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On a family of distributions attaining
the Bhattacharyya bound

A - goEmER s BH FM (Hidekazu Tanaka)
Graduate School of Pure and Applied Sciences, University of Tsukuba

1 FC&IC

HEINTORBOMERD 7 5 AN RECRSHCHEEL T, TOPToBZRNCT 548
REEEREZ S, B8z L T—RICB/NCT S RMREERNSGNE, ThiE—
RE/NEARE (UMVU) #EBE W, MatEER TR EELRREO—DTH%. HYULE
HIZHO T THRRHER OO TR Cramér-Rao (C-R) DARFRICL > THEXENTVS
(Rao [R45], Cramér [C46)). H->T C-R O FREZRT 27MHEIBMOLONRELD, THiE
FEBEINHRICRS T AR ASN TV S (Cramér [C46), Wijsman [W73], Joshi [J76]).

LAL, UMVU #FZBTH->TH 20D C-R O TFRERENT 2 LIIBLA. COXI &
BHCIE C-R OREREREHE(L LT Bhattacharyya DREXAEI 5N TV 3 (Bhattacharyya [B46],
Zacks [Z71]). & T %% Bhattacharyya O FRREEK T 3 7HHEIC DV TIE C-R DFEDK S
ICIZAEREIC I3 2o TWRL. Fend [F59] i Darmois-Koopman 53 #i & T Bhattacharyya O
REERT BRI BUE S HIEICE S C & 2R L. L L, Bhattacharyya O TERZEAR
T30 DREHDEEL LT, BBEEERD S 2REMD R I L THETLE
#8733 ¥, Bhattacharyya O FIEZER T 2 9K LE Fend ORRIZI TIIHHATE
&3 ic@bhns.

B5E Tanaka and Akahira [TA03], Tanaka [T03a] i3 RHEERDEA" Bhattacharyya O F
BREER S 2 D70k L BN L DIRE DR L OBIRIC DV TELL, Bhattacharyya O'F
RS 2R RERE X BN TV EATEREK D RN HIEIC BT H Bhattacharyya OF
FEERT 5T LERLE. S5, BEAINHEROBEAHE TEVIHE TS Bhattacharyya
OTFBEZRT BT LR L. DED [TA03], [T03a] Tl Bhattacharyya D FRZZEKY %
SEBEREET BICIIE > TV, T T, Tanaka [T03b), [T03c] TR IBREIE, KU
REERHS% T Bhattacharyya O FREEER T 5 2HKIC DOV TERL, MBEBBKICEY Tik
RN LS8 Y Ok, RESBREC BV TRINRERS MK L (BIR) 71 7 Vafk
I3 k&L

83



84

2 Bhattacharyya OFER

AR TIIRBBOGEZ T 2K D DT, REMDEBEED Bhattacharyya DFRERICDNVTE
Y 35, SREDBESIKOVTLAROBERMED IO EPMHENTVS. £F°, X c R?
X U TIRAZEM (X, B) LOWRZHHEP = {Py: 00} 1%, 5% o-HIRHAIE 1 cBELTH
YEgEL U, p ICBT 2BREEBEBE f(r,0) :=dPy/duy £XRT. 117U, BEZME e I3 R!
ORRXMETS. TOLE, BREW (X,B,P) hHOOMEER X ICBIWT 0 DRBUERK
g(0) DHEEMEREZD. RORERRITS.

(Al) IRTD z e X IEXLT, f(z,0) 1 0 ICDWT k MO TIHETH 5.
(A2) g(6) WRIRHEEATRE, THbBABMEETHS o(6) DR §(X) HEET 3.
(A3) Bi=1,...  kIiCHLT
2 [ 1o 0)iue) = | it 0)du(z),
j;, [ 316 00iute) = [ a@) 21tz ).

(A4 IRXTDOeB, Ki,j=1,...,k LT

(at/aot 1(2,6)(8%/069)£(z,0))
l 7@6) l ula) < o
(AB) pra.az € X, $NXTD OO KKKNLT f(z,0) >0.
D&
6ia,6) = @—%ﬂ Bu(2,0) 1= “($1(a,6),...., x(z.0)),

g9(9) := @9(0), 9(8) := (g1 (0),...,g®(6))
LR, kK Fisher WHBTIE |
1x(6) == Ey[r(X,6)'¢x(X, 0)]
KXo TERT 5.

FEHE 1 (Bhattacharyya [B46], Zacks [Z71]). &fF (A1)~(A5) DFT, RD (i), (ii) HELDILD. |
(i) I(6) &* © TIEAIZ5IX, g(8) DEEDFFEHEE 5(X) LT

(2.1) Varg(§(X)) > ‘gr(6)1x(6) " gx(6) =: Bx(6) (Vo e ©)
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M DIID. TTT, GAD B(0) & k RD Bhattacharyya D FREFHINTNS. FC k=1
DL ¥, Bi(9) i& Cramér-Raoc D FETH 5.

(i) (2.1) THEEHED MDD DRE &M, FEE 6(9) = ar1(8),. .., ar(8)) X
LT

(2.2) §(z) — 9(6) =< @x(8), (z,0) > (pra.0.x € X, V6 € ©)

BREOTIDOT L THB. CTT <, > ika="ay,...,an), b="(by,...,by) KHLT

<a,b>= En:aib.,;

i=1

LEET B,

AR 1 f(z,0) VERBEERTHEI DD, ar(8) = [(0)1gx(d) BT LN SB. &
B, (i) RN I2HITid (A5) DD DI (A5) K HFORMA

(AB) f(z,68) DB {z € X|f(z,0) >0} I3 0 IKEKFEFL L.
ERETHUS T, (i) DD IIDE®IC (A5) ZIETS.

B 1 (ERSHE). BRER X BERSE N@O,1) (60 =R Ii->TV3LT3. DL
X, WHEERIEUE g(6) =02 LT B L, g(d) D UMVU #ERIL §(X)=X2~-1THO, TDH
L Varg(§(X)) =462 +2 TH 3. —F, 1 R, 2RD Fisher HBBRITH 11(0), 12(6) &

LO)=1, L) = ((1) g)

TdHY, Bi() =462, Ba(0) = 46% + 2 #145. DED, 1 ROTRITER L TWEWD, 2 KD
TEEEZZBRLTWS. BRAIK (2.2) D dx(0) I (a21(0), a22(0)) = (26,1) TH 3.

B 2 (BEOFHEK). BRER X HEEIH Exzpd) (0 €6 = (0,0)) KIE>TVWBHLTS. T
DL ¥, WHEHEE g(0) =6F (ke N) L35 L, g(d) D UMVU #ERIE §(X) = X*/k! T
B, ZDHUL Varg(§(X)) = 6% {(2k)!/(k!)2 — 1} THB. —J7, k RD Fisher HHRTTS
Ir(0) = (1;(0)) &

o @ G=3)
I”(G)‘{oa (i)

" L% EF2 k RO Bhattacharyya DT, By(6) = 6% {(2k)l/(K)2 — 1} E&D, §(X) O
FRE—BLTVABT DD S, BERAIC (2.2) O 6x(0) & ar:(8) = k8 /{(k — )!(i1)?}
(i=1,....k) TH3.



Bl 3 (“HDTE). BEEH X DS B(n;0) (0 € © =(0,1) IK-TWB LT 3. 1272
Ln>2¢9% COLE BHEEREEE g(6) =0(1-6) £T5L, g(d) D UMVU #HERIZ
§(X)=X(n-X)/{n(n-1)} k3. FLT, FOHEIZ

Vary(§(X)) = 6(1 - 6)(1 - 20)? N 262(1 — 6)2

n n(n—1)
TH5. —A, 1R, 2RD Fisher HBHBTHIZ
n 0
L) =-—"— Loy =% , -

&% Y, 1R, 2XD Bhattacharyya D FBRIZ

By(8) = 8(1 —6)(1 - 26)2, Ba(6) = 6(1 — 6)(1 — 26)2 .\ 26%(1 — 6)?

n n n(n—1)

TH5. blaRHic (2.2) D ax(6) &

(21(8), a22(8)) = (9(1 —6)(1 - 26) , 61~ 9)2)

n n(n - 1)

TH%.
TTT, RO& > HHHERMEE & DR S NS BAREE % 5.

f(=,6) = exp{t(z)¥(6) + ()} (zeX,0€0)

RIEL @ (0)/(0) =0 THD, 1/4/(6) & 6 D4 2 REEXTHS. DL ¥ Seth [$49) i
Fisher {FREITHIINAITII L 405 T L %R T, E7z Shanbhag [S72] 3 & OHIfTEIEEHES
FRGELTRTCEROT, ERDHE, T <ok, R7 Y V20K, ZEIT%, A0 I8,
FEDN OB ENS T LR LT TORTBKIZ Fisher BWHRBHTHISNAITIIL 5D, B DM
BRENHEREA TS LS BRTHRADRV K TH D, Bhattacharyya DREXEH-
RFETIEC ONBREREL TS T L A% 5. HIAE Blight and Rao [BR74), Khan [K84]
1%, TORTERICIHBVT Bhattacharyya D TFERIZ UMVU #EBOSBICIET 22 L &#RL
T3 (Ishii I76], Bartoszewicz [B80], Abdulghani et al. [AST97]). LA L Bhattacharyya O
THZENTA2HERZEX S LT, TOXS EAHHRIERCHVELS IR NS, 11
®OFHES, EH6 TROLNSFHEOTICRCNBIBIENEVWIHERLEET 3. &f,
Bhattacharyya DO TBROURTEIC DUV TIE, Blight and Rao DR L b —# 5 & LT Ghosh
and Sathe [GS87] DEERAHZ.



7B 2 (Ghosh and Sathe [GS87]). HERZEM X BHEBESHHEHK->TVEHEDLTS. CTO
¥ §(X) ZHHEERE g(6) D UMVU #ERELTHL, F6c0 LT

klingo By(8) = Varg(3(X))
MO ILD.

% /=, Bhattacharyya D FRRZEZEK T 2 0MKICETAHERE LTI, ROEEPAONT
W5,

SEHE 3 (Fend [F59)). (i) HEHRZEM X A% Darmois-Koopman BITRIE, 3 /i b HERE AT

i=0

f(z,0) = exp {Zn:u"" (z)r:(0) + v(x)} (zeXx,0€8)

THEALNBAMHICHEI LTH. CTTO0=ag < <--- < an, £p(8) #0 (V0 € 6), u(z) > 0
(Vz € X) THB. TDLE g(f) DHNRHEER §(X) DTEN (Br-1(0) ZEKET) Be(9) 2
BRI, f(z,0) 1

(2.3) f(z,6) = exp {t(z)k1() + Ko () + h(z)}

DEICBEXN, §(z) & t(z) D &k REHEANICKS.
(i) X ORHHHEREEREY (2.3) ZRHDOLE, t(z) DIEED k RBEADTHIE By(0) 2%
Ky 3. ‘

Bhattacharyya ® FRREZER T 27D DRETIEETHS (2.2) &, 0 ZEH LTS k B
- M AERTHBDT, Fend OFRIZAT LEREDOWSFERTREZV. KM TIOREH
BY5.

3 HEENHHROESSHEE ORGR

AHCl3 Bhattacharyya 0 FERRZERT 5 51 b 1SR IROIRE ik & OBIRITD
WCEXD. FCT, EFER NS 5, g, aw KN LT

By .= {f(-,-)|(2.2) is satisfied for y-a.a.z € X, all 8 € B}

WEDOWTEZXS. zIEL, 3,9 BEHERTIRENVWETS. FLT,C = t(Cl,.. ., Ck) (CJ € RF
(Cx #£0), Co €R! &t :=1(t,8%,...,tF) KN LT,z ZEBERALRE t © k XAER

(3.1) - g(z) =< Cg, ty, > +Cp
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D% y(z) (I=1,....k) £T5. EBIT fi(z,0) &
fi(2,6) = exp {t:(2)¥(6) + (6)}

DETEREIN,

X, = {z € Xty (z) # tiy(z) for all Uy, by = 1,k (I # b))}
LRERT B. RDOZH (B1)~(B3) ZRET 3.
(B1) %(6), ¢(6) & © T k BEMATIREREIUEBTH D, v/(6) # 0 (V0 € ©).
(B2) u(Xfg,) =0.
(B3) #{t(z)lwe X} > k+1 (I=1,...,k).
i, RS2 EATB.

_ (8°/86") fi(=, 8)

tu(z,0) := @ ori(z,0) = (du(z,0), ..., du(z,0)),

tu(z) == (t(z), -, (z)).
#B1&EBY)DFTERI=1,2,... ,kicHLT
| | Ori(z,8) = Up(8)tia(z) + ux(6) (Vz € X,V6 € ©)
WIS z, LITERIE LRV k REHTTH Uk(8), BT k KFINRT BV u(0) DFET 5.
il 2 &M (B1), (B3) DFT, fL € B, THNZ, fie B, (I=1,...,k) £i&3.
i 3 %ff (B1)~(B3) DFT, fi(z,0) (I=1,...,k) & p-a.a.zc LU THBHITHS.
HE2, 3L RDEHEES.

TEIE 4 (Tanaka [T03a)). %M (B1)~(B3) ZKET 3. COLE f; € B, ThhiE, fe B i&
k
f(2,0) =Y Az)fi(z,6)
=1

DICED. TelEU A(z) (I =1,... k) JERORHBERTHS. i f(z,0) HDREREZEN
THNE, TORMHEKIZ k 2RD Bhattacharyya O FRREZERT 20K L 5 5.

BT k=2 DBE, ¢y (z,0) EEKMICHET B LIk D, RORKBES.



# 1 (Tanaka and Akahira [TA03)). %&£ (B1)~(B3) ZIRET 2. CDLE fe By A

2
f(z,0) =Y A=) filz,0)
=1

03%22:&67’:&@%@%#& Co, Cl, Cz, g(9), a21(0), azg(a) @Iﬁl:

2 / ! " ) 2 2
_ 031(0)  an1(0)an(6) | a3,(6) agy(8) | 3az"(6) %
)= 2@ ™ " 2ame) T2 2 T Toam(e) T " ag; (€O

BHBFRRKRIELTVBILTHS.

4 M

AETIIBBEINHEORE 76K T Bhattacharyya DO FIRZERRT 2 0HHEOHIE LT, B
BIESS %, MAEROhE, B _HEIhEE2HT 5. X -IEHEEEISTEK T Bhattacharyya
D TRZEXT 27HEDOHE HITS.

Al 1 (BRI (5t). BREH X BERSH N@,1) (00 =R IZHE>TVBH L E,
g(6) = 62 D UMVU #ERBIF §(X) = X2 -1 THbh, 2 XD Bhattacharyya O FERZEKL
TWie. DEY, fi(z,0) = d(z — 0) € By TH5B. 1121, () IIRENEER 731 DRERE N
TH5. FHACED feB &

f(z,0) = p(z)p(z — 6) + g(z)¢(z +6)
DRLEDTLEHINS. TTT f(z,0) FERBEEERL 557D0 p(),q() CET 2B+
TEMR, ERDHROTMEZMES &
(4.1) p(z) +q(-z) =1, 0<plz)<1 (p-0.a.z € RY)

BT ahd. DD, (4.1) BHEET B f(z,0) i& 2 XD Bhattacharyya O FRZRHKY
Btk > T3, EBE £(x,0) := p(x)p(z - 0) — q(z)p(z +0) &L,

2
o[ (5]

LB L Fisher HREBITHIZ

1) = K(6) 20(1 - K(6))
2T\ 2000 - K(6)) 462K (6) — 467 + 2

3. $€5 T 2RD Bhattacharyya DFERIZ (2.1) &b By(6) =462 +2 &%, j(X) D7
BEe—BITZeHhohsb. B f(z,0) OBBICOVWTIIE 1 B
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(D) p(z) = c DR
() 6=1;c=1,3/4,1/2 (i) =2 c=1,3/4,1/2

(I1) p(z) = e~cll DEF
() =1c=01,2 () 6 =2 c=0,1,2

(IIL) p(z) = 1/{1 + (z — c)*} DHF ‘
(i) 6=1;¢=0,1,2 (i) 6 =2;¢=0,1,2

1. f(z,0) OBE
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B 2 (FeBOITEIR, PRREITSE ik (58)). HEREE X MEB R Ezp(6) (6 € © = (0, 0))
K> TVB L&, g(0) 1= 6% D UMVU #ERIE §(X) = X*/k! Thole. T T g(z) = th/k!
ZLICDNWTH T kITKD,

#)(z) = Texp (2«\/35:’.5_1) U=1,...,k

218%. TCTT V-1 RBEBENTHS. £ fi(z,0) = exp{—(z/§) —log8} THBHDT,
P(8) = —-1/6, p(0) = —logh TH5. T T,

filz,0) :=exp {mexp (21\/—_1%) P(0) + <,a(0)} i=1,...,k)
9B fL1eB, THHDT, BHAWLEY feB i
k
f(@,60) =" A(z)fi(x,0)
=1

THZLNS. —IC f(z,0) DHEREEERICKS LIZBSEVD, FIZIE A(x) (1=1,...,k)
EROXSICEBRTNE f(z,0) IRRERERLT5.

(1) k BHFRORE (BRSO E).

_ X( ,oo)(m) (l = 1)7
Ale) = { 0 1 #1).

(ii) k HBMEBOR (HEERARITEESIK).
(0,00) TEEREINIZ0< A(z) <1 (p-a.a.x) ZiTz AR A(z) iCH LT
A(@)x(0,00) (Z) (I=1),

Az) =

{1 - A("'x)}X(—oo,O)(x) (l = k/2 + 1),
0 (1#1,k/2+1).

KT A(z) & UTREERBIER L 1US f(z,0) & (HE3R) RRAHSRORIRIC L%, (COLED f(,0)
DI DOV TIREK 2 B-.)
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3 H : é\\
—T4 —T3 —T3 —T1 0] 1 ] I3 T4

2. A(Z) = i) iX(z_1,0) () DD f(z,6) O

> T

Bl 3 (REZES K (¥)). REH X M ZIH7?7 B(n;6) (0 € © = (0,1)) K> T3 &
Z, g(6) = 6(1 — ) O UMVU #ERIZ §(X) = X(n— X)/{n(n — 1)} THoiz. TOE %,
tifz) =z, ta(z) =n—z THB. DD n VARORI (B2) ZI/-L, TB4 XD feB &

f(z,0) = (:) {p(z)6"(1 — 6)"~* + g(z)0" (1 - 6)*}
DHLED. £ic n BEBORZ (B2) BT HVS, fe B i

f(z,6) = (:) [{p(x)ez(l = )" + g@)"*(1 = 6)7} Xarn) (2)

n n n\ .n n 1-6
+ {P (E) 0”/2(1 - 6) /2 q (—2') (1] /2(1 -06) /2 log 7 } x{m=n/2}(x)]

DELEY, f(z,0) >0 (Vz=0,1,...,n,V0 € ©) ZERT B L q(n/2) =0 B’REH, HRE
BOBELAROBEL—BT2I b b. ZLT f(z,0) H"ERERTHEDOXEL+
PEAEL LT, ZHSHROHERZR NS L

(4.2) p(x)+gn—z)=1, 0<p(z)<1 (z=0,1,...,n)

%2185, D¥D, (4.2) ZWRET 5 p(-), ¢() KN LT f(z,0) & 2 XD Bhattacharyya O FEE#Z
BT 30MEL T T3,

SETE, EH4 ZHEAHRZHD, D BEEELSHROBE B OVTEN LI,
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BRI HIBE DRSS TR0, Bhattacharyya O FRRZZER Y 2 5 HEOHZRBNT 5.

Al 4 GEEBRISHIE). J.(0) (x> 0) %55 1 & z X Bessel E#(, $/4bb

95, (J(0) DBBICOVWTIZE 3BH.) J-(8) i Bessel DI HEX
22 — 62 (3/89)f(w 6) + 62 (8%/06%)f(z,6)
f(z,0) f(z,0)
OYHBETHB. Fiz Jop(0) KDOWVWTIEUTOZ EAHSNT VS (Abramowitz and Ste-
gun [AS65]).

(4.3) 23" Jao(6) =1~ Jo(8),
=1
(4.4) 8 i 22 Jp(0) = 62,
=1
(4.5) 32 i ztJoz (0) = 6% + 46°.
z=1

6.(>0) % Jo(8) =0 DE/NDOREL, 0 :=(0,6,) £T5&,0€0IKHLT

_ ) J®) (z=0),
/(2,0) = { 202.(0) (x=1,2,...)

i (43) &b f(z,0) IHERER L LB LA B, Fisher HWETH I(0) <D
Q7

12 ) 17 172
In(6) = f,(f)) LIL(8),  In(®)= —JP—%@HM(G), In(6) = JJ(S’)) +2N(0)
LB, HEL
= B2(6) = J3(8)5,(6) =)
L(9) := 2 ) M(6) -—;————2 sz(;) , N(6) ...;——sz(o) |

TH3. Jor(6) B} © (
J5 (6 JY (6)
4r? — 62 = 222 2Y22\Y/
=@t e
izl (4.3), (4.4), (4.5) ZHVNL
1 A(6) L(6)

MO)=g-— ¢ NO=-

Bo0) 1(6)  L@®)
02+19+62
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B/5. £oT Q(6) 2Jo(6) — Q(6)
L) = |, J0(9§ - Q(9) Q(Ee)
0.75(6) #5(6)

LRI IFL

Q8) = JF(8) + 2J0(6)L(6)
TH5. BHERBE g(0) =02 3L (2.1) 5 2 XD Bhattacharyya D FBRIE By(8) = 462
EXBTENGND. Ele (44) &V §(X) =4X2 & g(8) ORRHER LD, (4.5) K H 9
& Varg(§(X)) = 462 %D By(f) L —BL TV 3.

[l elNeolNe
N> YD R

1
o
N

3. J.(6) DB (z =0,2,4,6)

5 {UESHE RESHEE

55 3HIC BV TIX Bhattacharyya D TEEZERT 297K L SBEINHEORE I GEL
DERIC DOV TR LT, —RD Bhattacharyya O FEREZERT 2 DG EOKEICIEIE>
ToiWy. A TR IAREMERBREE REIRERBECBET 2 LItk T—RRD
Bhattacharyya O TRRZZRT 2 0HRERET 5. BRL U TR BT BV TRIERY
Hilk L8 EHOT = K, REBBIRICB O TIINRERIHRE (H58) 74 TIVATHEKICIE
T eI

5.1 {URSE%

f(z,0) ZAIBRBIEN L ORERBEERL TS, OFD f(z,0)=f(z—6), X =0=R! &
¥5. CDL¥ (2.2) KB TNT Bhattacharyya D FRRERRT 3 9 HEEISET 5. AT
EUF £, 9, 9, ari BTMEODEBIRET B, hi(u) = (1) fO(u)/f(u) &L,

’-lk('U) = t(hli v ,hk)(U), ) a‘k(o) = t(akh oo ’a'kk)(o)z
hjz’(u) = b(hh hg(;l)’ v 1hgjm1))(u)’ aji(e) = t(ak‘ia a')(cli), cee 10'%'{_1))(6)
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rETE (22) &
(5.1) 3() — 9(6) = *a(0)hi(z — 6)
Lix%. 2TT, (5.1) BERETS [ CHMOBSBR, CTTIR
Ap = {ak(o) |aeo ER' st. |(@k(Bo),- -, a0 (60))] ;eo}
LT,

LBy = {£()[38(-), g(), Far(-) € Ax s.t. (5.1) is satisfied for all z,6 € R}
COVWTERS. RIS, by D (k+ 1) BERBMEMS AEX, RUZORELER
(5.2); | (B4 s(0), @ks1,1(60), -, arsa,k(60)) | =0,

(5.3) |(Zk+1, @k41,1(00), - - -  Bk41,6(00))| =0

BERS. JRL s o= o2, #H) £T B ELT, RORBEHRS
Fii = {f() |(5.2); is satisfied for all u € R' } .

CDLE, ROHE4, 5D IID.

#® 4 LB, c NE Fri.

#WA 5 feLlB, THNE h FRDOEICEES.

.. Hi + Hayu (5.3) DEN 0 LCKE%B%,
R (u) Hy + Hye%  (5.3) DD 0, 29,22, . .. kzo DHF,
H Z D,

72U Hy, Hy BERDEREE, 2 BEED 0 TEVWERKTHS.

HESHhORDEMHZRS.

T 5 (Tanaka [T03b], [T03c]). NIBRHEMET Bhattacharyya O FRZZRYT 55K, B
$%§%ﬁﬁm@;5tmﬁﬁﬁma%ﬁﬁyvﬁﬁmmmé.
(z -6 — a)?

lb‘ { b(:c—f)) } 1
f(z,0)=———a——e - +ab(z—0)p (z,0 €R%;a,c>0,b#0).

} (z,0 eRYa € R, 5> 0),

2L, FREZRT 5 OREHEEED, ERIFROBEE 6 ORL & REFAOR, Bl
H R PEHEDRER & OFL k REFRORETH 3.
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5.2 RESEE

f(z,0) ZREBEENS OEREEEY, DED f(z,0) = f(x/0)/8, X =6 = (0,00) &F
%. CORE, y:=logz, 0:=logh ELXHEHT 5 LICK VNERBKEDERICRETE, X
DEF#13% (Ferguson [F62] BR).

7B 6 (Tanaka [T03b], [T03c]). REREEK T Bhattacharyya D FIREERT B 0 HlkIL, #E
REFEBARD K 5 B BERDIFHE GR) 71 TV kiR 5.

'f(:c,O) = _\/—2__}1;“1) {—Ei—z (logg— - a)z} (z,6 > 0;a € RL,b > 0),

f(z,6) = F(—B—‘gé (g)ab—l exp {———lc- (%)b} (z,6 > 0;a,¢c > 0,b#0).
FeiEL, TRRZZERT 2 DI BHEEED, MBMERSHROBEE logd DER k REFERD
R, (BLER) 7 A TV D HIEDR ST 6° DB L k REEROKTHS.

AX 2 FH S, EH 6 TRONIBET <otk (WER) 74 TIV4Hiki Seth [S49], Shanbhag
[S72] S F- =R HRICEBE AWV, DFD, HOENEZX LIS ALK VEVY 5 AT Bhat-
tacharyya O FRZERT 20 MkERE LIz Lick 5.

X 3 (ERBENODOREE n(> 2) OBKCEISHEMELEZ 5. REL, RO8EK
IR BRI TREHRIE 1 RTTE T 5. T & X Takeuchi [T73] i, (IEEHD UMVU #
EEVEET B OMBIIERDEK, B8N < o6k, EROFEICES LXRLEN, B/
TOMHABN IR THE VI RNERIRETHS. REIL L TRIBEREEBEED f(z,0) =
Cexp{—(z—8)*} (z e R, 0 e R!) BEZ NI XV DEDY, [T73] DIERH 5 IZEHE 5 3EH
iz,

6 BbVic

AR TIIERMD Bhattacharyya D FHEEZERT 2 0% () —ROBE, (i) HEFEE
(RUREREE) OBSICH I TEREITo /2. (1) TREREI SN TV EBEINHKRLD
JE\WWY 5 X T% Bhattacharyya O TRRZEZERT 5T L 2R L, R, RN HHRORE K
OBRZRELE. UL, ERESHROBEDAHRIET EELANIBRVNDITIREL, JEEK
RIS TS Bhattacharyya O TFRERK T BT LRR LK (Bl4). FTT (i) D&S I
BZHIRY 5 T £ITK D Bhattacharyya O FHRZRKY 2 HHERENICHLMNCTHT L
MHRT.



CTT, RV DOPFEIE-> TS, £, Tl 4 TRIERESHROBES HRBEDORE
EDOWTOLDRERTH D, TEERIMEORMDBH 5. Xz, ANiBEREUEKE T Bhattacharrya O
TRRZBERT B 0HIEEE X 1R, 6, € Ay ZRELRED, TORERF S ZVFLIIDOV
TRARBRTHS. TOBRFIBELND f(z,0) & (A5) ZHEIHEVWEPEENS. DED
Bhattacharyya DAREREZEZ 5 LT oHFREVDTHS. GEETBEOHEBIFNFICD
Wi, H % ¥ Hammersley [H50], Chapman-Robbins [CR51], Akahira and Takeuchi [AT95],
Kshirsagar [K00], Koike [K02] 2% %.) £/, AR TRERBOBEELAEITHEVLD, £
BBORAICIE (2.2) MMEMS AR &0, FENDDERICES.
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