obooooooOooo 13660 20040 121-128

121

A generalization of a non-symmetric numerical semigroup
generated by three elements

#ZENITRKRE KB ZR (Jiryo Komeda)

Kanagawa Institute of Technology

§1. Non-symmetric numerical semigroups generated by three elements.

Let N be the additive semigroup of non-negative integers. Let H be a numerical
semigroup of genus g, i.e., a subsemigroup of N whose complement N\ H consists
of g elements. We denote by g(H) the genus of H. We set

¢(H) = Min{c € Nlc+ N C H},

which is called the conductor of H. Then ¢(H) < 2g(H). A numerical semigroup
H is said to be symmetric if c(H) = 2g(H). Let M(H) = {a1,as,... ,an} be the
minimal set of generators for H. We set .

a; = Min{a|aa,- €< Ayy... 3Qi—1,Qit+1y-.- ,Qn >}

where for any non-negative integers by, ... , by, the set < by,... by, > means the
semigroup generated by by, ... , by,.

Example 1. i) Let H =< 4,5,6 >. Then g(H) = 4 and ¢(H) = 8. Hence H is
symmetric. If we set a; =4, a; =5 and a3 = 6, then o; =3, @3 = 2 and a3 = 2.

ii) Let H =< 4,5,7 >. Then g(H) = 4 and ¢(H) = 7. Hence H is non-symmetric.
If weset a1 =4, a,=5and a3 = 7, then oy = 3, @ = 3 and a3 = 2.

Remark 2 (Herzog [1]). Let H be a non-symmetric numerical semigroup with
M(H) = {al, ag, 0,3}. Then

Q181 = 01209 + 011303, G20y = Q2141 + Op3a3 and 03a3 = Q3101 + Q3202

where a1 = a1 + 031, 03 = @;p+ sz, a3 = o3+ a3 and 0 < o4 < o, all 4, 7. In
this case a;;’s are uniquely determined.

a; —0Qj2
—Q93 Q2

Proposition 3. Let the notation be as in Remark 2. Then we have

as.
Example 4. Let H =< a; =4,a3 =5,a3 =7 >. Then

3a; = a3 + a3, 3ay = 2a;, + a3, 2a3 = a; + 2a4
and

a; —012
—Q21 05}

| 3 -1
“l-2 3

'=7=a3.
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§2. Numerical semigroups of quasi-toric type.

In this section we introduce the notion of a numerical semigroup of quasi-toric
type and give several examples.

Definition 5. i) Let H be a numerical semigroup with M(H) = {a1,... ,a,}. A
system of relations

Q101 = Q1282 + « - + Q1nly

OnQn = 011 + - + Qpn—-1G0n-1
satisfying
0 =0+ Qg F Oy o O

for any j and 0 < a; < a5 for all ¢, j is said to be neat.
ii) A numerical semigroup H is said to be neat if it has a neat system of relations.

Example 6. i) Any non-symmetric numerical semigroup H with M (H) = 3 is
neat by Remark 2.

ii) Let H =< a; = 20, as = 24, a3 = 25,a4 = 31 > . We have a unique neat system
of relations

4a, = as +as + a4, 4ay = 2a, + a3+ a4, 3a3 = a1 + a2+ a4 and 3a4 = a; + 2a;5 +az,

which implies that H is neat.

Definition 7. Let H be a numerical semigroup with M(H) = {a,... ,a,}. The
Z—module

R={(r1,ra,... ,rp) € Z"| Zriai = 0}

i=1

is called a relation module for H.

Lemma 8. Let the notation be as in Definition 7. Then a relation module for H
is a free Z—module of rank n — 1.

Definition 9. Let S be a subsemigroup of Z". S is said to be saturated if the
condition nr € S, where n is a positive integer and r an element of Z", implies
that r € S.

Definition 10. Consider an order on the set
I={G§)1<i<n1<j<ni#j},

which is fixed. Let H be a neat numerical semigroup with M(H) = {ay,... ,a,}.
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Take a neat system of relations

Q9101 + * -+ + Qp1G1 = Q1G] = Q1989 + * * + + Q1n0p
Qn—10n-1 1+ On-2n-10n-1 + Cnn—-10n-1 = Op_10n-1
= Qp-1101 + *** + Qp-1p—20p-2 + Qn—1n08n

Qipln + *** + Qp_1n0n = Qplp = Qp101 + -+ + Opp—18n-1

Assume that

ay —CQ12 ot —Qp-g
—Q21 Q2 cer —Qgn—1
‘ # 0.
—Qp-11 —0p-12 °°* Qp-1

We set N = #{(3, j)|ai; # 0} — (n — 1). We associate the vector in ZV¥ with ayja;
by induction on ¢ which means the ¢—th relation in the neat system of relations.
Let ¢ be fixed. Let (k;, ;) be the maximum of the set

Li = ({0, i)lags # 0} U{G, 1)l # 0}) (nuL )

We number successively the elements (3, 7) of the set L; by o(3, §) in the given order
(if (2, 5) # (ki, ;). We associate the vector by(; j) = €q(:,5) With aija; if (4, 7) # (ki, Li).
For ay,,a;, we consider

akiliali = eceaan + apqa'p ......

from the i— th relation in the neat system. Using the relation we can associate
the vector byy; with ag,,a;,, because we already have associated some vector with
Qpgp. Thus, we can construct the subsemigroup S =< by,... ,by4n-1 > of ZV,
The neat numerical semigroup H is said to be of quasi-toric type if the semigroup
S is saturated.

The reason why H is said to be of quasi-toric type is that if the associated
semigroup S is saturated then the affine scheme Spec k[S] becomes an affine toric
variety where k is an algebraically closed field.

Remark 11. Let a neat system of relations be fixed. Then the property of ” quasi-
toric type” does not depend on the choices of the numbering of the elements of
M(H) and the order on the set

I={(5)1<i<n,1<j<n,i# 5}
Example 12. Let H be a non-symmetric numerical semigroup with M(H) =
{a1,a2,a3}. We have the neat system of relations

aia; = (001 + as1)ar = Q1209 + 1303
Q209 = (a1 + Qa2)a2 = Q2101 + Q2303
o303 = (013 + Q23)a3 = Q3101 + 03202
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We define the order on the set
{(,9)i, 5 =1,2,3 and ¢ # 5}

as follows: (i,7) < (¢,5') if "5 < 77 or ”j = ', i <. The associated subsemi-

group S of Z* is generated by by = €1, by = €3, by = €3, by = €4, b5 = (1,1,~1,0)
and bg = (—1,0,1,1). Then S is saturated, which implies that H is of quasi-toric
type.

Proposition 13. Let H be a neat numerical semigroup with M(H) = {a1, ... ,an}
such that it has a neat system of relations :

Q101 = 01202 + -+ + Q1p0n

Qnlp = Qp1a1 + - * + Qnp—_1An-1

with
ay —Qy2 -+ —0Op-i
—Qioy 05} cer —Qop—ty
# 0.
—0Op—-11 —Op-12 °°°* Up-1

i) If there is some jo with 1 < jo < n such that a;;, > 0 for all i, then H is of
quasi-toric type.
ii) If there is some i with 1 < ig < n such that oyy; > 0 for all j, then H is of
quasi-toric type.

Example 14. Let H =< a1 = 20,a; = 24,a3 = 25,a4 = 31 >. We have a neat
system of relations

4a1 = ag + a3 + a4, 4a; = 2ay + a3z + aq,
3a3z = a1 + a3 + a4 and 3a4 = a; + 2a, + a3.

Since we have
4 -1 -1
—2 4 -—1]|=31+#0,
-1 -1 3

by Proposition 13 H is of quasi-toric type (Cf. Example 6 ii)).

Proposition 15. Let H be a neat numerical semigroup with M(H) = {a1,... ,an}
such that it has a neat system of relations

’ —
Q101 = Qipln + (1202
Qag = Q2101 + (2303

---------------------------

...........................

{ Qnln = Opn—10n-1 + 0101
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with
aq —Q13 ot —Oip-1
—021 Q2 cer —0Op-1
#0
—Op-11 —Qp-12 On—-1

where we set a;; = 0 if aja; does not appear in the system of relations. Then H
is of quasi-toric type.

Example 16 (Komeda [3]). For any n > 5, let H, be the numerical semigroup
with
M(H,) ={ai=n,a0=n+1la3=2n+3,a.=2n+4,... 6,1 =2n+n—1}.
Then we have a neat system of relations

o101 = 4a; = ag + Qn_1, Q209 = 303 = a1 + a3, a3a3 = 2a3 = 2ay + a4,

00, = 20; = ai—1 + @ip1 (4 <1< n—2), Ap-1an-1 = 2an_1 = 301 + Gn—2.
By Proposition 15, H, is a neat numerical semigroup of quasi-toric type.

Theorem 17. Let H be a neat numerical semigroup with M(H) = {a1, a3, as, as}.
Then H is of quasi-toric type.
Proof. Let

011 = Q12089 + 1303 + Q1404

Qa2 = Q2101 + (2303 + Q2404

Q3a3 = (3101 + Q3202 + (3404

Q404 = Q4101 + Q202 + Q4303

be a unique neat system of relations for H. We note that
01— —0Q13

D=|—-agy Q2 —ag3 | > 0.
—Q31 —032 Q3

By Proposition 13 first we may assume that oya; = 01203 + 01404, Which implies
that a3 = a3 + ay3. Moreover, we have

» Qa9 = Q9101 + Q933 OT (o33 + 0240.4”

and
Y44 = (4101 + Q4303 OT Qg0a0 + 043a3”.

1) Qaly = (21A1 + Qla3@3, Qg = 04101 -+ (uq30a3. Then Q303 = Q3o + Qi3404.
This case is reduced to Proposition 15.
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11) Oa09 = (9141 + (9303, Qg = Cig902 + CQu4303. Then Q303 = Q3101 + (3404.
Hence we get a; = ag; + Q31, @ = Q3 + Qqz, 3 = Q23 + 043 and oy = 014 + 0i34.
We introduce the order on the set

I={()H1<i<4,1<5<4,i# 5}

as follows:
(i,5) < (,5") if 7 < 77 or ”j = j', i < i"". Then we get the associated
subsemigroup

S=<b =ey,...,bs =es,bg, by, bg >

of Z5 through the method in Definition 10 where bs = e; +e2—e3, by =e1+es—e3
and bg = ey + e5 — e4. We can show that S is saturated.

iii) agas; = ag3as + 2404, 0404 = Qq101 + ag3a3. In the similar way to ii) we
can show that H is of quasi-toric type.

iv) apay = Q2303 + (9404, 0404 = 04202 + ag3a3. In this case at most one aj;
appears. This contradicts the neatness of H. Q.E.D.

Problem 18. Let n > 5. If H is a neat numerical semigroup with §M(H) = n,
then is it of quasi-toric type ?
§3. Numerical semigroups of toric type.

We study the relation between a 1-neat numerical semigroup and a numerical
semigroup of toric type whose definitions are given in this section.

Definition 19. Let H be a neat numerical with M(H) = {ai,... ,an} such that
it has a neat system of relations

Q11 = (1209 + * * * + Q1pQy.

Qpln = Qp1@i + *+* + Qpp—-10p-1

It is said to be I-neat if

aq —Q12 o —Qnp-t
—Q21 87) rer —Ogn-1
. - an.
—CQn-11 —Qp-12 - Qn-1

Example 20. By Proposition 3 & non-symmetric numerical semigroup H with
M(H) = {a;, as, a3} is 1-neat.

Proposition 21. Let H be a numerical semigroup with M(H) = {ay,... ,a,}.
Let r; = (r1,Ti2,... ,Tin) be an element of the relation module R for H with



i=1,...,n—1. Assume that
11 T2 -+ Tin-i
21 Toa  * - Ton-1
. = ta,.
Tn-11 Tm-12 *** Tn-in-1

Then ry,...,rn_1 form a basis for the Z—module R.

Let H be a neat numerical semigroup with M(H) = {ay,...,a,} with its
fixed neat system of relations. We set N = #{(i,j)|ai; # 0} — (n —1). Let
S =< by,...,bntn-1 > of Z" be the associated subsemigroup. Let k be a field. Let
on : k[X] = k[X1,...,Xs] — Kk[H] = k[t"hen be a k—algebra homomorphism
sending X; to t%, w : k[Y] = k[Y1,... , Ynin-1] — k[S] = k[T®]ees a k—algebra
homomorphism sending Y; to T%, n : k[Y] — k[X] a k—algebra homomorphism
sending Y; to g; = X;-’ * if b, corresponds to a;;a; and ¢ : k[NV] = k[ty,... ,kn] —
k[H] a k—algebra homomorphism sending t; to t*(%) where the weight w on k[X]
is defined by w(X;) = a; and w(c) = 0 for ¢ € k*. By the definition of b;’s, ¢
extends to ¢’ : k[S] — k[H]. Then we get ¢u o1 = ¢’ o7, which implies that
Ker g 2 n(Ker 7).

Definition 22. A neat numerical semigroup H is said to be of toric type if it is
of quasi-toric type and we have an isomorphism k[H] 2 k[S] ®xy] k[X], that is to
say, Ker o = (n(Ker )).

Remark 23 (Komeda [2]). A numerical semigroup of toric type is Weierstrass,
where a numerical semigroup H is said to be Weierstrass if there is a pointed
non-singular complete curve (C, P) over an algebraically closed field such that

H = {n € N| there is a rational function f on C with (f)s = nP}.

Example 24. Any non-symmetric numerical semigroup with M(H) = {a1, a2, as}
is of toric type, because we know that the ideal Ker ¢y is generated by

X0 - Xg2 X3 X&? — X0 X9 and Xg° — X7 X3* (Herzog [1]).
We note that H is 1-neat (Cf. Example 20).
Example 25. For any integer n > 5, let H,, be a numerical semigroup with
M(H,) ={a1=n,0a=n+1l,a3=2n+3,as=2n+4,... ,ap1=2n+n-—1}
(Cf. Example 16). Then the ideal Ker ¢g, is generated by

X3 — X1 X3, XoXj ~ X1 Xj1(3< j <n—2), XoXn 1 — X7,

127
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XsX; — X2X;11(3<j<n—2), XgXp1— X3x3,
X X;— X1 Xj1(4<i<n—2,i<j<n—2), X;Xp 1 —XinX7(4 <3 <n—-1).
It is proved that H, is of toric type. In this case H, is also 1-neat.

Theorem 26. A 1-neat numerical semigroup with M(H) = {ay,as,a3,a4} is of
toric type.

Problem 27. Let n > 5. If H is a 1-neat numerical semigroup with M (H) = n,
is it of toric type ?
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