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On non-topological multivortex condensates

in the generalized self-dual Chern-Simons theory

Takashi Suzuki! ($4A#) and Futoshi Takahashi® (B#&HAX)

Abstract. In this note, we sketch a method of construction of non-
topological multivortex (periodic) condensates in the generalized self-dual
Chern-Simons gauge theory. We propose a simple proof of the desired
property of the linearized operator needed in the construction in use of
classical abstract analysis.

1. Introduction. In this note, we are concerned with the existence
problem of periodic solutions to a quasilinear elliptic PDE on a periodic
cell domain in R2, which arises from the generalized version of the self-
dual Chern-Simons-Higgs gauge theory.

Let Q be a fundamental cell domain in R?

<z <}
generated by the linearly independent vectors e; = (a,0) and e; = (0, b).

Let p1,--+,ps € Q\ O be s distinct vortex points with integer multi-
plicity m,,---,m, € N such that Xia1m; =N.

After the reduction first initiated by Taubes [10], the existence of sta-
tionary vortex solutions, called the vortexr condensates, satisfying a suit-
able gauge-invariant periodicity, that is, 't Hooft boundary condition, is
deduced from finding a solution u = u, to

| o
N o

Q={z=(o1,7) €R} -5 <z < 5, ~

—-A(u—e*) = %e“(l —e*)? —4r > m;b,, inQ,
=1

j:

(1.1)
u : doubly periodic on 9.

where ¥ > 0 is the Chern-Simons coupling parameter.
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Compare this to the more simpler problem:

4 8
—Au=—e*(1—¢€*)—4n ) m,b, inQ,

K2 ( ) ng 7F (1.2)
u : doubly periodic on 0f2.

(1.2) is a semilinear elliptic equation which arises in usual self-dual
Chern-Simons-Higgs vortex theory [8] [9], and is studied in [1], [5], [6],
[11], [12], [14] and so on. On the other hand, (1.1) is considered in [4] on
the whole space R? in the relation of generalized self-dual Chern-Simons-
Higgs theory [2].

Following [12], we define the notion of topological and non-topological
condensates as follows:

o (“topological” N-vortex condensates): e*= — 1 uniformly on com-
pact sets of (' {pl,---,ps}, as Kk — 0.

e (“non-topological” N-vortex condensates): e*= — 0 uniformly on
compact sets of Q\ {p1,-:*,ps}, as Kk — 0.

In pure Chern-Simons case (1.2), the existence of topological N-vortex
condensates was completely solved affirmatively in [14].

Recently, non-topological N-vortex condensates with any given vortex
points in Q was obtained by Nolasco in [12] (see also [13]), which extends
the former work of [14], [11], [6], [5]. .

But for the generalized Chern-Simons case (1.1), almost nothing is
known on the existence of multivortex condensates by now.

Now, we recall the construction by Nolasco in pure Chern-Simons case.
Sketch of Nolasco’s argument to the equation (1.2) is as follows:

(1) Rewriting (1.2) by periodicity and scaling, we reduce the problexﬁ to
find a solution % to

1 ~ - s

—AT = Se*(l—e¥)—4r Y Y m;bp inR?
& nez2j=1  ’

Uz + 1e;) = d(z) (i = 1,2), Vo € R?,

where § << ¢ so that k = 2¢6, and P} := 3(p; + nie1 + ngey),n =
(n1,ng) € Z2,j =1,---, s is a scaled periodic lattice of vortex points.



(2) We make change of unknown functions from 4 to z:
= Z% 5 (z) + ().
nez? j=1

Here @7} (z) is a radial solution to the equation

o

1
—AT; = 8—2617;(1 —e%) — dmm;by  in R?
obtained by Chae-Imanuvilov (3]. 47 is constructed as a perturbation of
the radial function log g}, where

(2) 8(m; + 1)?z — pj’-‘|2’”ﬁ
x) =
Pj (1 | lx ﬁ;}|2mj+2)2

is a radial solution of the singular Liouville equation
.~ : 2
—Alog p} = g7 — 47rmj¢$;;;, in R*.

Further, {(ﬁ;‘} is a partition of unity subordinating to a locally finite open
covering of R?, which is defined according to the locations of {p}}. Thus
we define a suitable approximate solution by “gluing” together single
vortex radial solutions in use of {$7}}.

(3) Finally we solve the equation satisfied by z using Banach fixed point
theorem argument.

In the last step, we need the invertibility of the linearized operator
around the approximate solution as above in appropriate weighted spaces,
and the bulk of the paper [12] consists of detailed studies of the linearized
operator.

In construction of non-topological condensates for (1.1), we can follow
the argument of Nolasco and we may “glue” together single radial vortex
solutions recently obtained by Chae-Imanuvilov [4] to define an approx-
imate solution. In the existence proof, we will need the invertibility of
the linearized operator around the Chae-Imanuvilov solution, as in pure
Chern-Simons case. 4

In this note, we present a simple proof of the invertibility of the lin-
earized operator around the single vortex radial solutions by using per-
turbation theory of Fredholm operator and the stability of their indices



[7]. The same procedure can shorten and clarify some part of Nolasco’s
argument also in pure Chern-Simons case, see [13].

2. Preliminaries.
As in [12], we extend the equation (1.1) to all of z € R? by periodicity:

i~ 4 ~ ~ 8
AT —e*) = —e*(1 — e¥)? - 47 m;b,» in R2,
( ) 1‘92 ( ) ngz‘; I7P; (2.1)
t(z+e)=1(z) (i =1,2) VzreR2

Here, for z € Q and n = (n1,ny) € Z2, @(z) := u(x + nie; + noez) and
the set of points p} := p; + nie; + nseg, j = 1,---, s defines a periodic
lattice of vortex points.

We introduce a scaling parameter § and an approximation parameter
€, § << € s0 that k = 2¢6 and set @(z) := U(6z), P} == 3p}, j=1,---,s.
Then the scaled function @ satisfies

~ 1 = A s
- 5 pU —— u 1_ u 2__ . 3 2
A — e¥) =€ (1—e*) 47rn§2jglm16;? in R2, 22)
i(z + &) =t(z) (i =1,2), Vz € R?, '

where &; := le;. Note that the scaling a6(z) = 6(%), a > 0,2 € R?,

We want to solve (2.2) by the implicit function theorem argument.
For this purpose, first we will define a suitable approximate solution,
by “gluing” radially symmetric vortex solutions constructed recently by
Chae-Imanuvilov [4].

The construction in [4] for the radially symmetric case is as follows.

Consider the following equation of N-vortex condensates at the origin,

{ CA(u—e) = Elze“(l _ "2 — 4xN6, inR?, 23)

u(z) = —oo as |z| — oo.
where the case N = 0 is allowed.

The key idea of Chae-Imanuvilov is to construct a solution to (2.3) as
a perturbation of the radial function log py, where

_ 8(N+ 1)2|z 2N
pn(|z]) = (1 + [a]?v+2)2 "

(2.4)



Note that log py is a radial solution of the singular Liouville equation
—Alog py = py —47Nby in R2. (2.5)

Further, we introduce an auxiliary function wy which is a radial solu-
tion of —
—Aw = py(z)w — p%(z) — |—:I—\d— in R2. (2.6)
N
For the solvability of (2.6) in the weighted space X below, see [4] Lemma
2.1.
Then we make a change of variable in the equation (2.3) as follows:

u(|z]) = log(e*on (|2)) + e2wn (lz]) + e*v(|zl). (2.7)

If u is a radial solution of (2.3), new unknown function v must satisfy

1
Av + —zPNeE

e2(v+wy) 2e2(v+wy)

2
— PNE

—_ [Eszesz(U'HDN)(A,U + AwN) + 282VPN . V('U + wN)eg2(v+wN)

1
— PNt Awy

\v/ 2
+ ey (o +u)feteren) o VAL orin _ gt gteran
4 pfvezez(""’w”) _ Ezpiregez(ww;v)] =0 (2.8)
in R2.
Following [3], we set the Hilbert spaces

X ={ue WE®R) : Jullk = (u,u)x < oo},

2.9
Y = {u € L?3(R2): ||u||? = (u,u)y < oo}, (29)
where the inner products (,)x and (,)y are defined as
(wo)y = | (1+|z**)uvdz,
/R” wv (2.10)

(v, v)x = (Au, Av)y + /R2 mdx

with o € (0,1), and let X", Y" be the space of radially symmetric func-
tions in X,Y respectively.
The following facts are proved in [3] [4]:



Lemma 2.1. We have

w(@)| < [vllx(log” |z| +1), VzeR2 Ve X. (2.11)
lww(lz])] < Clog*|e] +1), VzeR?
wy(jz]) = —3Clog* ||+ o(log|z|) (C >0) as|z| — 00.(2.12)

Now we define Py(v,¢) as the left hand side of (2.8). By (2.6), we can
rearrange

1 1
PN(U, E) = Av+ Zz_pNeez(v+WN) _ p?V6252(u+wN) _ ;PN
— pNwn + ,0?\,
- [529Ne52<"+‘"N>Au
v 2
+ €2pN6€2('U+’WN){_prN +p?v+ I le }

2E2VPN . V(U + wN)egz(‘U-i"IUN) + €4leV(’U + wN)‘QCEZ(IH_wN)
[Vonl® couruny _ VPN
PN PN
— p%]eeQ(‘v'HJJN) + p%’e252(v+w1v) _ E2p?ve3€2(v+wN)] (2'13)

for v € X" and € > 0 small.

By lemma 2.1, we can check that Py(-,-) is well-defined and a smooth
map from a suitable bounded set C X" x R to Y". Further if we set
Py (0,0) := lim,_,o Py(0,¢), we can check that Py(0,0) = 0 by the fact
e’ wN =1+ 2wy + o(e?) and (2.6). ,

Our goal in this section is to find a continuous mapping ¢ — v,
such that (v, ¢) is in the neighborhood of (0,0) and solves the equation
Py (ve,€) = 0. For this purpose, we set the bounded linear operator

Ly = DyPy(0,0) = A+ py: X" — Y.
Chae-Imanuvilov proved that LY, is onto and Ker(L%,) is span{¢n }, where
on(lz]) = }—;Ef;f% Thus, if we set

Hy={ue X" : (u,¢n)x =0} = X" /KerL}y,

we can apply the standard implicit function theorem in the neighborhood
of the origin in H}, therefore we obtain at least one solution v} 5 € Hj
satisfying Py (v} y,€) = 0. By continuity in € and (2.12), we have

v n(l2])] < C(e)(log™ |z] +1) (2.14)



with C(e) = ||vZ yllx = 0 as e — 0.
Returning back to (2.7),
uz v (|z]) = log(e®on(|2])) + e*wn (|2|) + &0} n(2])- (2.15)
is a radial solution of (2.3), which is close to the solution of the Liouville
equation.
Furthermore, we have the decay estimate

1

e'en = O

where 8(¢) > 0,8(e) — 0 as e — 0 ([4],(3.6)), so u} y is in fact the
“non-topological” solution to (2.3).

3. Perturbation theorem of the Fredholm operator.
In this section, we will study the linear property of the radial vortex
solutions constructed above. Consider the bounded linear operator

A.n = D,Py(viy,e): X > Y
for € > 0 sufficiently small, which is explicitly calculated as
Ay = A+ pye Nty _gg2 o 262 (wn+vf )
' - [EszeEQ(wn+v;N)A
gt pye” VL) Awy
54PN652(“’N N )Av:, N
254652(WN+v:,N)va . V(v;N + wy)
282862(WN+U:’N)VpN R vi
& pe” NV (g + )

254pN€£2(wN+U:’N)V(v:,N + wN) -V

+ + 4+ + + 4+

IVPN|2 )eez(wN-i-v;N)

PN
+ 2620?\,6252("'N+u:-”) (31)
— 3l i),

— (% -

Since e N +%in) = 1 + e2wy + o(e2) by (2.12) and (2.14), we have

A.n =Ly +€*By +o(e?) (3.2)




where Ly and By is a bounded linear operator from X to Y defined as
LN = A + pon, (3.3)
|Von!?

By = pywy — 20% — (2VpN V4 0%+ + pNA) . (3.4)

We collect important facts about the operators Ly and By.

Lemma 3.1.([3]Lemma 2.4, Proposition 2.2, [4]Lemma 2.5) We have
(1) KerLy = span{¢n, %, dx} where

1 — |g|?N+2
on(z) = FENPEEL
+oy_ |z[N* 1 cos(N +1)8
¢N(m) - 1+ ‘$|2N+2 ’ (35)
—y_ |z[N*1sin(N +1)8
¢n(z) = 1+ [z[2N+2
(2) ImLy = {f €Y. fR? f¢i,Nd.’B = 0}
(3) I := (Bndn, dn)12@m2 <0 (NeN), I5=0,
On the other hand, it is easy to see
(Bno%, dv)r2m?) = (BNon, ¢8) 22 = 0
for N e NuU {0}.
Now, we set the Hilbert space
Hy :={u€ X: (u,¢n)x = 0}. (3.6)

Note that ¢% € Hy and we have the orthogonal decomposition X =
Hy © Hj, where Hy = span{¢n}-

As in [12], we can prove the following lemma, which says that the
operator A, y|my : Hy — Y is injective for N # 0.

Lemma 3.2. Assume N > 1. Then there erists g > 0 and a constant
C > 0 (independent of €) such that for any € € (0,¢) and any v € Hy
we have |

[ Aenolly > Ce?|lv]lx. (3.7)




For completeness, we show the Proof:

Arguing by contradiction, we suppose &, — 0 (n — o0),v, € Hy
with ||v,|lx = 1 such that ;1‘:||A€,an|ly — 0 as n — oo. Since X is
Hilbert and Hy is weakly closed, there exists a subsequence of v,, (without
changing the notation) and ¥ € Hy such that v, — o weakly in X. Then,
it is easy to check that A,, yv, — LyT weaklyinY. So by our assumption
that || A, nvn| = o(g2), we have L@ = 0, hence & € KerLy N Hy.

By Lemma 3.1, we can write 5 = C, ¢} + C_¢y for some constants
C.,C .

We claim that v, — ¥ strongly in X, so ¥ # 0 and C2 + C? #0.

Indeed, by (3.2) and our assumption, we have ||Ly (v, — )|y = o(1)
which leads to

|A(vn = D)lly < llon(vn = D)|ly + (1)

as n — oo.

On the other hand, by Rellich-Kondrachev theorem and the growth
estimate (2.12) for functions in X, we see the linear bounded operator
K; :=pn : X — Y is a compact operator. So, above inequality leads to
Av, — AT strongly in Y. Similarly, K; := W : X — L*(R?) is
also compact, so we conclude v, — o strongly in X and ||7||x = 1.

From this, we reach a contradiction when N # 0 as follows: Set @ =
T]:Im €Y. By our assumption,

1 1
e—zl(Aen,Nvmw)Yl < g,_,—IIAe,.,anllnyDI[y — 0.
n n

On the other hand, by (3.2) we have

1 1
8—2(A5n,N’Un, ’u—))y = 6_2(LNU"’ ’LT))Y + (BN’Um ’U—))y + 0(1).

Now, for any n € N, we know by Lemma 3.1 (2) that

1 _ 1 -
E_2(Lan, w)Y = ?(LNUYH C+¢E + C_¢N)L2(R2) = 0’

so we obtain (Byv,, @)y = o(1).
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Letting n — oo and noting v, — ¥ strongly in X, we have
(BNT, @)y = (BNT,7)2r3) = 0.
However, it holds that

(BNT, D) 2(m2)
= C2(Bnoj, k)12 + C2(Bnoy, ¢n)r2 +2C.C_(Bndy, dn) 12
= CAIF+C%Iy <0

by Lemma 3.1 (3) when N # 0. This contradiction proves the Lemma. [

In pure Chern-Simons case, Nolasco studied the corresponding operator
A? v which is similar to A,x, and proved that Im(A? y|x,) is closed in
Y ([12]Lemma 4.3) and A? y|g, is surjective if ¢ > 0 sufficiently small
([12]Lemma 4.4). As a consequence of these lemmas, she obtained the
invertibility of A? y|uy and the upper bound of the operator norm of
(A2 N |my)7?, at least when N > 1.

In this note, we present a short proof of the facts above for the operator
Ac N, by using the perturbation theory of Fredholm operator by Gohberg
and Krein.

We say that a bounded linear operator T : E — F (E, F Banach spaces,
Dom(A) = E) is Fredholm operator if Ker(T) is finite dimensional in E
and Im(T) is closed and has finite codimension in F. In this case we
define the indez of T' as Index(T") := dim Ker(T") — codimIm(T).

Theorem 3.3.(Gohberg-Krein [7]) Let E, F' are Banach spaces. Assume
the bounded linear operator T : E — F is a Fredholm operator. Then
there exists v > 0 such that for any bounded linear operator B : E — F
with ||B|| < 7, the operator T + B is also Fredholm, and the followings
hold:

(1) dim Ker(T + B) < dim Ker(T),
(2) codimIm(T + B) < codimIm(T),

(8) Index(T + B) = Index(T).



By (3.2), B,y := A, x — Ly is a bounded linear operator from X to Y
and || B, n|| (operator norm) — 0 as € — 0.
Now, on the operator Ly|g, : Hy — Y, we have

o Ker(Ly|gy) = Ker(Ly) N Hy = span{¢};, o5} by Lemma 3.1 (1).
Therefore we have

dimKer(LNIHN) = 2.
o We have

Ly(X) = Ly(Hy ® Hy) = Ly(Hy ® span{én}) = Ly (Hy) @ {0},

and hence it holds that

Im(Ly|ay) =Im(Ly) = {f €Y : (f,¢+,n)r2m2) = 0}
by Lemma 3.1 (2). In particular, Im(Ly|g, ) is closed in Y and

codimIm(Ly |g,) = 2.

From above we know Ly|g, : Hy — Y is a Fredholm operator with
Fredholm index = 0.
Applying Theorem 3.3 for E = Hy,F =Y, T = Ly|uy, B = Ben|ays
we conclude that
Acnlay = Lnlay + Ben|ny

is also a Fredholm operator with Index(A, y|g,) = 0. Lemma 3.2 guar-
antees that Ae,}v| Hy is injective when N > 1 and € > 0 small, we get that
A, n|my is also surjective when N > 1 and £ > 0 small.

Now, we conclude the following.

Theorem 3.4. Assume N > 1. Then there ezists €y > 0 such that for
any € € (0,&0), the operator A, n|uy : Hy — Y is invertible. Moreover,
there erists a constant C > 0 (independent of €) such that for any ¢ €
(0,&0) and for any u € Y we have

_ o
1(Ae.wlan) Hullx < Sllully.
€

11
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Using these estimates, we can follow the method of Nolasco, which
succeeded in constructing multivortex condensates in pure Chern-Simons
gauge theory. Detailed “gluing” process and the construction of non-
topological multivortex condensates in the generalized Chern-Simons the-
ory will be appeared elsewhere.
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