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1. INTRODUCTION

The fractional integral $I_{a}(0<\alpha<n)$ is defined by

$I_{\alpha}f(x)= \int_{\mathrm{R}^{n}}\frac{f(y)}{|x-y|^{n-\alpha}}dy$.

This is also called the Riesz potential. It is known that

Theorem 1.1 (Hardy-Littlewood-Sobolev). Let
$1<p<q<\infty$ , $-n/p+a$ $=-n/q$

Then
$I_{\alpha}$ : $L^{p}(\mathbb{R}^{n})\ovalbox{\tt\small REJECT}arrow L^{q}(\mathbb{R}^{n})$ $bdd$.

This boundedness extended to $\mathrm{B}\mathrm{M}\mathrm{O}(\mathbb{R}^{n})$ and $\mathrm{L}\mathrm{i}\mathrm{p}_{\alpha}(\mathbb{R}^{n})$ as Figure 1.

$(1<p<q<\infty)$ $(0<\beta<\gamma<1)$
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FIGURE 1. Boundedness of ffactional integrals

For Hardy spaces, it is also known that the fractional integral is a continuous
operator from $H^{p}(\mathbb{R}^{n})$ to $H^{q}(\mathbb{R}^{n})$ (see Figure 2).
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FIGURE 2. Boundedness of fractional integrals

For a function $\rho$ : $(0, +00)arrow(0, +\mathrm{o}\mathrm{o})$ , let

$I_{\rho}f(x)= \int_{\mathbb{R}^{n}}f(y)\frac{\rho(|x-y|)}{|x-y|^{n}}dy$.

We consider the following conditions on $\rho$ :

(1.1) $\int_{0}^{1}\frac{\rho(t)}{t}dt<+\infty$ ,

(1.2) $\frac{1}{C}\leq\frac{\rho(s)}{\rho(r)}\leq C$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2.$

If $\rho(r)=r^{a}$ , $0<\alpha<n,$ then $I_{\rho}$ is the fractional integral denoted by $I_{\alpha}$ .
Using Jp, the author extended the Hardy-Littlewood-Sobolev theorem to

Orlicz spaces and Morrey-Campanato spaces with general growth functions.
In this article, I give a generalization of the Hardy space, and extend the

$H^{p}-H^{q}$ continuity of $I_{\alpha}$ .

2. ORLICZ AND MORREY-CAMPANATO spaces

For functions $\theta$ , $\kappa$ : $(0, +00)arrow(0, +\mathrm{o}\mathrm{o})$ , we denote $\theta(r)\sim\kappa(r)$ if there
exists a constant $C>0$ such that

$C^{-1}\theta(r)\leq\kappa(r)\leq C\theta(r)$ for $r>0.$

A function $\theta$ : $(0, +00)arrow(0, +\mathrm{o}\mathrm{o})$ is said to be almost increasing (almost
decreasing) if there exists a constant $C>0$ such that

$\theta(r)\leq C\theta(s)$ $(\theta(r)\geq C\theta(s))$ for $r\leq s.$
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A function 0 : $(0, +\mathrm{o}\mathrm{o})arrow$ $(0, +\mathrm{o}\mathrm{s})$ is said to satisfy the doubling condition
if there exists a constant $C>0$ such that

$C^{-1} \leq\frac{\theta(r)}{\theta(s)}\leq C$ for $\frac{1}{2}\leq\frac{r}{s}\leq 2.$

Let $\mathcal{F}$ be the set of all continuous, increasing and bijective functions $\Phi$ :
$[0, +\mathrm{o}\mathrm{o})arrow$ $[0, +\mathrm{o}\mathrm{o})$ . Then $\Phi(0)$ $=0$ and $\lim_{rarrow+\infty}\Phi(r)=+\mathrm{o}\mathrm{o}$ for $4\in$ $\mathrm{r}$ . Let
(I $(+\infty)=+\mathrm{o}\mathrm{o}$ .

2.1. Orlicz space. For a convex function $\Phi\in \mathcal{F}$ , let

$L^{\Phi}(\mathbb{R}^{n})=\{f\in L_{1\mathrm{o}\mathrm{c}}^{1}(\mathbb{R}^{n})$ : $\int_{\mathbb{R}^{n}}\Phi(\epsilon|f(x)|)dx<+\mathrm{o}\mathrm{o}$ for some $\epsilon>0\}$ ,

$||f||_{\Phi}= \inf\{\lambda>0$ : $/n$ $\Phi(\frac{|f(x)|}{\lambda})dx\leq 1\}$ ,

$L_{weak}^{\Phi}(\mathbb{R}^{n})=\{f\in L_{1\mathrm{o}\mathrm{c}}^{1}(\mathbb{R}^{n})$ : $\sup_{r>0}\Phi(r)m(r, \epsilon f)<+\infty$ for some $\epsilon>0\}$ ,

$||f||_{\Phi,weak}= \inf\{\lambda>0$ : $\sup_{r>0}\Phi(r)m(r,$ $\frac{f}{\lambda})\leq 1\}$ ,

where $m(r, f)=|\{x\in \mathbb{R}^{n} : |f(x)|> 7\}|$ .
Then

$L^{\Phi}(\mathbb{R}^{n})\subset L_{weak}^{\Phi}(\mathbb{R}^{n})$ and $||f||_{\Phi}$ ,$weat\leq||f||_{\Phi}$ .
$||f||_{\Phi}$ is a norm and $L^{\Phi}(\mathbb{R}^{n})$ is a Banach space. $||f||_{\Phi,weak}$ is a quasi-norm

and $L_{weak}^{\Phi}(\mathbb{R}^{n})$ is a complete quasi-normed space.
For a function $\Phi$ , the complementary function is defined by

$\overline{\Phi}(r)=\sup\{rs-\Phi(s) : s\geq 0\}$ , $r\geq 0.$

For example,

$\Phi(r)=r^{p}$ $\Rightarrow$
$L^{\Phi}=L^{p}$ ,

$\overline{\Phi}(r)\sim rp’$
$\Rightarrow$

$L^{\tilde{\Phi}}=L^{p’}$ ,

for $1<p<\infty$ , $1/p+1/p’=1.$

$\Phi(r)=\{$
$1/\exp(1/r^{p})$ for small $r$ ,
$\exp(r^{p})$ for large $r$ ,

$\Rightarrow$ $L^{\Phi}=\exp L^{p}$ ,

$\tilde{\Phi}(r)$ $\sim\{$

$r(\log(1/r))^{-1/\mathrm{p}}$ for small $r$ ,
$\Rightarrow$! $L^{\tilde{\Phi}}=L(\log L)^{1/p}$ ,

$r(\log r)^{1/p}$ for large $r$,

for $0<p<\infty$ .



A function $\Phi$ is said to satisfy the $\nabla_{2}$-condition, denoted $\Phi\in\nabla_{2}$ , if

0 (r) 5 $\frac{1}{2k}\Phi(kr)$ , $r\geq 0$ :

for some $k>1.$

If $1<p<\infty$ , then $!(r)=r^{p}\in$ $\mathrm{s}7_{2}$ . For $0<p<\infty$ ,

$\Phi(r)=\{$
$1/\exp(1/r^{p})$ for small $r$,
$\exp(r^{p})$ for large $r$ ,

satisfies the V2 condition.

2.2. Morrey space. For $1\leq p<\infty$ and a function $\phi$ : $(0, +\mathrm{o}\mathrm{o})arrow(0,$ $+\mathrm{o}\mathrm{o}$ ,
let

$||f||L_{\mathrm{p},\phi}$ $= \sup_{B=B(a,r)}\frac{1}{\phi(r)}$ ( $\frac{1}{|B|}\int_{B}|f$” $|^{p}dx$) ,

$L_{p,\phi}(\mathbb{R}^{n})=$ $\{f\in L_{1\mathrm{o}\mathrm{c}}^{p}(\mathbb{R}^{n}) : ||f||_{L_{p,\phi}}<+\mathrm{o}\mathrm{o}\}$

We assume that $\phi$ satisfies the doubling condition and that $\phi(r)r^{n/p}$ is almost
increasing. If $(r) $=r^{(-n)/p}$’ ( $0\leq$ A $\leq n$), then $L_{p,\phi}(\mathbb{R}^{n})=L^{p,\lambda}(\mathbb{R}^{n})$ which is
the classical Morrey space. If A $=0,$ then $L^{p,\lambda}(\mathbb{R}^{n})=L^{p}(\mathbb{R}^{n})$ . If A $=n,$ then
$L^{p,\lambda}(\mathbb{R}^{n})=L^{\infty}(\mathbb{R}^{n})$ .

If $6(r)$ $arrow 0$ as $rarrow 0,$ then $L_{p,\phi}(\mathbb{R}^{n})=\{0\}$ .

2.3. Campanato space. For $1\leq p<\infty$ and a function $\phi$ : $(0, +\mathrm{o}\mathrm{o})arrow$

$(0, +\mathrm{o}\mathrm{o})$ , let

$||f||_{\mathcal{L}_{p,\phi}}= \sup_{B=B(a,r)}\frac{1}{\phi(r)}(\frac{1}{|B|}\int_{B}|f(x)-f_{B}|^{p}dx)^{1/p}$ ,

$\mathcal{L}_{p,\phi}(\mathbb{R}^{n})=$ $\{f\in L_{1\mathrm{o}\mathrm{c}}^{p}(\mathbb{R}^{n}) : ||f||\mathrm{z}_{\mathrm{p},\phi} <+"\}$ ,

where $f_{B}= \frac{1}{|B|}\int_{B}f(x)dx$ .

We assume that 6 satisfies the doubling condition and that $\phi(r)r^{n/p}$ is almost
increasing. If $\phi(r)=r^{(-n)/p}$” ($0\leq$ A $\leq n+1$ ), then $\mathcal{L}_{p,\phi}(\mathbb{R}^{n})=\mathcal{L}^{p,\lambda}(\mathbb{R}^{n})$ which
is the classical Campanato space.

If 6 is almost increasing, then $\mathcal{L}_{p,\phi}(\mathbb{R}^{n})=\mathcal{L}_{1,\phi}(\mathbb{R}^{n})$ for all $p>1.$ We denote
$\mathcal{L}_{1,\phi}(\mathbb{R}^{n})$ by $\mathrm{B}\mathrm{M}\mathrm{O}_{\phi}(\mathbb{R}^{n})$ . If $\phi\equiv 1,$ then $\mathrm{B}\mathrm{M}\mathrm{O}\emptyset(\mathbb{R}^{n})=\mathrm{B}\mathrm{M}\mathrm{O}(\mathbb{R}^{n})$. If $\phi(r)=r^{\alpha}$ ,
$0<\alpha\leq 1,$ then it is known that $\mathrm{B}\mathrm{M}\mathrm{O}\phi(\mathbb{R}^{n})=\mathrm{L}\mathrm{i}\mathrm{p}_{\alpha}(\mathbb{R}^{n})$ .

If $\phi(r)/rarrow 0$ as $rarrow 0,$ then $\mathcal{L}_{p,\phi}(\mathbb{R}^{n})=\{0\}$ .



3. BOUNDEDNESS OF $I_{\rho}$ (KNOWN RESULTS)

In this section, we consider spaces $L^{\Phi}$ , $L_{1,\phi}$ and $\mathcal{L}_{1,\phi}$ . So we assume that
$\Phi$ , $\Psi\in \mathcal{F}$ are convex, that $\phi$ and $\psi$ satisfy the doubling condition, that $\phi(r)r^{n}$

and $\psi(r)r^{n}$ are almost increasing, and that

$\int_{0}^{1}\frac{\rho(t)}{t}dt<+\infty$ ,

$\frac{1}{A_{1}}\leq\frac{\rho(s)}{\rho(r)}\leq C$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2.$

Theorem 3.1 $(\mathrm{N}[3])$ . Let

$\frac{\rho(r)}{r^{n}}\leq C\frac{\rho(s)}{s^{n}}$ for $s\leq r.$

If

(3.1) $\Phi^{-1}(\frac{1}{r^{n}})$ $\int_{0}$

’

$\frac{\rho(t)}{t}dt\leq C$ $\# l^{-1}(\frac{1}{r^{n}})$ , $r>0,$

$\int_{r}^{+\infty}\tilde{\Phi}(\frac{\rho(t)}{C\int_{0}^{r}(\rho(s)/s)ds\Phi^{-1}(1/r^{n})t^{n}})t^{n-1}dt\leq C,$ $r>0,$

then
$I_{\rho}$ : $L^{\Phi}(\mathbb{R}^{n})arrow L_{weak}^{\Psi}(\mathbb{R}^{n})$ $bdd$ .

Moreover, if $\Phi\in 72,$ then
$I_{\rho}$ : $L^{\Phi}(\mathbb{R}^{n})arrow L^{\Psi}(\mathbb{R}^{n})$ $bdd$ .

In this theorem, if $\Phi(r)=r^{p}$ , $\Psi(r)=rq$ , $\rho(r)=r^{\alpha}$ , then (3.1) is equivalent
to $-n/p+\alpha=-n/q$ . Actually,

$Cx)$ -1 $( \frac{1}{r^{n}})=r^{-n/p}$ ,

$\int_{0}^{r}\frac{\rho(t)}{t}dt=\frac{r^{a}}{\alpha}$ ,

$\mathrm{I}^{-1}(\frac{1}{r^{n}})=r^{-n/q}$ ,

and
$r^{-n/p}r^{\alpha}\leq Cr^{-n/q}$ for all $r>0$ $\Leftrightarrow$ $-n/p$ $+\alpha=-n/q$ .

Example 3.1. Let $2_{\alpha}$ satisfy the doubling condition and

(3.2) $\rho_{\alpha}(r)=\{$

$1/(\log(1/r))^{a+1}$ for small $r$,
$(\log r)^{\alpha-1}$ for large $r$ ,

$\alpha z$ $>0.$



Then

$\int_{0}^{r}\frac{\rho_{\alpha}(t)}{t}dt\sim\{$

1/ $(\log(1/r))^{\alpha}$ for small $r$ ,
$(\log r)^{\alpha}$ for large $r$ .

For $0<p<1/\alpha$ , $1/q=1/p-\alpha$ , we have
$I_{\rho_{\alpha}}$ : $\exp L^{p}(\mathbb{R}^{n})arrow\exp L^{q}(\mathbb{R}^{n})$ $bdd$.

We define the modified version of $I_{\rho}$ as follows:

$\tilde{I}_{\rho}f(x)=\int_{\mathbb{R}^{n}}f(y)(\frac{\rho(|x-y|)}{|x-y|^{n}}-\frac{\rho(|y|)(1-\chi_{B_{0}}(y))}{|y|^{n}})dy$ .

Theorem 3.2 (N $[5])$ . Let

$\frac{\rho(r)}{r^{n+1}}\leq C\frac{\rho(s)}{s^{n+1}}$ for $s\leq r,$

$| \frac{\rho(r)}{r^{n}}-\frac{\rho(s)}{s^{n}}|\leq C|r-s|\frac{\rho(r)}{r^{n+1}}$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2.$

If
$\phi(r)\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\psi(r)$ ,

$\int_{r}^{+}$

”
$\frac{\rho(t)\phi(t)}{t^{2}}dt\leq C\frac{\psi(r)}{r}$ ,

then
$\tilde{I}_{\rho}$ : $L_{1,\phi}(\mathbb{R}^{n})arrow \mathcal{L}_{1,\psi}(\mathbb{R}^{n})$ $bdd$ .

We have the following relation between $L^{\Phi}$ and $L_{1,\phi}$ :

Theorem 3.3 $(\mathrm{N}[5])$ . Let $\phi(r)=\Phi^{-1}(1/r^{n})$ . Then

(3.3) $L^{\Phi}(\mathbb{R}^{n})\subset L^{1,\phi}(\mathbb{R}^{n})$ , and $||f||_{L}1$ , $\phi\leq C||f||_{\Phi}$ .
Moreover, if $\Phi\in \mathit{7}_{2}$ , then

(3.4) $L_{weak}^{\Phi}(\mathbb{R}^{n})\subset L^{1,\phi}(\mathbb{R}^{n})$ , and $||f||_{L^{1,\}}\leq C||f||_{\Phi}$ ,weah .
Combining Theorems 3.2 and 3.3, we have the following:

Corollary 3.4 $(\mathrm{N}[5])$ . Let

$\frac{\rho(r)}{r^{n+1}}\leq C\frac{\rho(s)}{s^{n+1}}$ for $s\leq r,$

$| \frac{\rho(r)}{r^{n}}-\frac{\rho(s)}{s^{n}}|\leq C|r-s|\frac{\rho(r)}{r^{n+1}}$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2,$



and $\psi$ be almost increasing. If
$\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\psi(r)$ ,

$\int_{r}^{+\infty}\frac{\rho(t)\Phi^{-1}(1/t^{n})}{t^{2}}dt\leq C\frac{\psi(r)}{r}$ ,

then
$\tilde{I}_{\rho}$ : $L^{\Phi}(\mathbb{R}^{n})arrow \mathrm{B}\mathrm{M}\mathrm{O}_{\psi}(\mathbb{R}^{n})$ $bdd$ .

Theorem3.5 $(\mathrm{N}[5])$ . Let

(3.5) $\int_{r}^{+\infty}\frac{\rho(t)}{t^{2}}dt\leq C\frac{\rho(r)}{r}$ ,

(3.6) $| \frac{\rho(r)}{r^{n}}-\frac{\rho(s)}{s^{n}}|\leq C|r-s|\frac{\rho(r)}{r^{n+1}}$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2.$

If

$\phi(r)\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\psi(r)$ ,

$\int_{r}^{+\infty}\frac{\rho(t)\phi(t)}{t^{2}}dt\leq C\frac{\psi(r)}{r}$ ,

then
$\tilde{I}_{\rho}$ : $\mathcal{L}_{1,\phi}(\mathbb{R}^{n})arrow$ $\mathcal{L}_{1}$ , 7 $(\mathbb{R}^{n}1,$ $bdd$ .

Remark 3.1. Since $\tilde{I}_{\rho}1$ is a constant, $\tilde{I}$, is well defined as an operator from
$\mathcal{L}_{1,\phi}(\mathbb{R}^{n})$ to $\mathcal{L}_{1},\psi(\mathbb{R}^{n})$ .
Corollary 3.6 $(\mathrm{N}[3])$ . Let

(3.7) $\int_{r}^{+\infty}\frac{\rho(t)}{t^{2}}dt\leq C\frac{\rho(r)}{r}$ ,

(3.8) $| \frac{\rho(r)}{r^{n}}-\frac{\rho(s)}{s^{n}}|\leq C|r-s|\frac{\rho(r)}{r^{n+1}}$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2,$

and, $\phi$ and $\psi$ be almost increasing. If
$\phi(r)\int_{0}^{r}\frac{\rho(t)}{t}l_{\mathit{1}}$ $\leq Cj$ $(r)$ ,

$\int_{r}^{+\infty}\frac{\rho(t)\phi(t)}{t^{2}}dt\leq C\frac{\psi(r)}{r}$ ,

then
$\tilde{I}_{\rho}$ : $\mathrm{B}\mathrm{M}\mathrm{O}\phi(\mathbb{R}^{n})arrow \mathrm{B}\mathrm{M}\mathrm{O}\psi(\mathbb{R}^{n})$ $bdd$ .
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Example 3.2. Let

(3.9) ,$\alpha(r)=\{$
$1/(\log(1/r))^{\alpha+1}$ for small $r$ ,
$(\log r)^{a-1}$ for large $r$ ,

$\alpha>0,$

(3.10) $\phi_{\beta}(r)=\{$

$(\log(1/r))^{-\beta}$ for small $r$ ,
$(\log r)^{\beta}$ for large $r$.

Let

$\Phi(r)=\{$
$1/\exp(1/r^{p})$ for small $r$ ,
$\exp(r^{p})$ for large $r$,

$p>0.$

Then

$\Phi^{-1}$ ( $\frac{1}{r^{n}})\sim\{$

$1/(\log(1/r))^{1/\mathrm{p}}$ for small $r$,
$(\log r)^{-1/\mathrm{p}}$ for large $r$ .

Hence we have

$\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho_{\alpha}(t)}{t}dt\sim\phi_{-1/p+a}$,

$\phi_{\beta}(r)\int_{0}^{r}\frac{\rho_{\alpha}(t)}{t}dt\sim\phi_{a+\beta}(r)$.

$(0<p<q<\infty)$ $(0<\beta<\gamma<\infty)$

FIGURE 3. Boundedness of generalized fractional integrals
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4. HARDY SPACE DEF1NED BY GENERAL1ZED AT0MS

Definition 4.1. Let $\Phi\in F,$ $1<q\leq+\mathrm{o}\mathrm{o}$ and $r^{1}/q(:\mathrm{D}$ $-1(1/r)$ be almost de-
creasing. A function $a$ on $\mathbb{R}^{n}$ is called a $(\Phi, q)$-atom if there exists a ball $B$

such that

$\{$

(i) $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a\subset B,$

(ii) $||a||_{q} \leq|B|^{1/q}\Phi^{-1}(\frac{1}{|B|})$ ,

(iii) $\int a(x)dx=0.$

We denote by $A(\Phi,q)$ the set of all $(\Phi, q)$ atoms
A function $a$ on $\mathbb{R}^{n}$ is called a $(\Phi, q)$-block if there exists a ball $B$ such that

(i) and (it) hold. We denote by $B(\Phi, q)$ the set of all $(\Phi, q)$-blocks.

Definition 4.2. Let $\Phi\in \mathcal{F}$, $1<q\leq+\mathrm{o}\mathrm{o}$ , $r[]/\mathit{9}(\Phi^{-1}(1/r)$ be almost decreasing,
$U\in F$ and $U$ be concave. We define a space $H_{U}^{\Phi,q}=H_{U}^{\Phi,q}(\mathbb{R}^{n})\subset E)$ ’ as follows:

$f\in H_{U}^{\Phi,q}(\mathbb{R}^{n})$ if and only if there exist sequances $\{a_{j}\}\subset A(\Phi, q)$

and positive numbers $\{\lambda_{j}\}$ such that

(4.1) f $= \sum_{j}\lambda_{j}a_{j}$
in )$)’$ and

$\sum_{j}U(\lambda_{j})<+\mathrm{o}\mathrm{o}$
.

In general, the expression (4.1) is not unique. We define

$||f||_{H\mathrm{j}^{q}},= \inf$ $\{U^{-1}(\sum_{j}U(\lambda_{j}))$ :
$f= \sum_{j}\lambda_{j}a_{j}$

in $\mathfrak{D}’\}$ :

where the infimum is taken over all expressions (4.1).
We also define a space $B_{U}^{\Phi,q}=B_{U}^{\Phi,q}(\mathbb{R}^{n})\subset$ $\mathrm{D}$

’ by using $(\Phi, q)$-blocks instead
of $(\Phi, q)$ atoms

$1\mathrm{f}U\in T$ is concave, then

$cU(r)\leq U(cr)$ for $0\leq c\leq 1.$

Hence, for positive numbers $r$ and $s$ ,

$U(r+s)= \frac{r}{r+s}U(r+s)+\frac{s}{r+s}U(r+s)\leq U(r)+U(s)$ .

So we have

$\sum_{j}\mathrm{X}_{j}\leq U^{-1}(\sum_{j}U(\lambda_{j}))$

$H_{U}^{\Phi,q}(\mathbb{R}^{n})$ is a linear space. Let $d(f, g)=U(||f-g||_{H_{U}^{\Phi,q}})$ for $f,g\in H_{U}^{\Phi,q}(\mathbb{R}^{n})$ .
Then $d(f, g)$ is a metric and $H_{U}^{\Phi,q}$ is complete with respect to this metric. Let
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$I(r)=r.$ Then $||f||_{H_{I}^{\Phi,q}}$ is a norm and $H_{I}^{\Phi,q}$ is a Banach space. We have similar
properties for $B_{U}^{\Phi,q}$ .

For $q=\infty$ , we denote $H_{U}^{\Phi,q}=H_{U}^{\Phi}$ .
For $\Phi(r)=1/U(1/r)$ , we denote $H_{U}^{\Phi,q}=H^{\Phi,q}$ .
For $q=\infty$ and $\Phi(r)=1/U(1/r)$ , we denote $H_{U}^{\Phi_{:}q}=H^{\Phi}$ .
If $\mathrm{I}(\mathrm{r})=r^{p}$ , $n/(n+1)$ $<p\leq 1,$ then $H^{\Phi}=H^{p}$ .
We have

$1<q_{1}<q_{2}\leq$ oo $\Rightarrow$ $H_{U}^{\Phi,q2}(\mathbb{R}^{n})\subset H_{U}^{\Phi,q_{1}}(\mathbb{R}^{n})$ ,

$\Psi(r)\leq\Phi(Cr)$ for all $r>0$ $\Rightarrow$ $H_{U}^{\Phi,q}(\mathbb{R}^{n})\subset H_{U}^{\Psi,q}(\mathbb{R}^{n})$,

$V(r)\leq CU(r)$ for $0\leq r\leq 1$ $\Rightarrow$ $H_{U}^{\Phi,q}(\mathbb{R}^{n})\subset H_{V}^{\Phi,q}(\mathbb{R}^{n})$ ,

for all concave function $U\in \mathcal{F}$ , $H_{U}^{\Phi,q}(\mathbb{R}^{n})\subset H_{I}^{\Phi,q}(\mathbb{R}^{n})$ ,

where the inclusion mapping are continuous.
For $1<q\leq\infty$ , $L_{\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}}^{q}$ is dense in $B_{U}^{\Phi,q}$ . Let

$L_{\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}}^{q,0}( \mathbb{R}^{n})=\{f\in L_{\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}}^{q}(\mathbb{R}^{n}):\int f(x)dx=0\}$

Then $L_{\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}}^{q,0}$ is dense in $H_{U}^{\Phi,q}$ .

Theorem 4.1. Let $1<q\leq\infty$ , $1/q+1/q’=1,$ $\Phi\in$ $\mathrm{F}\mathrm{J}$
$-1$ satisfy the dou-

bling condition, $r^{1}/q\Phi^{-1}(1/r)$ be almost decreasing, $U\in \mathcal{F}$ and $U$ be concave.
Assume that

$0\mathrm{s}\mathrm{u}\mathrm{r}\mathrm{l}$

$\frac{U(rs)}{U(s)}arrow 0(rarrow 0)$ .

If
$\phi(r)=\frac{1}{r^{n}\Phi^{-1}(\frac{1}{r^{n}})}$ ,

then
$(B_{U}^{\Phi,q}(\mathbb{R}^{n}))^{*}=L_{q’,\phi}(\mathbb{R}^{n})$.

If $\Phi(r)/r$ $arrow 0$ as r $arrow+\mathrm{o}\mathrm{o}$ , then $\phi(r)arrow 0$ as r $arrow 0.$ Hence

$(B_{U}^{\Phi,q}(\mathbb{R}^{n}))^{*}=\{0\}$ .

Remark 4.1. For B $=B(z,r)$ ,

$\phi(r)\sim\frac{1}{|B\downarrow\Phi^{-1}(\frac{1}{|B|})}$
.
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Theorem 4.2. Let $1<q\leq\infty$ , $1/q+1/q’=1,$ $\Phi\in F$ , $r^{1}/q(g-1$ $(1/r)$ be
almost decreasing, $U\in T$ and $U$ be concave. Assume that

0SUPI $\frac{U(rs)}{U(s)}arrow 0$ (r $arrow 0)$ .

If
$\phi(r)=\frac{1}{r^{n}\Phi^{-1}(\frac{1}{r^{n}})}$ ,

then
$(H_{U}^{\Phi,q}(\mathbb{R}^{n}))^{*}=\mathcal{L}_{q’,\phi}(\mathbb{R}^{n})$ .

If $\Phi(r)/rn/(n+1)arrow 0$ as r $arrow+\mathrm{o}\mathrm{o}$ , then $\mathrm{O}(\mathrm{r})/\mathrm{r}arrow 0$ as r $arrow 0.$ Hence

$(H_{U}^{\Phi,q}(\mathbb{R}^{n}))^{*}=\{0\}$ .

Example 4.1. If $(r)=r, then $\phi(r)\equiv 1.$ In this case, we have
$(H_{U}^{1,q}(\mathbb{R}^{n}))^{*}=\mathrm{B}\mathrm{M}\mathrm{O}(\mathbb{R}^{n})$ .

Example 4.2. For f3 $\in \mathbb{R}$ , we define a function $\Phi_{\beta}\in T$ as follows

(4.2) $\Phi_{\beta}(r)=\{$ $r(1\mathrm{o}\mathrm{g}r)^{\beta}r(1\mathrm{o}\mathrm{g}(1/r))^{-\beta}$

for small $r$ ,
for large $r$.

Then $\Phi_{\beta}$ is concave for $\beta<0,$ and $\Phi_{\beta}$ is convex for $\beta>0.$ In this case, we
have

$I)_{\beta}^{-1}(r)\sim\{r(\mathrm{l}\mathrm{o}\mathrm{g}(1\underline{/}r))^{\beta}r(\mathrm{l}\mathrm{o}\mathrm{g}r)^{\beta}$
$\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}r\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{s}\mathrm{m}\mathrm{a}\mathrm{l}\mathrm{l}$r.’

$\Phi_{\beta}^{-1}(\frac{1}{r^{n}})\sim\{\begin{array}{l}r^{-n}(\mathrm{l}\mathrm{o}\mathrm{g}(1/r))^{-\beta}r^{-n}(\mathrm{l}\mathrm{o}\mathrm{g}r)^{\beta}\end{array}$

for $1$forsamrgaell rr.’
Let

(4.3) $\phi_{\beta}(r)=\{$

$(\log(1/r))^{-\beta}$ for small $r$ ,
$(\log r)^{\beta}$ for large $r$.

Then
$\phi_{-\beta}(r)\sim\frac{1}{r^{n}\Phi_{\beta}^{-1}(\frac{1}{r^{n}})}$ .

If $\beta<0,$ then $\phi_{-\beta}$ is almost increasing and

(4.4) $(H_{U}^{\Phi_{\beta},q}(\mathbb{R}^{n}))^{*}=\mathrm{B}\mathrm{M}\mathrm{O}_{\phi-\beta}(\mathbb{R}^{n})$ .
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If $\beta>0,$ then $6_{-\beta}$ is almost decreasing and

$(H_{U}^{\Phi_{\beta},q}(\mathbb{R}^{n}))^{*}=\mathcal{L}_{q’,\phi-\beta}(\mathbb{R}^{n})$ .

Proposition 4.3. Let $\Phi$ , q, U be as in Definition 4.2. If

$\frac{1}{U^{-1}(Cr)}\leq\Phi^{-1}(\frac{1}{r})\leq\frac{U^{-1}(\frac{Cs}{r})}{U^{-1}(s)}$ for $0<s\leq r<+\mathrm{o}\mathrm{o}$ ,

$U(rs)\leq CU(r)U(s)$ for $0<r$ , s $\leq 1,$

then

$H_{U}^{\Phi,q}(\mathbb{R}^{n})=H_{U}^{\Phi,\infty}(\mathbb{R}^{n})$.

Example 4.3. Let $nj(n+1)\leq p_{1}\leq p_{2}\leq 1$ and

$\Phi(r)=1/U(1/r)=\{$
$r^{\mathrm{p}_{1}}$ for small $r$ ,
$r^{p2}$ for large $r$.

then
$H^{\Phi,q}(\mathbb{R}^{n})=H^{\Phi,\infty}(\mathbb{R}^{n})$ .

5. PROOFS OF THEOREM 4.2

To prove Theorem 4.2, we state the following lemma.

Lemma 5.1. Let

$\mathrm{o}\mathrm{s}\mathrm{u}\mathrm{p}_{1}$

$\frac{U(rs)}{U(s)}arrow 0(rarrow 0)$ .

If $l$ $\in(H_{U}^{\Phi,q}(\mathbb{R}^{n}))^{*}$ , then

$|| \mathrm{f}||=\sup$ $\{|\ell(f)|:||f||H7,\mathit{9} \leq 1\}$ $<+\mathrm{o}\mathrm{o}$ .

Proof of Theorem 4.2. Let g $\in \mathcal{L}_{\phi,\phi}(\mathbb{R}^{n})$ . For a $(\Phi, q)$-atom a, ag $\in L^{1}(\mathbb{R}^{n})$

and

$\int a(x)g(x)dx=\int a(x)(g(x)-g_{B})dx$ ,
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where $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a\subset B=B(z, r)$ . Then

$| \int a(x)g(x)dx|\leq||a||_{q}(\int_{B}|g(x)-g_{B}|^{q’}dx)1/q’$

$\leq|B|^{1/}$”-1 $( \frac{1}{|B|})(\int_{B}|g(x)-g_{B}|^{q’}dx)^{1/q’}$

$=|B|$” $( \frac{1}{|B|})(\frac{1}{|B|}\int_{B}|g(x)-g_{B}|^{q’}dx)^{1/q’}$

$\sim\frac{1}{\phi(r)}(\frac{1}{|B|}\int_{B}|g(x)-g_{B}|^{q’}dx)^{1/\phi}\leq||g||\mathrm{z}_{q}$
”

$\phi$

.

For $f\mathrm{E}$ $L_{\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}}^{q,0}(\mathbb{R}^{n})$ , $fg\in L^{1}(\mathbb{R}^{n})$ . Let

f $= \sum_{j}\lambda_{j^{Q}j}$
, $U^{-1}( \sum_{j}U(|\lambda_{j}|))\leq 2||f||_{H_{U}^{\partial,q}}$ .

We can show

$\int f(x)g(x)dx=\sum_{j}\lambda_{j}\int a_{j}(x)g(x)dx$.

Then

$| \int f(x)g(x)dx|\leq C(\sum_{j}|\mathrm{x}j|)||g||c_{q}$
” $\phi$

$\leq CU^{-1}$ (5 $U(|\lambda_{j}|)$) $||g||c_{q\phi}"\leq 2C||f||_{H_{U}^{3,q}}||g||\mathrm{z}_{q}$”$\phi$

.

Conversely, let $\ell\in(H_{U}^{\Phi,q}(\mathbb{R}^{n}))^{*}$ Fix B $=B(z,$r). For f $\in Lq,0(B)$ , let

$a(x)=\{_{0}^{|B|^{1/q}\Phi^{-1}(\frac{1}{|B|})||f||_{q}^{-1}f(x)}x\not\in Bx\in$B.
then a is a $(\Phi, q)$ -atom. Therefore, by Lemma 5.1, we have

$|\mathrm{f}(a)|\leq||\mathrm{f}||$ ,
i.e.

$\frac{|\ell(f)|}{||f||_{q}}\leq||\ell||(|B|^{1/q}\Phi^{-1}(\frac{1}{|B|}))^{-1}\sim||\ell||\phi(r)|B|^{1/q’}$ , f $\in L^{q,0}(B)$ .

Since $L^{q,0}(B)$ is a subspace of $L^{q}(B)$ , by the Hahn-Banach theorem, we have
$||\ell||_{(L^{q}(B))}$ . $\leq C||\ell||\phi(r)|B|^{1/q’}$
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Using the duality $(L^{q})^{*}=L^{q’}$ , we have

$\exists h^{B}\in L^{q’}(B)\mathrm{s}.\mathrm{t}$ .

$\ell(f)=\int_{B}f(x)h^{B}(x)dx$ , $||hB||_{L^{q’}(B)}\leq C||\ell||\phi(r)|B|^{1/q’}$

Let $g^{B}(x)=h^{B}(x)-(h^{B})_{B}$ , x $\in B$ . Then

$(g^{B})_{B}=0$ , || $7B||_{L^{q’}(B)}\leq C||\ell||\phi(r)|B|^{1/q’}$

$l(f)= \int_{B}f(x)h^{B}(x)dx=\int_{B}f(x)g^{B}(x)dx$ , f $\in L^{q,0}(B)$ .

For every ball $B$ , we have $g^{B}$ as above. For the class $\{g^{B}\}_{B}$ ,

$\exists g$ $\in$
$L_{1\mathrm{o}\mathrm{c}}^{q’}(\mathbb{R}^{n})$ $\mathrm{s}.\mathrm{t}$ . for each ball $B$ , $g-g_{B}=g^{B}$ on $B$ .

And we have

g $\in \mathcal{L}_{q’,\phi}(\mathbb{R}^{n})$ , $||g||\mathrm{c}q"\phi$ $\leq C||l||$ ,

$\ell(f)=\int f(x)g(x)dx$ for f $\in L_{\mathrm{c}}^{q}$j$\mathrm{m}\mathrm{p}(\mathbb{R}^{n})$ . $\square$

6. CONTINUITY OF $I_{\rho}$ ON HARDY spaces

In this section, we assume that $\Phi$ , $\Psi$ , $U$, $V\in F,$ that $\Phi^{-1}$ a $\mathrm{d}$ $lf$ $-1$ satisfy the
doubling condition, that $U$ and $V$ are concave, that $1<q\leq\infty$ , $1/q+1/q’=1,$
and that

$\int_{0}^{1}\frac{\rho(t)}{t}dt<+\mathrm{o}\mathrm{o}$ ,

$\frac{1}{A_{1}}\leq\frac{\rho(s)}{\rho(r)}\leq C$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2.$

In Theorems 6.1 and 6.2, let

$\frac{\rho(r)}{r^{n+1}}\leq C\frac{\rho(s)}{s^{n+1}}$ for $s\leq r,$

$| \frac{\rho(r)}{r^{n}}-\frac{\rho(s)}{s^{n}}|\leq C|r-s|\frac{\rho(r)}{r^{n+1}}$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2$ .

Theorem 6.1. Let

$\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , r $>0,$

$V(rs)\leq CV(r)U(s)$ , $0\leq r,s\leq 1,$
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and $0<\exists\theta<1s.t$ .

$\int_{r}^{+\infty}V$ ( $( \frac{\Psi^{-1}(1/t^{n})}{\Psi^{-1}(1/r^{n})})^{(1/}\mathrm{t})-1)t^{-1}dt\leq C,$ $r>0,$

$\int_{r}^{+\infty}t^{n}(\Psi^{-1}(\frac{1}{t^{n}}))^{1/\theta}t^{-1}dt\leq Cr^{n}($ $r>0,$$\Psi^{-1}(\frac{1}{r^{n}}))^{1/\theta}$ ,

$\frac{\rho(r)}{r^{n+1}}(\Psi^{-1}(\frac{1}{r^{n}}))^{-1/\theta}$ is almost decreasing.

Let

$\mathrm{X}^{+}"\frac{\rho(t)}{t^{2}}dt<+\mathrm{o}\mathrm{o}$ .

Then
$I_{\rho}$ : $H_{U}^{\Phi}(\mathbb{R}^{n})arrow H_{V}^{\Psi}(\mathbb{R}^{n})$ conti.

From (6.1), we have
$\forall C_{1}>0\exists C_{2}>0$ $\mathrm{s}.\mathrm{t}$ . $0<s$ , $t\leq C_{1}\Rightarrow V(st)\leq C_{2}V(s)U(t)$ .

Theorem 6.2. Let $\Psi$ is convex, and

$\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , $r>0,$

$\int_{r}^{+}$

”
$\Psi(\frac{\rho(t)r^{n+1}\Phi^{-1}(1/r^{n})}{t^{n+1}})t^{n-1}dt\leq C$, $r>0.$

Then
$I_{\rho}$ : $H_{U}^{\Phi}(\mathbb{R}^{n})arrow L^{\Psi}(\mathbb{R}^{n})$ conti.

Example 6.1. Let

(6.1) $,(r)= $\{$

$1/(\log(1/r))^{\alpha+1}$ for small $r$,
$(\log r)^{\alpha-1}$ for large $r$ ,

$\alpha>0,$

(6.2) $\mathrm{t},(r)$ $=\{$

$r(\log(1/r))^{-\beta}$ for small $r$,
$r(\log r)^{\beta}$ for large $r$.

Then

y $p^{-1}$ ( $\frac{1}{r^{n}}$ ) $\int_{0}^{r}\frac{\rho_{\alpha}(t)}{t}dt\sim\Phi\beta+\alpha-1(\frac{1}{r^{n}})$ ,

and the assumptions of Theorems 6.1 and 6.2 are satisfied. So we have the
following continuities in Figure 4.
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FIGURE 4. Continuity of generalized fractional integrals

In Theorems 6.3 and 6.4, let

$\int_{0}^{1}\frac{\rho(t)}{t}dt<+\mathrm{o}\mathrm{o}$ ,

$\frac{1}{A_{1}}\leq\frac{\rho(s)}{\rho(r)}\leq C$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2,$

$\frac{\rho(r)}{r^{n}}\leq C\frac{\rho(s)}{s^{n}}$ for $s\leq r.$

Theorem 6.3. Let

$\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , $r>0,$

$V(rs)\leq CV(r)U(s)$ , $0\leq r$ , $s\leq 1,$

and $0<\exists\theta<1s.t$ .

$\int_{r}^{+\infty}V((\frac{\Psi^{-1}(1/t^{n})}{\Psi^{-1}(1/r^{n})})^{(1/\theta)-1})t^{-1}$ $dt\leq C,$ $r>0,$

$\frac{\rho(r)}{r^{n}}\{$
$\Psi^{-1}$ ( $\frac{1}{r^{n}}$) $)^{-1/\theta}$ is almost decreasing.

Then
$I_{\rho}$ : $B_{U}^{\Phi,\infty}(\mathbb{R}^{n})arrow B_{V}^{\Psi,\infty}(\mathbb{R}^{n})$ conft.



17

Theorem 6.4. Let $\Psi$ is convex, and

$\Phi^{-1}$ ( $\frac{1}{r^{n}}$) $\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ . $r>0,$

$\int_{r}^{+\infty}\Psi(\frac{\rho(t)r^{n}\Phi^{-1}(1/r^{n})}{t^{n}})t^{n-1}dt\leq C$, $r>0.$

Then
$I_{\rho}$ : $B_{U}^{\Phi,\infty}(\mathbb{R}^{n})arrow L^{\Psi}(\mathbb{R}^{n})$ conti.

7. PROOF OF THEOREMS 6.1-6.4
To prove the theorems, we define molecules and state propositions.

Definition 7.1. Let (I) 67, $1<q\leq\infty$ , and $0<\theta<1.$ A function $M$ on $\mathbb{R}^{n}$

is called a $(\, q, \theta)$ -molecule if

(7.1) $\{_{(}^{(}i))$ $\int\Lambda f(x)dx=0\exists z\in \mathbb{R}^{n}\mathrm{s}.\mathrm{t}.,||\mathrm{A}\#[q1-\theta||b(|-z|^{n})^{1}/\theta M(\cdot)||_{q}^{\theta}<+\infty$

,

where
$b(r)=(r^{1/q}\Phi^{-1}(1/r))^{-1}$

Let
$II(M)$ $=$ $\mathrm{A}"$ :

$q, \theta(M)=\inf_{z\in \mathrm{R}^{n}}||$A# $||_{q}^{1-}$
’

$|\mathrm{C}(|. -z|^{n})^{1/\theta}$ Af $(\cdot)||_{q}^{\theta}$

Proposition 7.1. Let

$\Phi^{-1}$ ( $\frac{1}{r^{n}}$) $\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , $r>0,$

(7.2) $0<\exists\theta<1$ $s.t$ . $\frac{\rho(r)}{r^{n+1}}(\Psi^{-1}(\frac{1}{r^{n}}))^{-1/\theta}$ is almost decreasing

(7.3) $\int_{1}^{+}$

”

$\frac{\rho(t)}{t^{2}}dt<+\mathrm{o}\mathrm{o}$ .

If $a\in A(\Phi, \infty)$ , then $I_{\rho}a$ is $a(\Psi, \infty, \theta)$ -molecule and $\mathrm{X}/(I_{\rho}a)\leq C,$ where $C$ is
independent of $a\in A(\Phi, \infty)$ .
Remark 7.1. If we omit (7.2) and (7.3), then $I_{\rho}a$ satisfies (i) in (7.1) for each
$a\in B(\Phi, \infty)$ , and $II(I_{\rho}a)$ $\leq C,$ where $C$ is independent of $a\in B(\Phi, \infty)$ .
Proposition 7.2. $Lei$ $0<\exists\theta<1s.t$ .

$\int_{r}^{\infty}V((\frac{\Psi^{-1}(1/t^{n})}{\Psi^{-1}(1/r^{n})})^{(1/\theta)-1})t^{-1}dt\leq C,$ $r>0,$

(7.4) $\int_{r}^{+\infty}t^{n}(\Psi^{-1}(\frac{1}{t^{n}}))^{1/\theta}t^{-1}dt\leq Cr^{n}($ $r>0.$$\Psi^{-1}(\frac{1}{r^{n}}))^{1}/6$ ,
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If $\mathbb{J}f$ is $a(\Psi, q, \theta)$ -molecule, then $M\in H_{V}^{\Psi,q}(\mathbb{R}^{n})$ , and

$lC_{1}>0\exists C_{2}>0s.t$. $N^{\Psi,q,\theta}$ (nf) $\leq C_{1}\Rightarrow||\mathrm{A}\#||_{H_{V}^{\Psi}}$, g $\leq C_{2}$ .

Remark 7.2. If we omit (7.4), then we have a similar result for $B_{V}^{\Phi,q}(\mathbb{R}^{n})$ .

Proof of Theorem 6.1. Let
$f\in L_{\mathrm{c}\mathrm{o}}^{\infty}$m$\mathrm{p}($’$n)$ , $||f||_{H_{U}^{\Phi}}\leq 1,$

$f= \sum_{j}\lambda_{j}a_{j}$
, $\{a_{j}\}\subset A(\Phi,\infty)$ ,

$U^{-1}( \sum_{j}U(\lambda_{j}))\leq 2||f||_{H_{U}^{\Phi}}$ .

By Proposition 7.1 and Proposition 7.2, we have

$I_{\rho}a_{j}= \sum_{k}\lambda_{j,k}a_{j,k}$
, $\{a_{j,k}\}\subset A(\Psi, \infty)$ ,

$V^{-1}( \sum_{k}V(\lambda_{j,k}))\leq C$ independent of $j$ .

We also can show that
$I_{\rho}f= \sum_{j}:\lambda_{j}I_{\rho}a_{::}$

.

Then we have
$I_{\rho}f= \sum_{j,k}\lambda_{j}\lambda_{g,k}a_{j,k}$

.

Since $\lambda_{j}\leq 2$ , $\lambda_{j,k}\leq C,$ we have

$\sum_{j,k}V$ $( \lambda_{j}\lambda_{j,k})\leq C\sum_{j,k}U$ $( \lambda_{j})V(\lambda_{j,k})\leq C’\sum_{j}U(\lambda_{j})\leq 2C’U(||f||H\mathrm{y})$

Hence
V $(||I_{\rho}f||_{H_{V}^{\Psi}})\leq CU(||f||_{H_{U}^{l}})$ for $||f||_{H_{U}^{\Phi}}\leq 1.$

$\square$

Proposition 7.3. Under the assumption of Theorem 6. 2, if $a\in A(\Phi, \infty)$ ,
then

$I_{\rho}a\in L^{\Psi}(\mathbb{R}^{n})$ , and $||I_{\rho}a|\mathrm{L},$ $\leq C.$

where $C$ is independent of $a\in$ A $($$, $\infty)$ .

Proof of Theorem 6.2. Since $H_{U}^{\Phi}\subset H_{I}^{\Phi}$ , we show $I_{\rho}$ : $H_{I}^{\Phi}arrow L^{\Psi}$ . Let

f $\in L_{\mathrm{C}\mathrm{O}1\mathrm{n}\mathrm{p}}^{\infty,0}(\mathbb{R}^{n})$ , f $= \sum_{j}\lambda_{j}a_{j}$
,

$\sum_{j}|)_{j}|\leq 2||f||_{H_{I}^{b}}$
.



I9

We can show

$I_{\rho}f= \sum_{j}\lambda_{j}I_{\rho}a_{j}$
.

By Proposition 7.3, we have

$||I_{\rho}f||_{L^{\Psi}} \leq\sum_{j}|\lambda_{\mathrm{J}}|||I_{\rho}a_{j}||_{L^{\Psi}}\leq C\sum_{j}|\lambda_{j}|$
$\leq 2C||f||_{H_{I}^{\Phi}}$ . $\square$

8. $\mathrm{A}_{\mathrm{T}\mathrm{O}\mathrm{M}\mathrm{W}\mathrm{I}\mathrm{T}\mathrm{H}\mathrm{V}\mathrm{A}\mathrm{N}\mathrm{I}\mathrm{S}\mathrm{H}\mathrm{I}\mathrm{N}\mathrm{G}\mathrm{M}\mathrm{O}\mathrm{M}\mathrm{E}\mathrm{N}\mathrm{T}\mathrm{S}\mathrm{U}\mathrm{P}\mathrm{T}\mathrm{O}\mathrm{O}\mathrm{R}\mathrm{D}\mathrm{E}\mathrm{R}N}$

Definition 8.1. Let $4\in \mathcal{F}$ , $1<q\leq+\mathrm{o}\mathrm{o}$ , $N=0,1$ , 2, $\cdots$ and $r^{1}/q\Phi^{-1}(1/r)$

be almost decreasing. A function $a$ on $\mathbb{R}^{n}$ is called a $(\, q, N)$-atom if there
exists a ball $B$ such that

$\{$

(i) $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}a\subset B,$

(ii) $||a||_{q} \leq|3|^{1/q}\mathrm{D}^{-1}(\frac{1}{|B|})$ ,

(iii) $\int a(x)x^{a}dx=0$ for $|$ cy $|\leq N.$

For $N=0,$ a $(\Phi, q, 0)$-atom is simply called a $(\Phi, q)$-atom. A function $a$ on
$\mathbb{R}^{n}$ is called a $($$, $q)$ -block if there exists a ball $B$ such that (i) and (it) hold.
We denote by $A(\Phi, q, N)$ the set of all $(\, q, N)$-atoms. We also denote by
$A(\Phi, q, -1)$ the set of all $(\Phi, q)$-blocks.
Definition 8.2. Let $\Phi$ , $U$ $\in$

$\mathrm{F}$ and $U$ be concave. We define a space
$H_{U}^{\Phi,q,N}(\mathbb{R}^{n})\subset I)$ ’ as follows:

$f\in H_{U}^{\Phi,q,N}(\mathbb{R}^{n})$ if and only if there exist sequances $\{a_{j}\}\subset A(\Phi, q, /\mathrm{V})$

and positive numbers $\{\lambda_{j}\}$ such that

(8.1)
$f= \sum_{j}\lambda_{j}a_{j}$

in $\mathrm{O}’$ and
$\sum_{j}U(\lambda_{j})<+\mathrm{o}\mathrm{o}$

.

In general, the expression (8.1) is not unique. We define

$|1/||_{H5}$ =inf $\{U^{-1}(\sum_{j}U(\lambda_{j}))$ : f $= \sum_{j}\lambda_{j}a_{j}$
in $\mathfrak{D}’\}$ :

where the infimum is taken over all expressions (8.1). For $\Phi(r)=1/U(1/r)$ ,
we denote $H_{U}^{\Phi,q,N}(\mathbb{R}^{n})=H^{\Phi,q,N}(\mathbb{R}^{n})$ .

$H_{U}^{\Phi,q,N}(\mathbb{R}^{n})$ is a linear space. Let $d(f,g)=U(||f-g||_{H_{U}^{C,q,N}})$ for $f$, $g\in$

$H_{U}^{\Phi,q,N}(\mathbb{R}^{n})$ . Then $d(f, !/)$ is a metric and $H_{U}^{\Phi,q,N}(\mathbb{R}^{n})$ is a complete with respect
to this metric.

If $\Phi(r)$ $=r^{p}$ , $n/(n+N+1)<p\leq n/(n+N)$ , $N=0,$ 1, 2, $\cdots$ , then
$H^{\Phi,q,N}(\mathbb{R}^{n})=H^{\Phi,\infty,N}(\mathbb{R}^{n})=H^{p}(\mathbb{R}^{n})$ .
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In the following, we assume that $\Phi$ , $\Psi$ , $U$, $V\in F,$ that $\mathrm{I}^{-1}$ and $\mathrm{I}^{-1}$ satisfy
the doubling condition, that $U$ and $V$ are concave, that $1<q\leq\infty$ , $1/q+1/q’=$
$1$ , that $N/=-1,0,1,2$ , $\cdots$ , that

$\int_{0}^{1}\frac{\rho(t)}{t}dt<+\mathrm{o}\mathrm{o}$,

$\frac{1}{A_{1}}\leq\frac{\rho(s)}{\rho(r)}\leq C$ for $\frac{1}{2}$ く $\frac{s}{r}\leq 2$ ,

$\frac{\rho(r)}{r^{n+N+1}}\leq C\frac{\rho(s)}{\mathit{8}^{n+N+1}}$ for s $\leq r,$

and that, if N $\neq-1$ , then $\rho\in C^{N}(0, +\mathrm{o}\mathrm{o})$ and

$| \frac{\rho(|u|)}{|u|^{n}}-\sum_{|\alpha|\leq N}Q_{\alpha}(v)(u-v)^{\alpha}|\leq C|u-v|^{N+1}\frac{\rho(|v|)}{|v|^{n+N+1}}$ for $\frac{1}{2}\leq\frac{|u|}{|v|}\leq 2$

where $Q_{\alpha}= \frac{1}{a!}(\frac{\rho(|\cdot|)}{|\cdot|^{n}})^{(\alpha)}$

Theorem 8.1. Let

$\Phi^{-1}(\frac{1}{V(r^{n}})\int_{\mathrm{S}r)\leq}0\frac{\rho(t)}{c^{t}V}dt\leq C\Psi^{-1(\frac{1}{r^{n}r})}r(r)U(s),0\leq,s’\leq$ lr. $>$

Let $N’\leq N,$

(8.2) $\int_{1}^{+\infty}\frac{\rho(t)}{t^{N-N+2}},dt<+\mathrm{o}\mathrm{o}$,

and $0<\exists\theta<1s$ .t.

$\int_{r}^{+\infty}V$ ( $( \frac{\Psi^{-1}(1/t^{n})}{\Psi^{-1}(1/r^{n})})^{(1/}\mathrm{e})-1\mathrm{I}^{t^{-1}dt\leq}c,$ $r>0,$

(8.3)

$\int_{r}^{+}$

”

$t^{n+N’}( \Psi^{-1}(\frac{1}{t^{n}}))^{1/\theta}t^{-1}$ it $\leq Cr^{n+N’}($ $r>0,$$\Psi^{-1}(\frac{1}{r^{n}}))^{1/}$

’

,

$\frac{\rho(r)}{r^{n+N+1}}(\Psi^{-1}(\frac{1}{r^{n}}))^{-1/\theta}$ is almost decreasing.

If $N’=-1$ , then we omit (8.2) and (8.3). Then

$I_{\rho}$ : $H_{U}^{\Phi,\infty,N}(\mathbb{R}^{n})arrow$? $H_{V}^{\Psi,\infty,N’}(\mathbb{R}^{n})$ $cont*$.

The proof of Theorem 8.1 is the same as Theorem 6.1. To prove the the-
orem, we define molecules with vanishing moments up to order $N$ , and state
propositions.
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Definition 8.3. Let $\Phi\in \mathcal{F}$, $1<q\leq\infty$ , $N=0,1,2$ , $\cdots$ , and $0<\theta<1.$ A
function $M$ on $\mathbb{R}^{n}$ is called a $(\Phi, q, N, \theta)$ -molecule if

(i) $\exists z\in \mathbb{R}^{n}\mathrm{s}.\mathrm{t}$ . $||M||_{q}^{1-\theta}||b(|-z|^{n})^{1/\theta}M(\cdot)||_{\infty}^{\theta}<+\mathrm{o}\mathrm{o}$,

(ii) $\int|\mathrm{A}f(x)||x|^{N}dx<+\mathrm{o}\mathrm{o}$,

(i) $\int M(x)x^{\alpha}dx=0$ for |ct $|\leq N,$

where
$b(r)=(r^{1/q}\Phi^{-1}(1/r))^{-1}$

A function Jf on $\mathbb{R}^{n}$ is called a $(\,$q, -1,$\theta)$-molecule if (t) halds. Let

$N(M)=N^{\Phi,q,\theta}(M)= \inf_{z\in \mathrm{R}^{n}}||\mathrm{A}f||_{\infty}^{1-\theta}||b(|-z|^{n})^{1}/’ \mathrm{w}\mathrm{C}\cdot 1\infty\theta$

Proposition 8.2. Let $N’\leq N$ andProposition 8.2. Let $N’\leq N$ and

$\Phi^{-1}(\frac{1}{r^{n}})\int_{0}^{r}\frac{\rho(t)}{t}dt\leq C\Psi^{-1}(\frac{1}{r^{n}})$ , $r>0,$

$0<\exists\theta<1$ $s.t$ . $\frac{\rho(r)}{r^{n+N+1}}$ ($\Psi^{-1}$ ( $\frac{1}{r^{n}}$)) is almost decreasing

If $N’\neq-1$ , we assume that

$\int_{1}^{+\infty}\frac{\rho(t)}{t^{N-N+2}},dt<+\mathrm{o}\mathrm{o}$ .

If a is a $(\Phi, \infty, N)$ -atom, then $I_{\rho}a$ is a $(\Psi, \infty,$N,$\theta)$ -molecule and $N(I_{\rho}a)\leq C,$

where C is independent of the $(\, \infty, N)$ -atom a.

8.3. Let $0<\exists\theta<1$ s.

$\int_{r}^{\infty}V$ ( $( \frac{\Psi^{-1}(1/t^{n})}{\Psi^{-1}(1/r^{n})})^{(1}/\theta)-1\mathrm{I}^{t^{-1}dt\leq C}$, $r>0,$

$(8.4) \int_{r}^{+\infty}t^{n+N}(\Psi^{-1}(\frac{1}{t^{n}}))^{1/\theta}t^{-1}dt\leq Cr^{n+N}($ $r>0.$$\Psi^{-1}(\frac{1}{r^{n}}))^{1/\theta}$ ,

If N $=-1$ , then we omit (8.4). If M is a $(\Psi,$q, N,$\theta)$ -molecule, then M $\in$

$H_{V}^{\Psi,q,N}(\mathbb{R}^{n})$ , and

$\forall C_{1}>0\exists C_{2}>0s.t$. $N^{\Psi,q,N,\theta}(M)\leq C_{1}\Rightarrow||M||H\mathrm{y},q,N$ $\leq C_{2}$ .
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