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Abstract

We prove that the class of the generic automorphisms of unstable structures
constructed from stable structures by adding a generic predicate is not elemen-
tary. We also give Some discussion on generic automorphisms of a generic
automorphism.

Introduction

Given a complete, model complete theory T in a language £, we consider the theory
T, =TU{“s is an L-automorphism” } in the language LU {c}. For M a model of T,
and o € Autz(M) we call o a generic automorphism of M if (M, o) is an ex1stent1ally
closed model of T,.

It is known that the class of generic automorphism of T is not elementary if T is
unstable with the PAPA [4], has the strict order property [5], or T does not eliminate
the 3 [4]. We conjecture that this class is not elementary if T is unstable. But
we don’t even know how to handle the general simple unstable case. We will con-
sider simple unstable theories construcied from stable theories by adding a generic
predicate or a generic automorphism. We try to show that the class of the generic
automorphisms of the models of a theory constructed this way is not elementary. We
have succeeded to show it in case of generic predicates but not in case of generic au-
tomorphisms. Nevertheless, we will give some arguments concerning two commuting
automorphisms.

1 Preliminaries

In this paper, we work in a big model of some theory. a, b, etc. denote tuples of
elements of the universe, A, B, etc. denote a small subset of the universe, and z, ¥,
etc. denote tuples of variables. If a is a tuple and A is a set, a € A means that each
entry of a belongs to A. We don’t usually distinguish by notatlon between a tuple a
and the set of the entries of a.



Suppose L is a language. acl(A) denote the set of the elements satisfying some
algebraic formula in £ with parameters in A. We write acl(A) for aclz(A) if £ is clear
from the context. dclz(A) denote the set of the elements satisfying some algebraic
formula in £ with parameters in A with only one solution.

If £ is a language and o, 7, P are new nocn-logical symbols, Lp = L U {P},
L, =LU{c}, Lp, = LU{P,0}, and L,, = LU {0, 7}

We list some known facts necded later. '

Definition 1.1 Let T be a theory in a language £. We say that T has the PAPA
(la propriété d’amalgamation pour les automorphismes) if My, M1, M, |= T, 01 €
Autz (M), 02 € Autg(M,), and o4|Mp = 02|My then there are Mz = T, 03 €
Autz(Ms;), and h : My — M3 such that h|Mp is the identity on My, o3|M; = 0, and
0'3|h(M2) = hO’gh_l.

Fact 1.2 ([4]) Let T be a complete theory in a language L. If T is model complete,
unstable and has the PAPA, then T, has no model companion in L, .

Fact 1.3 (Chatzidakis, Pillay [2]) Let T be a complete theory in a language L and
suppose T' is model complete. Then the model companion Ty of T in the language Lp
exists if and only if T eliminates the quantifier 3°. If Tp exists then (M, P)ET}
if and only if (i) M = T and (ii) for every L-formula ¢(z, 2) where z is a n-tuple
of variables, for every subset I of {1,...,n}, for any tuple b € M, if there is a =
(a1,...,an) € M such that a Naclg(b) = 0 and a; # a; for i # j, then there is
o =(d,...,a,) € M such that p(d',b), P(a;) fori € I, and ~P(a;) fori ¢ I.

2 Theories with a Predicate and an Automorphism

The following lemma, is a well-known fact.

Lemma 2.1 Let T be a complete theory. Let a be a tuple and A a set such that
anacl(A) = 0 then for any B D A there is a tuple o’ |= tp(a/A) such that o’ Nacl(B) =
0.

Proof. We prove this by induction on the length of a tuple a. We can assume that
A = acl(A). If a is a single element, the conclusion follows by compactness.

Let a = (ay,a3) where a; is a single element and a; a tuple. Suppose o(z,y) €
tp(ay, b/A) where z is a single variable, and by, . .., b, are elements in acl(B)\ acl(A).
We show that there are a}, aj such that ¢(a}, aj) and (a}, ay)N{by,...,bs} = 0. Then
the conclusion follows by compactness.

We can choose a} |= tp(az/A) such that aj N {b;,...,bn} = @ by induction hy-
pothesis. If there is a} & {b1, ..., bn} such that y(a;,as), we are done.

By way of contradiction, suppose for any c and d, ¢(c,d) and dN {by, ... b} =0
implies ¢ € {by,...,b,}. Consider a formula )(x) over A expressing that there are



pairwise disjoint tuples dj, ..., dn41 such that p(z,d;) for j = 1,...,n+ 1. We show
that 1(z) is algebraic. Let b satisfy ¢(z). Then there are pairwise disjoint tuples dj,

.+, dny1 such that ¢(b,d;) for j = 1,...,n+ 1. Since they are disjoint, some d; is
disjoint from {by,...,b,}. Therefore, b € {by,...,b,} by the hypothesis.

Hence, b; satisfying 1(z) belongs to acl(A) = A, and for b; satisfying ~(z), the
number of pairwise disjoint solutions of ¢(b;,y) is bounded by n.

By an iterated use of induction hypothesis, there are tuples di, ..., dn241 such
that d; = tp(az/A) and d; Nacl(Aby,...,bpdo...dj—1) =Qforj=1,..,n°+1. In
particular, the d;’s are disjoint each other. For each b; satisfying —¢(z), at most n
tuples among the d;’s satisfy ¢(b;,y). Therefore, for some d;, ~p(b;, d;) holds for any
b; satisfying —(z). Let d = d;. Since d and a, are conjugate over A, there is an
element c such that (c,d) and (a;, az) are conjugate over A. Therefore, ¢(c,d) and
c & A. Hence, ¢ # b; for any b;. This is a contradiction. O

Theorem 2.2 Let T be a complete theory in a language L. Suppose T is model
complete and the model companion T} of T in the language Lp exists. Then any
model of Tp, = T U {0 is an Lp-automorphism} embeds in o model of (Tp), =
Tt U {0 is an Lp-automorphism}. In particular, they have the same class of the
existentially closed models. Therefore, Tp, has a model companion if and only if
(T})s has one, and they are the same if they exist.

Proof. We work in a big model M (L-structure) of T

Claim 2.2.1 Suppose (M, o) is a model of T, and a, b are tuples in M such that
aNaclg(b) = 0. Then there is a sequence {(a; : 0 < i < w) such that o(tps({a; : 0 <
i <w)/M)) =tp,({a; : 1 <i<w)/M), a;Naclg(Mag...a;_1) = @ for each i, and
aq = tp(a/b).

We construct such a sequence by induction. By Lemma 2.1, there is ag = tp,(a/b)
such that ag N M = (. Again by Lemma 2.1, there is a; = ox(tps(ao/M)) such that
ay nM Qg = 0

Suppose we have constructed a sequence (a; : 0 < i < n) such that

oum(tps(ao, .- an—2/M)) = tpg(ay,...,an—1/M) and
a,-ﬂaclc(Mao...a,-_l) = @

for i < n. let o’ € Autz(M) be a extension of o such that o'(ag,...,n-2) =
(a1,...,8n_1). By Lemma 2.1, we can choose a, = ¢'(tpz(an-1/Map. .. Gn-3)) such
that a, Nacl(Mag...an_1) = B. Therefore, there is an L-automorphism o, of M
such that o, extends o’ and 0, (ay—1) = an,. We have Claim 2.2.1.

Claim 2.2.2 Suppose (M, PM,oy) is a model of Ty, a, b are tuples from M such
that aNaclz(b) =0, a = (ay,...,a), 1 <i<j <!limpliesa; # a;, andI C {1,...,1}.
Then there is an extension (N, PY,on) k= Tpo of (M, PM,04) satisfying that there
isa = (al,...,a) € N\ M realizing tp,(a/b) such that P(a}) fori € I and ~P(a;)
forigl.



Choose a sequence (a; : 0 < i < w) as in Claim 2.2.1. Then there is an extension
(N,on) = T, of of (M, 04) such that N contains the a;’s for 0 < 4. Let ax = o (ao)
for each integer k < 0. Then a;, = 0% (ao) for any k € Z. Since apNa; =0 for ¢ > 0,
we have a; Na; = { for any i, j € Z such that i < j. Now let ag = (a},...,q}). Let
PN = PM y{ok(a]): k € Z, i € I}. Then oy is an Lp-automorphism. We have
Claim 2.2.2.

Now, suppose (M, PM o)) is a model of Tp,. With Claim 2.2.2, a standard
argument shows that there is an extension (N, PV, on) = Tp, of (M, PM, o)) such
that (N, PV) = T¢ using Fact 1.3. O

Theorem 2.3 Let T be a complete theory in a language L. Suppose T is model
complete, stable, and the model companion T} of T in the language Lp exists. Then
T¢ has the PAPA.

Proof. Let (My, Py, 00), (M1, Py, 041), (My, P,,02) be models of Tp, and suppose that
(My, P1,01) and (My, P2, 05) are extensions of (My, Py, 09). We can assume that M;
and M, are independent over M, in a big model of T'. Since T is stable, o1 U0, is an
L-elementary map on M; U M, and thus there is (M3 |= T and o3 € Aut,(M3) such
that (Mg, 0'3) is an extension of both (Ml, P1, 0’1) and (Mg, Pz, 02). Let P3 = P1 U Pg.
Then (M3, Ps, 03) k= Tp,. By Theorem 2.2, it embeds in a model of (T}),. g

Theorem 2.4 Let T' be a complete theory in a language L. Suppose T is model
complete, stable, and the model companion Tf of T in the language Lp exists. If Tp
is unstable then (Tp), and Tp, has no model companion.

Proof. By Fact 1.2 and Theorem 2.3. (]

In Theorem 2.3, it is sufficient to assume that T has the PAPA and any (M, o) |=
T, is a strong amalgamation base for T,. In general, a subset A of a model of a theory
U is a strong amalgamation base for U if A C M;, M, are models of U then there is a
M3 of U and an embedding h : My — M3 such that M; C M3, h fixes A pointwise, and
M, Nh(M;) = A. Also, we can conclude that T3 has the PAPA and (M, P,o) = Tp,
is a strong amalgamation base for Tp,. Therefore, we can repeatedly use Theorem
2.3 to show that a theory with several generic predicates (the model companion of a
theory with several new predicates) has the PAPA.

3 Two Commuting Automorphisms

Let T be a complete theory in a language £ and o, 7 new unary function symbols.
Let L, = LU {0} and L,, = LU {o,7}. Suppose the model companion T} of
T U {“o is an L-automorphism”} exists. If T is stable and admits quantifier elim-
ination, Chatzidakis and Pillay showed that T); is simple if it exists. They gave a
mild assumption under which T} will be unstable. We tried to show that there is no



model companion for (7). U {“r is an L,-automorphism”}. Note that 7 is an £,-
automorphism if and only if 7 and o are two commuting £-automorphisms. Although
we have not succeed to show it, we present some argument towards the proof. Main
obstacle is that it is not clear if we can expand two commuting automorphisms to
commuting automorphisms over some algebraic extensions.

First of all, we give a proof for the fact that there is no model companion for
the theory of fields with two commuting automorphisms based on [1]. Note that the
theory of fields is essentially the universal part of the theory of algebraically closed
fields, which is stable.

Lemma 3.1 Let T be the theory of fields with two commuting automorphisms. If
(F,0,7) is an exzistentially closed model of T then for any integer n > 2 there is c in
F such that o(c) = 7(c), c+o(c) + o%(c) + -+ 0™ (c) =0, and ¢+ o(c) + o%(c) +
oo+ 0% 1(c) # 0 for any k < n.

Proof. Let tg, ¢, ..., t,—2 be transcendental and algebraically independent over F.
Let tn-1 = —(to+t1+ -+ +t,_3) Then ¢y, ..., th_g, t._1 are also transcendental
and algebraically independent over F. Hence we can expand o and T so that o(t;) =
7(t:) = tiy1 for i = 0, 1, ..., n — 2. Then we have o(t,) = 7(ty) and to + o(to) +

-+ + 0" ty) = 0. o and T commute on F(ty,t1,...,tn_3). Since (E,0,7) is an
existentially closed model of T, we can pull down ¢y in F to find c satisfying the
conclusion of the lemma. a

Theorem 3.2 (Hrushovski) There is no model companion of the theory of fields
with two commuting automorphisms.

Proof. Let ¢ be a primitive third root of unity and suppose that ¢ does not belong
to the prime field (characteristic 2 (mod 3), or 0). Let K; be an algebraic closure of
the prime field and oy be an automorphism of Kj such that oo(¢) =

Now, suppose that T* is a model companion of the theory of fields with two
commuting automorphisms. Extend (Kj,09,00) to (K,0,7) | T*. We can assume
that (K, o, 7T) is Ry-saturated.

Claim 3.2.1 In (K,0,7),

0(2) =7(2), z+0(2) + 0¥ 2)+---+*(2) #0 fork <w
b 3zdylo(z) = 7(z) =z + 2 Ay’ =z AT(y) = (o(y)]

Let ¢ € K be such that o(c) = 7(c), c + o(c) + o*(c)+ -+ +o*(c) #0 for k <w.
Note that such ¢ exists by Lemma 3.1.

Let E be a countable subfield of K such that ¢ € E and (E o|E,T|E) is an
elementary substructure of (K,0,7). Let a be a transcendental element over E.
Then we can expand o|E and 7|E to automorphisms o’ and 7/ respectlvely on E(a)
so that o’(a) = 7'(a) = a + c. Then 0"*(a) =7"(a) =a+c+0o'(c)+--- 0™ (c) and



o"(a) # 0"(a) if i # j. Since a has no third root in E(a) and ¢ € E, X* - 0*(a) is
irreducible over E(a). For each i, let b; be a third root of o*(a). Then we can expand
o’ and 7’ so that

o(b;) = bit1,
T(bi) = Cb1;+1 (’L is even),
7(b) = iy (i is odd).

Let E' be a field obtained by adjoining all b; for s € Z to E(a): If i is even then
o7(b;) = o(Cbiy1) = (Pbivg, T0(b;) = T(biy1) = (%biye. If i is odd then o7(h;) =
(¢?;41) = Cbiya, To(b;) = T(bir1) = (biye. Therefore, we have ot = 70 on E'.
Hence, the RHS of the claim holds in E'. Since (F,0,7) is existentially closed, the
RHS of the claim holds in E. We have the claim.

By compactness, there is ng such that

o0(2) =7(2), 2+ 0(2) +0%(2) +-- -+ o¥(2) £ 0 for k < ngy
= JzIylo(z) =7(@) =z +2 A3 =z AT(y) = Co(y)]

in (K,o,7). By Lemma 3.1, we can choose ¢ such that o(c) = 7(c), c+o(c) +o%(c) +
-+ o*(c) # 0 for k < ng but ¢+ o(c) + o%(c) +--- + 0™ (c) = 0 for some odd
number n. Let a, b be such that o(a) = 7(a) = a+c, b® = a, and 7(b) = (o(b). Then
o™(a) = t™(a) = a. Since o™(b) is a third root of a, we can write o™(b) = ¢*b for some
i.

Calculate o™7(b) in two ways:

o"r(b) = o"(Co(b))
a"(¢)a™*(b)
o"({)oa™(b)
o"(¢)a(¢'h)
a™(¢)a(¢M)o(b).
To™(b)

= 7(¢b)

= o(¢*)¢a(b).

Therefore, 0™(¢) = ¢ and thus n must be even. This is a contradiction. O

Since the fields are essentially the substructures of algebraically closed fields
and the theory of algebraically closed fields is stable, we can conjecture that if T
is stable (with some additional assumption) then there is no model companion for
Ty U {o and 7 are commuting automorphisms}. _

Suppose T is stable, admits quantifier elimination, and there is a model M of T and
tuples a, b in a big model of T such that a .l b and acl(M, a,b) # dcl(acl(M,a) U
acl(M,b)). Chatzidakis and Pillay [2] showed that the model companion of T, is

l

o"7(b)



unstable in this case. With the same assumption, we will try to show that there is
no model companion for 7y U {¢ and 7 are commuting automorphisms}.

For the sake of simplicity, we assume that T is countable. We can assume that
M is countable. Let e € acl(M,a,b) \ dcl(acl(M, a) U acl(M, b)). Let p(z,a,b) be a
formula isolating tp(e/Mab). Let € be an enumeration of all realizations of p(z, a, b).

Let {b; : i € Z} be a Morley sequence for tp(b/acl(aM)) and let & be an enumera-

tion of all realizations of ¢(z, a, b;) for each i in Z. Then {b;&; : i € Z} is independent
over acl(aM). For each i in Z, let o; be an automorphism such that it is identity
on acl(aM)b;, 0i(€;) = e; if i > 0 and 0;(%;) # €; if i < 0. Since tp(b;g;/acl(Ma))
is stationary by the elimination of imaginaries, there is an automorphism o such
that o is an extension of all o; for 7 in Z. Therefore, we have a countable exten-
sion N D MaU {b;,e; : i € Z} and an L-automorphism of N such that o fixes
Ma U {b; : i € Z} pointwise and o(e;) = e; (as tuples) if and only if i > 0.
- Let 7 be an L-automorphism such that 7 fixes M pointwise and 7(b;) = b;41 for
1t € Z. Let Ny = N, and for i > 0, let N; be a model of T such that N; is independent
from MU, N; over acl(MU{b; : ¢ € Z}) and realizes otp(N;-1/MUU,;_; Nj)- T
can be extended to an L-automorphism such that 7(N;) = N;41. Let N; = 7¢(N) for
t < 0. Then {N; : i € Z} is an independent set over acl(M U {b; : i € Z}). Extend
o to every N; for i € Z through 7. Then o is an elementary map on |J,.; N; and o
and 7 commute on | J,cz N;. Let K = dcl({J;cz Vi) Then K |= Ty, and o and 7 can
be extended to L-automorphisms of K so that they are commuting.

Note that (K, o, 7) has the order property. Let a; = 7%(a) for i € Z. Consider a
formula r(z,y,2’,y’) expressing that o pointwise fixes every realization of ¢(z,z’, ).
Then r(a;, b;, a;,b;) if and only if ¢ < j. Note that r(a;, b;, aj,b;) and —r(aj, b;, a;, b;)
if and only if ¢ < j.

Now, assume that there is a model companion T* of

Ty U {o and 7 are commuting automorphisms}.

By extending, we can assume that (K, 0, 7) is a model of T*. Also, we can assume
that (K, o, 7) is N;-saturated.

Let R(z,y,2',y) = (r(z,y,2,¥) A (2, ¥, z,9)).

We want to show the following claim in (K, o, 7):

{R(a‘i) bi)ua U) 11 < (.U} + 3$, Yy [R(G’Oa bO: z, y) A R(-'L',y,'ll,, 'U) A ’T(JJ, y) = (mi y)]

If we have this claim, then we get a contradiction by compactness and the fact
that 7 is an £,-automorphism.

Let (2o, yo) realize a non-forking extension of tp(ao, bo/M) to K. Since tp,(aq, bo/
M) is stationary, tp(zo, yo/K) is fixed by 7. If we can extend ¢ and 7 to some exten-
sion of K so that they are commuting, R(a;, b;, Zo, %) for 1 < w and R(zo, yo, u,v),
we are done since (K, o, T) is existentially closed. But, it seems very difficult to do
this in an abstract situation like this.
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