _2:26 13
Z k(k+ 3) (k+d)  (4)® 144
i ' _212-47 47
&~ k(k+3)(k+4)(k+5) (51 3600
0 =§ 1 31274 37
23 A kk+3) (k+ Ak +5)k+6) (61" 21600
for m=3
2, k(k+4) 48 ([17]1p. 656.)
2 1 31-1154 77
Q‘“‘Z_l k(k+ 4)(k+5) (5! 1200
od 2031342 19
1k(k+4)(k+5)(k +6) (61 2400
i 1 (31?638 319
& k(k+4)(k+5)(k+6)(k+7) (71> 352800
for m=4,

5°=21 k(k+5) 300

1 411044 29
st ;k(k+5)(k+6) C (61 600

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

55



56

for m=5, and

l1al
=) — 171 p.656 ). (20)
Qo= Zk(k+m) mkEk (H7lp
(I1) Examples of Theorem 2.(1i);
1) >y ntl ~ 171828 - . (21)

< k(k+1) (k+2) - (k+1+n)

n=0

a~

(Set m=1in §2.(2).)

&S - (m+D(n+2)2n+3)!
>

2) ~0.71828 .- . (22)
o b k(k+2)(k+3) - (k+2+n)
(Set m=2in §2.(2).)
= 23 (n+h™"
= -021828- . 23
3) ,;,,Zlk(k+3)(k+4)---(k+3+n) (23)

(Set m=3in §2.(2).)
Note. Indeed, having m=1 we obtain

=1 f) . , [18] p. 42. 24
Zk(kﬂ) (from Q,,)  ([17]p.656, [18]p.42.) (24)

2
Zx k(k+1)(k+2)

3 I
= 17]p.675, [181p.43.) (26
Y R D Gk es) 31 (from Qo) (1719675, [181p-43.) (26)

(from Q,,) ([171p.666, [18]p.43.) (25)

1
2!

ANZE

B

S 1
= 27
,k(k+1)(k+2)(k ke 4 Lrom Qi) (27)
.............................. (28)
o n+1 1
- 2
2w DD kalrm e (oM Q) (29)
.............................. (30)

from Theorem 1in § 1.
Therefore, by the summing up from (24) to (30) we obtain



ST

N n+1 <1
20 ;k(kn) (k+2) - -(k+1+n) ;o(ml)!

(31)

=€-1 =171828--- , (32)

clearly, for example.

(I11) Examples of Theorem 2.(ii);

o] o0 [(m_ 1)! .(zm k_l)] -1
! =l =1.71828 . .
! Ex Z k(k +m) 171828 (33)

(Set n=01in §2.(3).)

2y @ & lm-D(S, a+b™)]™
o] Zl k(k+m)(k+m+1)

=0.71828 - (34)

(Set n=1in §2.(3).)

m

[(m-1)!-(Y,_ k™
=1 k(k+m)

8

3) 2 =021828.-- (35)

m=1

|

(Set n=2in §2.(3).)
(IV) Examples of Theorem 3 (i ): -

© [n! ]_1
1 =1.279584 ... . 36
) z, = k(k+1D)(k+2)-«-(k+1+n) : (36)
(Set m=1in §2.(14).)
< [n!-(2n+3)]! :
2 =0.279584 ... . 37
) ,,20 Z k(k+2)(k+3)---«(k+2+n) (37)
(Set m=2in §2.(14).)
@ o 1.9 2 -1
3) [n!2Gn +12n+ID1” 4550584 (38)

et L k(k+3)(k+4).--(k+3+n)
(Set m=31in §2.(14).)
(V) Examples of Theorem 3.(ii); ‘

@ SDtm (ST kT
1) > 2[(m )k::i%ﬂ D 1279584 (39)

o0
m=]l k=l

(Set n=0 in §2.‘(15).)
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2 § = [m=D(L+m)! (S, A+k)7
- k(k+m)k+m+1)
(Set m=11in §2.(15).)

=0.279584 ... . (40)

@ & [m=D1-@+m) (S @+t
? le 21 k(k +m)(k+m+1)(k+m+2) =0.21828:.- . (41)

(Set n=21in §2.(15).)

+4]
k=
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