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Extensions and Cohomology of Association Schemes

RHE FBAZ (Akihiko Hida)
BERFHETFH
Faculty of Education, Saitama University

1. Introduction

K 28, M % K O (F[#2) ERESEE, G = K/M L35 ZOLE, KIZGDM
LB (HBWNIE, M O GIZEB)IERKTHDLELND. FEDERIZLY, M X G-
IMBELABBZENTE B, FLT, factor set EFEHEINDIBER Gx G — M 28BLTG
D M IZ X BHEKIF 2 KD cohomology B HA(G, M) DREMEL TN Z EBFLNT
V3 ([B,[S])-

—75, association scehme IIHRREZIBR L= b DL RD Z LA TE B3, [BH) TIXZ
DORRIRBEDTE R DB Z —AX{L L, BEDILK & LT association scheme DR ZIT > TV
5. £z, [H) T (BELI13BR B 22\Y) association scheme D FRBEIZ L DILKEZR LT
WA, ZIZ T, [BH] 0T A FTICESE N OEELMRE LBEREHET LIz

728, [BH] T M BRMETRWEEHEDTHRRONTNDH, T Z TIXRRDSEE
WZIRET 5. £ 2 KL D cohomology B, 512 1 RD cohomology (22 Tik [H] IZ
WARHEN TS,

2. Association Schemes

Z Z T [Z) {21V, association scheme, $¥(Z closed subset & factor association
scheme (ZDOWT I fHBIZHRRSB.

Definition 2.1 X 2HBMES, G & X x X DHE], 2F D X x X = J,eq g ¥ disjoint T
PeG E&T5 FElnlx={(z,2)|2€ X} G THY,geGXbidg ={(y,2) ]| (x,y) €
g} EG THDHETH., E6IT, FBD g, hk € G ITRL, g € Z, agne = 0 TEED
(z,y) €k IZXRLT

{z € X | (z,2) € g,(2,y) € h}| = agn
BPHIETHONRFET S L%, (X,G) % association scheme &VY5.

Example 2.2 G 28R# L L, ge G IZH LT,
§={(z,y) € GxG|y=uzg}
G={jlgeG}
EBL. ZDEE (G,G) 1F association scheme &725.
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Definition 2.3 (X,G) % association scheme &9 3. g he G IZx LT,
gh={l€C|ag >0}

EBL FEE, (o) egDEE 2y =g £BL.

Pe;gitjtion 2.4 association scheme (X,G) 7% thin THALIX, FBN ge G L 2z X

CHLT,

Hye X | (z,y) gt =1
LB ETHA.

Remark 2.5 (X,G) 2% thin association scheme M & & G (IBEEEXFD. DV, (£&
D gheGIZHL [ghl =1 THY, gh={k} DEE gh=k LB ZLICLD ¢ 13BE
BB, ZDEE, (X,G)~(G,G) THB.

Definition 2.6 (X,G) % association scheme &3 5. H(# §) C G 43 G O closed subset
THHIEIL, RO ke HIZH LT, RECH £RBZETHD.

Definition 2.7 (X,G) % association scheme, H % G ® closed subset ET%S. re X 2
*xfL,
tH={ye X |zye€ H}
Hey = {honr | € H} 72720 how = {(y,2) € h | y,z € xH}
EBL. FrgeGiTHL,
¢ = {(zH,yH) | zy € hgk, 3h,k € H}
EBE,
X/H={2H |2z € X}
G//H ={¢" | g€ G}
k<. :

Proposition 2.8 (X,G) % association scheme & 7§ 3.

(1)([Z, Theorem 1.5.1]) closed subset H & z € X (Zxf LT, (2H, Hyy) % association
scheme T#H 5.

(2)([Z, Theorem 1.5.4]) closed subset A {Z%f LT, (X/H,G//H) iZ association scheme
THoD.

(3)([Z, Theorem 2.3.4]) (X/R,G//R) 2% thin &7 D¥R/2E/ND closed subset R AAFFLE
$%. (thin residue LFHIND.) LUF, G =G//R £B<.

Definition 2.9 G @ closed subset H & g& G IZxf LT,
gH = Upengh, Hg = Unerhyg
EBL.HEBD ge G IR LINGN—TB L% H % normal closed subset &5,
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3. Extensions of association schemes

FTERLIIOEZREITVIZV. LUF association scheme (X, G) (ZX L, 29 € X Z[&
EFELTHL.
Definition 3.1 (X,G), (Y, H), (Z, K) % assocoation scheme &9 5.

(Y, H) = (2, K) 2+ (X,G)
BREHATTEE, ZOF%E (X,G) ® (Y,H) \IZLBILERTHD L.

(1)a = (ay,an), B = (Bz,Bk) % association scheme ? homomorphism ([Z]) T, ay,an
IXHH, Bz, 0k IIEHTH S,

(2)Bg' (1x) = Im ay.

(3)83'(20) = Im ay.

Example 3.2 (X,G) % assocoation scheme, H % G @ closed subset &35, ZDE X,
BRI ERE DT
(zoH, Haorr) — (X, G) — (X/H,G//H)

1% (X/H,G//H) D (2oH, Hyopr) 12 £ (A zoH (CBTB) LR THS.
RIZ2DDIERBEHETH B £V H Z L 2 FHDILROBE L RIRIZERT D.
Definition 3.3 2 2D3LK
E; : (Y,H) 2% (Z, K) 25 (X,6)  (i=1,2)

XL, R
e (21, Kh) 5 (Zy, Ky)
T o =ay, f1 = Lop BRETHONFEETHEE, B & B EIEMETHD L0 ).

(X,G) % association scheme, 2o € X, &£ 5. M ZHRT —VH (INERF) £ 55
[BH] {29\, G O M ~DIERDYLEREXD. P(M)={ACM | A#D} &£B<.

Definition 3.4 ¢ : P(M) — P(M) 3% A7=¢ & &, S-automorphism & FfE5.
¢(A + B) = ¢(A) + ¢(B), $(AU B) = ¢(A) Ug(B) (VA4, B € P(M))

S(M) = M.
SAut(M) % S-automorphism D&KL 45, AT 3ELE L TREFET S.

Assumption 3.5 i
‘ G — SAw(M), g [m — mg = mg|

BEZ b, ROFHEEHRT. g he G, me M IZXLT,

mlx =m, 0g* = {m € M | myg = Og}

(mg)h = m(gh) + (0g)h
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Definition 3.6
CX,M)={f: X xX — M| f(z0,2) = f(z,2) =0, Vz € X}
EBL. E feC(X,M) IZXLT,
X;=XxM, Gg={(9,m)s|9g€Gme M}

(g)m)f = {((thl)) (272,77’1,2)) I Litg = g,_mz eEm-+ f(:l,‘l,.’l.fz) +m1g}
LB

TDEE, Gt Xy x X; ORFIL 2B, £ T, Xy, Gy 2% association scheme &72
DHEEEZZI.

Definition 3.7
Z(X,M) = {f € C(X, M) | (X;,G) : association scheme}
Z(X,M) % f e C(X,M) T, EBD 21,29,25 IZR LT,
—f (2o, 23) + flz1,23) — f(21,22)2228 + (02122) 2223
DB 2129, Tozs, 2123 PAATED LDODREL T3,

Z(X, M) OTTITBEDIERD & & D factor set D BERZYLIEEL R ON D, WHBKILT
5.

Theorem 3.8 R i
Z(X,M) CZ(X,M).

f € Z(X, M) 72 5% association scheme (X, Gy) 238 b 1543, ZHUIBERIC (X,G)
DK ETRHATWA,

Lemma 3.9 f € Z(X, M) 7253,
E; (M, K) =2 (X;,Gp) 25 (X, 6)

a(m) = (:L'o,m), a(ﬁ’z) = (1X77n)f
ﬂ(l:m) =, ﬂ((g77’1')f) =g
IX assocoation scheme DYERKTH B. :

Theorem 3.10(Bang-Hirasaka, [BH]) (X,G) 4% thin 225, (X,G) @ (M, M) (2 LBk
KiFETZORKIZLTHELNS.

RITHERNREUE L 257D DREEE X 5.
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Definition 3.11 B(X, M) & f € C(X,M) T
p: X — M, q:G— M, p(zo) =q(lx) =0

BIFELT
f(z1,22) € q(z122) — p(22) + plz1)2122 (V21,22)
LB LDODOREETS.

Theorem 3.12 (1)B(X, M) C Z(X, M).
(2)Ef ~ Efl = f - f, € B()(,M)

&KRIZ cohomology BEDEELIEZEE L THD.
Definition 3.13
H((X,6),M) = (Z(X,M) + B(X,M))/B(X, M)
L. ¥, E(X,G), M) RO (1)(2) A= THX
(M, M) = (2, K) 5 (X,0)
ORUEEDNLEDEE LTS !

(Da(M) 1 K @ normal closed saubset.
Q)M & o(M) ZRE—HTDHZEELT)

mg=k'mkNM, ge G, g=pB(k)
LERRTHE 35 DIREEHTZLTND,
H(X,G), M) 13 = D&% A= HRORIERE L TR LT\ D Z &M DH5.

Theorem 3.15 3
H((X,G),M) ~ E((X,G), M).
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