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Remark on homotopy types of
twisted complex projective spaces

BROEEKRE  (LOBFE (Kohhei Yamaguchi)
University of Electro-Communications

1 Introduction.

The main purpose of this note is to announce the recent results given in
the preprints ([5), [11]) and is to consider the remaining several related un-
solved problems. Let m > 0 and n > 2 be integers and let M be a simply-
connected 2n dimensional finite Poincaré complex. Then it is called an
m-twisted CP” if there is an isomorphism H.(M,Z) = H,(CP",Z) and
Iy - T, = M2, where 7 € H*(M,Z) = Z (k = 1,2) denotes the genera-
tor. If M is an m-twisted CP™, it has the homotopy type of the form

(1) M ~ Sz Umrn €4U€6U"'U62n—2ue2n.

We denote by M7, the set consisting of all homotopy equivalence classes
of m-twisted CP™s. If n = 2, it is easy to see that M? = {{CP?]} and
M2 =0ifm#1 Ifn =23, itisknown in [9] that card(M3) =
2 4+ (—1)™, where card(V) denotes the number of a finite set V. For
example, if m = 0 or 1, then M3 = {[CP3]} and M3 = {[My], [M], [Ma]},
where 4, : S¥ — S? v S* denotes the inclusion (k = 2,4) and we take
M, = S?2x 8¢ = 5%2v 84 Ufi.44) 66, M, = 52y 54 Ui qong+{izsia) e® and
my = S§?V §* Uizond +liz,ia) €.

In general, we can show that M? # 0 for any m > 0 whenn > 5
is an odd integer, which is shown by using a technique of the theory of
transformation groups (cf. [1]). So it seems interesting to study the set
M™ when n > 4 is an even integer. More precisely, we consider the
following:



Problem. Letn >4 and m > 0 be integers.

(a) Then is the set MY, an emptyset or not? Moreover, if M™ # @, can
we determine the number card(M?,) and representatives of M4 ?

(b) Let M be an m-twisted CP™. Then does it has the homotopy type
of closed smooth manifolds of dimension 2n?

The precise statement of this paper is as follows.

Theorem 1.1. Let m > 0 be an integer and let (a,b) denote the greatest
common divisor of positive integers a, b.

(i) If m =1 (mod 2), card(M31) = (m, 3).
(i) If m = 0 (mod 2) and and it is not divisible by 8, M2 = .

(i) If m = 0 (mod 8) and m # 0, M2, # 0 and its number is estimated
as 3 < card(M3}) < 25.3.m(m,3).

() In particular, if m = 0, M3 # 0 and its number is estimated as
3 < card(M2) <27.32

Theorem 1.2. Let m > 0, n > 2 be integers and let M be an m-twisted
CP™. Then it has the homotopy type of topological manifolds of dimension
2n. In particular, if n = 4, then it also has the homotopy type of PL-
manifolds of dimension 8.

2 Homotopy groups

In this section we shall give the rough idea of the proof of Theorem 1.1.
For each integer m > 0, we denote by L,, the CW complex defined by
Lm = 8% Upy, €. Then we recall the following:

Lemma 2.1. Let m > 0 be an integer.
Z - by, ifm=1 (mod 2),
(i) 75s(Ln) = Z - by ® Z/4 - if m =2 (mod 4),
Z-bn®ZL[2 -, ®Z)2i.(n5) if m=0 (mod 4),

where we take by, = [i,14] and ym = igom f m = 0, and 2y, =
ix(n3) if m =2 (mod 4).
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(i) Let M be an m-twisted CP* and M'® denote its 6-skelton. Then
there is a homotopy equivalence

A© Xm ifm=1(mod?2)
|V, ifm=0(mod?2), Ve{XY}

where we take Xm = L Ums,,, €€ and Ym = Ly Upb, i (n) €°-

Proof. This can be proved using standard computation of homotopy groups
and the method given in [9]. a

Lemma 2.2. Let ji, : 77(Xm) — 77(Xm, Lm) denote the induced homo-
morphism.

(i) If m = 1 (mod 2), there exists some element op € T7(Xm) such
that, j1,(0m) = [Bm, )r + €m - Bm © 15, and there is an isomorphism

m1(Xm) = Z/(m,3) " ju(fm 0 wm) & Z/m - ju([bm, ix(n2)]) @ Z - Prm.

(ii) If m = 0 (mod 8) and m # 0, there exists some element om €
77(Xm) such that, ji,(¢m) = [Bm,i]r, and there is an isomorphism

7r7(Xm) = Z‘<Pm€BZ/4'j*(fm°;')@Z/z'j*(fmoaonﬁ)
QL/2 - (j o i)u(n2 ow o n6) ® Z/ (M, 3) - ju(fm © W)
BZ/2 - ju(bm 0 ME) B Z/m - ju([bm, 5s(12)]) ®Z/2 - 7s.

(i) If m =0, then Xo = S?2V S*V S® and there is an isomorphism
T(Xo) = Z-jaova®ZL-[js,J6] DL[/2- j2o MR owons D ZL[2: js oM

DZ/12 - ja0 Ew D Z/2 - [ja,ja o) ®Z/2 - [ja 0 M, ja o Ma] -
®Z/2 - [ja © m3, jal,

where j; : S* — 8?2V S§4Vv 86 (k = 2,4,6) denote the corresponding
inclusions. :

Proof. The proofis given using standard computations of homotopy groups.
a

Similarly we obtain:
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Lemma 2.3. Let m > 0 be an integer with m = 0 (mod 8), and let
J2 + m(Ym) — 7m1(Ym, Lm) be the induced homomorphism. Then there
exists some element ), € m(Y;,) such that, ja,(¢),) = [Bin.t]r, and there
is an isomorphism

T(Ym) = Z- O ®L[4-ji(fmo V) ®L/2- j.(fm o0 0ng)
DZL/2 - j,(tx(m2 0w o 1)) D Z/(m,3) - jo(fm © W)
BL/2 - julbmon3) ® Z/m - ju([bm, ix(m2)]) if m # 0,

m(Yo) = Z-j(iaovs) ®Z- o ®Z/2- ji([i,a 0 1]) ® Z/12 - ji(ig 0 Ew)
®Z/2 - Jy([84(n2), 54 0 ma]) ® Z/2 - 5 ([8(13), 44])
DZ/2 - ji(n2 o w o 15) ifm=0.

Sketch proof of Theorem 1.1. If we use some lemmas given in [10] concern-
ing the relation between cup-products and relative Whitehead products,
we can show the desired assertions. O

3 Surgery obstructions

First, we shall give rough idea of the proof of Theorem 1.2.

Sketch proof of Theorem 1.2. Since M is a finite Poicaré complex, it fol-
lows from Theorem of Spivak that there is a spherical fiber space over M
with fber SV (N: suuficiently large). Then by using the result of Stash-
eff, it is classified by the map fis : M — BSG. Let us consider whether
it lifts to BSTop or not. Its obstructions lie in H*(M, m,_1(SG/STop))
for all K > 1. However, since 7;(SG/STop) = 0 and HY(M) = 0 if
j =1 (mod 2), all obstructions vanish. Hence, the map f,, lifts to BSTop.
If we recall Theorem of the type of Browder-Novikov [6], we can show that
M has the homotopy type of topological manifolds of dimension 2n.
Because mo,—1(G/0O) = 0 for 1 < k < 4, if n = 4 the map fp, lifts to
BSO and it follows from the Browder-Novokov type Theorem ([4], Corol-
lary 2.17) that M has the homotopy type of PL-manifolds of dimension
8. O
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