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1. INTRODUCTION

In this article we introduce Dr. Chang Hoon Lee’s recent results on ex-
ponential calculus of minimum type pseudodifferential operators. Fur-
ther we show their application to microlocal energy methods for micr0-
functions developed in [K3].
Indeed, the exponential calculus of hermitian pseud0-differential oper-
ators of s0-called minimum type’ plays an essential role in the theory
above. However, the calculus used in the paper above is based on the
early results by T. Aoki and it was clear that the results should be
improved on the basis of Aoki’s latest results.

For example, Aoki’s theory is concerning the composition calculus of
the operators as follows:

$\exp(P(x, \partial_{x}))$ ,

where $P(x, \partial_{x})$ is an operator of order less than 1, for example, $(-\Delta_{x})^{\theta}$

$(0<\theta<1/2)$ . On the other hand, operators of minimum type are
defined on the product space $X\mathrm{x}$ $\mathrm{Y}$ of complex manifolds $X$ , Y.

Precisely speaking, let $z$ $=$ $(z_{1}, \ldots, z_{n})$ , $cn$ $=(w_{1}, \ldots,w_{m})$ be the local
coordinates of $X$ , $\mathrm{Y}$ respectively, and $(z, \xi)$ , $(w, \eta)$ be the local coor-
dinates of the cotangent bundles $T^{*}X$ , $T^{*}\mathrm{Y}$. Then, the operators on
$X\cross$ $\mathrm{Y}$ are expressed as their symbols; that is, some equivalence class
of analytic functions : $P(z, w,\xi, \eta)$ : on $T^{*}(X\cross \mathrm{Y})=T^{*}X\cross T^{*}Y$

$P(z, w,\xi, \eta)$ is aholomorpphic function defined on aconic open set of
$T^{*}X\cross T^{*}\mathrm{Y}$, which satisfies the following estimates as $|\xi|+|7/|arrow+\mathrm{o}\mathrm{o}$ ;

$|P(z, w, \xi, \eta)$ $|\leq C_{\epsilon}\exp(\epsilon(|\xi|+|\eta|))$ $(\forall\epsilon>0)$ .
Here, we restrict ourselves to the operators of product type; that is,
the definition domain of $P$(z, $w,$ $\xi,$

$\eta$) is of the form $V\mathrm{x}W$ , where
$V$, $W$ be conic open sets of $T^{*}X$ , $T^{*}\mathrm{Y}$ respectively. Then we have one
difficulty concerning the boundedness of symbols. That is, even if $P$ is
of order less than 0(for example : $\xi_{1}/\eta_{1}$ :), the symbol is not bounded
on $|\xi|>1$ , $|\eta|>1$ . On the other hand, the operator

$\xi\eta/(\xi^{2}+\eta^{2})$
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is bounded on $V\cross W$ for suitable $V$, $W$ . In 1985, K. Kataoka introduced
minimum type operators as ageneralization of such good operators of
product type which satisfiy the following estimates:

$|P(z, w, \xi, \eta)|\leq$ Cmin{ $|\xi|^{\kappa}$ , $|$ y7 $|$ ’} $(0< \kappa =2\theta-1<1)$ .

For example,
$(\xi\overline{\eta})^{\theta}/\sqrt{\xi^{2}+\overline{\eta}^{2}}$ $(1/2<\theta<1)$ .

Indeed, the exponentials of hermitian positive operators of minimum
type on $V\cross V^{*}$ played an essential role in the theory of energy method
for microfunctions (here, $V^{*}$ is the complex conjugate of $V$).

Though Kataoka’s paper could not treat the cases of the growth
orders $1/2\leq\theta<1$ concerning the exponential calculus of minimum
type pseudodifferential operators, Dr. Lee succeeded in extending the
results to all the cases. Dr. Lee’s arguments are deeply based on T.
Aoki’s proofs. However, his proofs never goes straight way. Indeed,
he needed many ideas on modifications of Aoki’s construction of many
quantities and of inequalities.

2. C. H. $\mathrm{L}\mathrm{E}\mathrm{E}’ \mathrm{S}$ MAIN RESULTS

We state the 3main results by C. H. Lee without proofs. The com-
plete versions will be published soon as

“Exponential calculus of pseudodifferential operators of minimum
type $I$, $II^{f}’$ .

Let $X$ and $\mathrm{Y}$ be n- and m- dimensional complex manifolds, respec-
tively. Set

$S^{*}X:=(T^{*}X-X)/\mathbb{R}^{+}$ , $S^{*}\mathrm{Y}:=(T^{*}\mathrm{Y}-\mathrm{Y})/\mathbb{R}^{+}$

We define the mapping $\mathrm{y}$ as

$\gamma:T^{*}(X\cross \mathrm{Y})\mathrm{o}\mathrm{o}\ni(z, w;\xi,\eta)\mapsto(z;|\mathrm{j})$ $\cross(w;\frac{\eta}{|\eta|})\in S^{*}X\cross S^{*}\mathrm{Y}$,

where
$T^{*}(X\mathrm{o}\mathrm{o}\cross \mathrm{Y}):=T^{*}(X\cross \mathrm{Y})\backslash \{(T^{*}X\cross \mathrm{Y})\cup(X\cross T^{*}\mathrm{Y})\}$.

For $d_{1}$ , $d_{2}>0$ and an open subset $U$ of $S^{*}X\cross S^{*}\mathrm{Y}$, we use the notation
$\mathrm{y}^{-1}(U;d_{1}, d_{2}):=$ $\mathrm{y}^{-1}(U)\cap\{|\xi|>d_{1}, |\eta|>d2\}$ .

Hereafter we write $(z, \xi, w, \eta)$ for coordinates $(z, w;\xi, \eta)$ .
Let $K$ be acompact subset of $S^{*}X\mathrm{x}$ $S^{*}\mathrm{Y}$

Definition 2.1- $P(z, \xi, w, \eta)$ is said to be asymbol of product type on
$K$ if the following hold:

(1) There are aconstant $d>0$ and an open set $U(\supset K)$ in $S^{*}X\cross$

$S^{*}\mathrm{Y}$ such that $P(z,\xi, w, \eta)$ is holomorphic in $)^{-1}(U;d, d)$ .
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(2) For each $\epsilon$ $>0$ there is aconstant $C_{\epsilon}>$ $0$ such that

(2.1) $|7$ $(z,\xi, w, \eta)|\leq C_{\epsilon}e^{\epsilon(|\xi|+|\eta|)}$ on $\gamma^{-1}(U;d, d)$ .

We denote by $S(K)$ the set of all such symbols on $K$ . Then $S(K)$ be-
comes acommutative ring under the sum and product as holomorphic
functions.

Definition 2.2. We denote by $R(K)$ the set of all $P(z, \xi, w, \eta)\in S(K)$

satisfying the following;
there are constants $d>0$ , $\delta>0,$ an open set $U\supset K$ in $S^{*}X\mathrm{x}$ $S^{*}\mathrm{Y}$, and
apositive-valued locally bounded function $C(\cdot)$ on $(0, \infty)$ such that

$|P(z, \xi, w, \eta)$ $|\leq C(|\xi|/|\eta|)e^{-\delta\min}$
$\{|\xi|,|\eta|\}$

on $)^{-(U;d,d)}’$ .
We call an element of $R(K)$ asymbol of O-class.

Definition 2.3. Aformal series $\sum_{j}^{\infty},{}_{k=0}P_{j,k}(z, \xi, w, \eta)$ is caUed aformal
symbol of product type on $K$ if the following hold.

(1) There are some constants $d>0,0<A<1,$ and an open set
$U\supset K$ in $S^{*}X\cross$ $S^{*}\mathrm{Y}$ such that $Pj|k$ is holomorphic in $\gamma^{-1}(U;(j+$

$1)d$, $(k +1)d)$ for each $j$ , $k$ $\geq 0.$

(2) For each $\epsilon>0,$ there is some constant $C_{\epsilon}>$ $0$ such that

(2.2) $|7j,7$ $(z,\xi,w, \eta)|\leq C_{\epsilon}A^{j+k}e^{\epsilon(|\xi|+|\eta|)}\mathrm{o}\mathrm{r}\mathrm{r}$ $\gamma^{-1}(U;(j+1)d, (k +1)d)$

for each $j$ , $k$ $\geq 0.$

We denote by $\hat{S}(K)$ the set of such formal symbols on $K$.
We often write aformal power series $\sum_{j,k=0}^{\infty}t_{1}^{j}t_{2}^{k}P_{j,k}$ (z, $\xi,$ $w,$ $\eta$) with in-
determinates $t_{1}$ and $t_{2}$ instead of $\sum_{j}^{\infty},{}_{k=0}P_{j,k}(z, \xi, w, \eta)$ .

We can easily obtain the following.

Proposition 2.4. $\hat{S}(K)$ becomes a commutative ring under the sum
and the product as formal power series in $t_{1}$ and $t_{2}$ .

$S(K)$ is identified with asubring of $\hat{S}(K)$ as follows:
$S(K)\simeq\hat{S}(K)|t_{2}^{1}=0t=0=$ { $P= \sum t_{1}^{j}t_{2}^{k}P_{j,k;}Pj|k\equiv 0$ for all $(j,$ $k)\neq$ $(0,0)$ }.

Definition 2.5. We denote by $\hat{R}(K)$ the set of all $/’(t_{1}, t_{2};z,\xi, w, \eta):=$

$\sum_{j,k=0}^{\infty}l_{1}^{j}t_{2}^{k}P_{j,k}(z, \xi, w, \eta)$ in $\hat{S}(K)$ such that there are some constants
$d>0,0<A<1,$ and an open set $U\supset K$ in $S^{*}X\cross S^{*}\mathrm{Y}$ satisfying the
following: For each $\epsilon>0,$ there is some constant $C_{\epsilon}>$ $0$ such that

$|0 \leq\sum_{0\leq j\leq s,k\leq t},P_{j,k}(z,\xi,$ $w,77]$ $\leq C_{\epsilon}A^{\min\{s,t\}}e^{\epsilon(|\xi|+\{\eta|)}$

on $\gamma^{-1}(U;(s+1)d, (t+1)d)$ for each $s$ , $t\geq 0.$
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We call an element of $\hat{R}(K)$ aformal symbol of zero class.

Proposition 2.6. Under the previous identification, we have the equal-
ity: $S(K)\cap\hat{R}(K)=R(K)$ .

Proposition 2.7. $R(K)$ is an ideal in $S(K)$ .

Proposition 2.8. $\hat{R}(K)$ is an ideal in $\mathrm{S}(K)$ .

$\hat{S}(K)/R(K|$ becomes acommutative ring by Proposition 2.8. By
Propositions 2.6 and 2.7, the inclusion $S(K)\llcornerarrow\hat{S}(K)$ induces the
injective ring homomorphism

$\iota_{K}$ : $S(K)/R(K)arrow\hat{S}(K)/\hat{R}(K)$ .

Definition 2.9. We call an element in the ring $\hat{S}(K)/\hat{R}(K)$ a pseud0-
differential operator of product type on $K$ . We write : $\sum P_{j,k}$ : for the
associated pseud0-differential operator of product type on $K$ using an
element $\sum P_{j,k}$ in $\hat{S}(K)$ .

The mapping $\gamma=$ $\mathrm{Y}1$ $0\gamma_{2}$ is the composition of the following $\gamma_{1}$ and
$\gamma_{2}$ .

$T^{*}(X \mathrm{x}\mathrm{o}\mathrm{o} \mathrm{Y})\ni(z,w;\xi,\eta)\gamma_{2}\mapsto(z,w;\frac{\xi}{|(\xi,\eta)|}, \frac{\eta}{|(\xi,\eta)|})\in S^{*}(X\cross \mathrm{Y})\mathrm{o}\mathrm{o}$,

$S^{*}\mathrm{o}\mathrm{o}\mathit{0}^{(\cross}$

$\mathrm{Y})$ $\ni(z, w;\frac{\xi}{|(\xi,\eta)|}, \frac{\eta}{|(\xi,\eta)|})\gamma\mapsto(1z, \frac{\xi}{|\xi|})\cross(w, \frac{\eta}{|\eta|})\in S^{*}X\mathrm{x}$
$S^{*}\mathrm{Y}$,

where
$S^{*}(X\mathrm{o}\mathrm{o}\cross \mathrm{Y}):=S^{*}(X\mathrm{x}\mathrm{Y})\backslash \{(S^{*}X\cross \mathrm{Y})\cup(X\cross S^{*}\mathrm{Y})\}$ .

Here we consider the relationship between our symbols and T. Aoki’s
symbols $[\mathrm{A}1]\sim$ [A8].

Proposition 2.10. If $P(z, \xi, w, \eta)$ is a symbol of product type on $K$,
$P$ is a symbol on $\gamma_{1}^{-1}(K)$ in the sense of AOKV $s$ symbol

Proposition 2.11. If $P(z,$ $\xi$ , $w$ , 7 is a symbol of product type of 0-
class on $K$, that is, $P\in R(K)$ , then $P$ is a zero symbol on $\gamma_{1}^{-1}(K)$ in
the sense of AOKVs symbol

Definition 2.12. The canonical mapping $H_{K}$ is defined as follows;

$S(K)/R(K)\mathrm{E}?$ :
$P: \mapsto[P]H_{K}\in\lim_{U\supset\vec{\gamma_{1}^{-1}}(K)}\mathcal{E}^{\mathbb{R}}(U)$

.

Proposition 2.13. Suppose that $K_{1}$ and $K_{2}$ are compact in $S^{*}X\cross$

$S^{*}\mathrm{Y}$ , respectively, and that $K_{1}\supset K_{2}$ . $Then_{f}$

$H_{K_{1}}($ : $P$ : $)|\mathrm{y}_{1}^{-1}(K_{2})$ $=H_{K_{2}}(:P|_{K_{2}}:)$

for all $P\in S(K)/R(K)$ .
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Definition 2.14. We define the $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}*\mathrm{o}\mathrm{f}$ two elements of $\hat{S}(K)$ as
follows:

( $\sum\infty P_{j,k}$ ( $z$ , $\xi$ , $w$ , $\eta$)) $*( \sum\infty Q_{j,k}(z,$
$\xi$ , $w$ , $\eta))=\sum\infty R_{j,k}(z$ , $\xi$ , $w$ , $\eta)$ ,

$j,k=0$ $j,k=0$ $j,k=0$

where

$\sum t_{1}^{j}t_{2}^{k}R_{j,k}(z, \xi, w, \eta):=e^{t_{1}\langle\partial_{\xi},\partial_{z}*\rangle+t_{2}\langle\partial_{\eta},\theta_{w}*\rangle}\infty(\sum t_{1}^{j}t_{2}^{k}P_{j,k}(z, \xi, w,\eta)\infty$

$j,k=0$ $j,k=0$

$\cross\sum_{j,k=0}^{\infty}t_{1}^{j}t_{2}^{k}Q_{j,k}(z^{*},\xi^{*}, w^{*}, \eta^{*}))|_{w^{*}=w,\eta^{*\mathrm{H}}}z^{*}=z,\xi^{*}\eta$

That is,

$R_{j,k}(z, \xi,w, \eta):=$

.
$\sum$

.
$\frac{1}{\alpha!\sqrt!}\partial_{\xi}^{\alpha}\partial_{\eta}^{\beta}P_{j_{1},k_{1}}(z, \xi, w,\eta)$

$c_{1}^{1}+k_{2}^{2}+’+|\alpha|_{=}^{=}+|\beta kj$

$\cross\partial_{z}^{\alpha}\partial_{w}^{\beta}Q_{j_{2},k_{2}}(z, \xi,w,\eta)$ .
Then we directly obtain the following by the Cauchy estimates.

Lemma 2.15. If $\sum P_{j,k}$ and $\sum Q_{j,k}$ are formal symbols ofproduct type
on K, then $\sum R_{j,k}$ is also a formal symbol of product type on K.

Proposition 2.16. If $\sum P_{j,k}$ , $\sum Q_{j,k}\in\hat{S}(K)$ and at least one of them
belongs to $\hat{R}(K)$ , then $\sum R_{j,k}$ is also in $\hat{R}(K)$ .

By Lemma 2.15 and Proposition 2.16, the following composition of
two elements in $\hat{S}(K)/\hat{R}(K)$ is well-defined;

: $\sum P_{j,k}$ : $0: \sum Q_{j,k}$ : $:=:( \sum P_{j,k})*(\sum Q_{j,k})$ :

We can directly verify the associativity about the operation $\circ$ . That
is, $\hat{S}(K)/\hat{R}(K)$ becomes an associative $\mathbb{C}$-algebra. Hence the mapping
$H_{K}$ is aring homomorphism concerning the operation $\circ$ , where

$\mathcal{E}_{X\mathrm{x}\mathrm{Y}}^{\mathbb{R},prod}(K):=\hat{S}(K)/j$ $(K)arrow \mathcal{E}_{X\mathrm{x}\mathrm{Y}}^{\mathrm{R}}(\gamma^{-1}(K))H_{K}$ .
Let $K$ be acompact subset of $S^{*}X\cross S^{*}\mathrm{Y}$

Definition 2.17. Afunction $\Lambda:\mathbb{R}_{>0}arrow$ $\mathrm{R}>0$ is said to be infra-linear
if the following conditions hold;

(1) Ais continuous,
(2) for each $\alpha>1$ , $\Lambda(at)\leq\alpha\Lambda(t)$ on $(0, \infty)$ ,
(3) Ais increasing,

(4) Jim $\underline{\Lambda(t)}=0.$

$tarrow\infty$ $t$

Hereafter we fix two infra-linear functions $\Lambda_{1}$ , $\Lambda_{2}$ .
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Definition 2.18, $P(z, \xi, w, \eta)\in S(K)$ is called asymbol of minimum
type of growth order $(\Lambda_{1}, \Lambda_{2})$ on $K$ if there exist some constants $C>0,$
$d>0,$ and an open set $U\supset K$ in $S^{*}X\cross S^{*}\mathrm{Y}$ satisfying the following;

(1) $P(z, \xi, w, \eta)$ is holomorphic in $r^{-1}(U;d, d)$ ,
(2) $|\mathrm{P}(\mathrm{z}, \xi, w, \eta)$ $| \leq C\cdot\min${ $\Lambda_{1}(|\xi|)$ , A2 $(|\eta|)$ } on $\mathrm{x}^{-1}(U;d, d)$ .

Example 2.19. (by K. Kataoka[K3])
Let $0=\Omega’:=$ $\{(z; \xi)\in 7" \mathbb{C}; | \arg \xi| < 6, ’ \neq 0\}$ with $(0<\delta<$

$\pi/2)$ . Let $K$ be an arbitrary compact subset of $S^{*}\mathbb{C}_{z}\cross S^{*}\mathbb{C}_{w}$ such that
$\gamma^{-1}(K)\subset\Omega\cross\Omega’$ . We set $\Lambda_{1}(t)=\Lambda_{2}(t)$ $:=t^{\sigma}$ with $0<\sigma<1$ . Then

$P(z,\xi,w, \eta):=(\xi\eta)^{(1+\sigma)/2}/(\xi+\eta)$

becomes asymbol of minimum type of growth order $(\Lambda_{1}, \mathrm{A}_{2})$ .

Remark 2.20. If $P$ is asymbol of minimum type on $K$ , $e^{P}$ is asymbol
of product type on $K$. Further such exponential of asymbol of minimum
type plays adecisive role in Kataoka’s microlocaJ energy method [K3].

Definition 2.21. $\sum P_{j,k}$ in $\hat{S}(K)$ is called aformal symbol of minimum
type of growth order $(\Lambda_{1}, \Lambda_{2})$ on $K$ if there exist some constants $C>0,$

$d>0,0<A<1,$ and an open set $U\supset K$ in $S^{*}X\mathrm{x}$ $S^{*}\mathrm{Y}$ satisfying
the following;

(1) 7 $j,k$ is holomorphic in $\gamma^{-1}(U;(j+1)d, (k+1)d)$ for each $j$ , $k\geq 0,$

(2) the inequality

$|P_{\mathrm{y}}$ , $k(z, \xi, w, \eta)|\leq CA^{j+k}\min\{\mathrm{A}_{1}(|\xi|), \Lambda_{2}(|\mathrm{y}\mathrm{y}|)\}$

holds on $\gamma^{-1}(U;(j+1)d, (k+1)d)$ for each $j$ , $k\geq 0.$

Remark 2.22. If $\sum P_{j,k}$ is aformal symbol of minimum type on $K$ ,
$e\mathrm{C}^{P}\mathrm{i},\mathrm{c}$ is aformal symbol of product type on $K$.

Definition 2.23. For $(\lambda, \lambda^{*})\in \mathbb{R}^{2}$ , $a= \sum_{j,k\geq 0}$ $t_{1}^{j}t_{2}^{k}aj,k(z, \xi, w, \eta)\in$

$S(K)$ is said to be of order at most $(\lambda, \lambda^{*})$ if there are some constants
$C>0$ , $d>0,0<A<1$ and an open set $U\supset K$ in $S^{*}X\mathrm{x}S^{*}\mathrm{Y}$ such
that
1) $a_{j,k}$ is holomorphic,
2) $|a_{\mathrm{j},\mathrm{A}}(z, \xi, w, \eta)$ $|\leq CA^{j+k}|\xi|^{\lambda}|\eta|^{\lambda^{*}}$

on $\gamma^{-1}(U;(j+1)d, (k +1)d)$ for each $j$ , $k\geq 0.$

From now on, we use the notation $t$ , $t^{*}$ , $z^{*}$ , $\xi^{*}$ instead of $t_{1}$ , $t_{2}$ , $w$ , $\eta$ .

Further, $P$ ( $’.$

; ’$;’$

,
$\xi^{*}\xi$) stands for aformal symbol of product type

$P(t, t^{*}; z, \xi, z^{*}, \xi^{*})=\sum_{j,j^{*}\geq 0}t^{j}t^{*j^{*}}a_{j,j}\cdot(z,\xi, z^{*}, \xi^{*})$

for the sake of convenience



28

Let $p$ $(\begin{array}{lll}l\cdot z \xi t^{*}\cdot z^{*} \xi^{*}\end{array})$ and $q$ $(\begin{array}{llll}t z \xi t^{*}\cdot z^{*} ’ \xi^{*}\end{array})$ be symbols of minimum

type of growth order $(\Lambda, \Lambda’)$ on $K$ . Further, let $a(_{t^{*};}^{t}’.$ ’;, $\xi^{*}\xi$) and

$b$ $(\begin{array}{lll}t\cdot z \xi t^{*} z^{*} \xi^{*}\end{array})$ be formal symbols of order $(\lambda_{1}, \lambda_{1}^{*})$ , (A2, $\lambda_{2}^{*}$) respec-

tively. Then our aim is the calculation of the following composition:

: $ae^{p}::be^{q}$ :

For this aim, we use Aoki’s idea on exponential calculus in $[\mathrm{A}1]\sim[\mathrm{A}8]$ .
By the definition of composition, we obtain the following.

: $a\exp p::b\exp q:=:\pi|$

$(\begin{array}{llll}t_{2}\cdot w \eta t_{2}^{*}\cdot w^{*} ’ \eta^{*}\end{array})=(\begin{array}{lll}1\cdot z \xi 1\cdot z^{*} \xi^{*}\end{array}):$

,

where

$\pi$ $=\exp$ $(t_{2}t\partial_{\xi}\cdot\partial_{w}+t_{2}^{*}t’\partial_{\xi}\cdot\cdot\partial_{w}*)$ $a$ $(\begin{array}{llll}t\cdot z \xi t^{*}\cdot z^{*} ’ \xi^{*}\end{array})$ $b(_{t^{*};}^{t}’.$ $ww;$, $\eta^{*}\eta$)
$\mathrm{x}\exp(p$ $(\begin{array}{lll}t\cdot z \xi t^{*}\cdot z^{*} \xi^{*}\end{array})$ $+q$ $(_{t^{*};}^{t}’.$ $ww”$

,
$\eta^{*))}\eta$

We notice that $\pi$ is the unique formal series solution to the following
system of partial differential equations.

$\partial_{t_{2}}\pi=t\partial_{\xi}\cdot\partial_{w}\pi$ , $\partial_{t_{2}^{*}}\pi=t^{*}\partial_{\xi^{*}}\cdot\partial_{w}*\pi$,

$\pi|_{t_{2}=0,t_{2}^{*}=0}=a$ ( $’.$ ”, $\mathrm{g}$ ) $b$ $(\begin{array}{lll}t\cdot w \eta t^{*}\cdot w^{*} \eta^{*}\end{array})$

$\cross$ $\exp(p$ $(\begin{array}{lll}t\cdot z \xi t^{*}\cdot z^{*} \xi^{*}\end{array})+q$ $(\begin{array}{llll}t\cdot w \eta t^{*}\cdot w^{*} ’ \eta^{*}\end{array}))$

We can find the solution of the above Cauchy problem in the following
form.’

$\pi’=\sum_{\nu,\nu^{*}=0}^{\infty}t_{2}^{\nu}t_{2}^{*\nu^{*}}$cv,”* $(\begin{array}{lllllll}t\cdot z \xi w \eta t^{*}\cdot z^{*} ’ \xi^{*} ’ w^{*} \eta^{*}\end{array})$

$\cross\exp(\sum_{k,k^{*}=0}^{\infty}t_{2}^{k}t_{2}^{*k^{*}}r_{k,k^{*}}$ $(\begin{array}{llllll}t z \xi w \eta t^{*}\cdot z^{*} \xi^{*} ’ w^{*} \eta^{*}\end{array})$ $)$

We can verify that $\mathrm{r}’$ is the solution if $\{r_{k,k}*\}$ and $fc_{k,k}$,} satisfy the
following (2.3)-(2.8). That is, $\pi’=\pi$ .

Define formal symbols $\{r_{k,k}*\}$ and $\{\mathrm{c}_{\nu,\nu}*\}$ of product type by the
following recursive relations:

(2.3) $r_{0,0}=p(_{t^{*};}^{t}’.$ $z^{*}z$,, $5)$ $+q$ $(\begin{array}{lll}\mathrm{t} w \eta t^{*}\cdot w^{*} \eta^{*}\end{array})$ ,
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(2.4) $c_{0,0}=a$ ( $’.”’$,
$5*)\cross$ $b(_{t^{*};}^{t}’.w^{*}w,,$ $\eta 7^{/})$ ,

(2.5) $r_{k+1,k^{*}}(_{t^{*};}^{t}’.z"$ $\xi^{*}\xi,$

,
$w^{*}w$,, $\eta^{*)}\eta$

$= \frac{t}{k+1}\{\partial_{\xi}\partial_{w}r_{k,k^{*+}}k$
$k^{*}’+k^{\prime J*}’=k^{*}’+k’k \sum_{=}\partial_{\xi}r_{k’,k}:*|\partial_{w}r_{k^{JJ},k^{\prime\prime*\}}}$

,

(2.6) $r_{k,k^{\mathrm{s}}+1}$
$(\begin{array}{lllll}t\cdot z \xi w \eta t^{*} z^{*} \xi^{*} w^{*} \eta^{*}\end{array})$

$= \frac{t^{*}}{k^{*}+1}\{\partial_{\xi^{*}}\cdot\partial_{w}\cdot r_{k,k^{*+\sum_{k’+k’=k}}},\partial_{\xi}*r_{k’,k’}* |\partial_{w}*r_{k’,k}\prime\prime*\}$ ,

$k^{J*}+k’=k^{*}$

(2.7) $c_{\nu+1,\nu^{*}}(\begin{array}{llllll}t z \xi w \eta t^{*}\cdot z^{*} \xi^{*} ’ w^{*} \eta^{*}\end{array})$ $= \frac{t}{\nu+1}\{\partial_{\xi}\partial_{w}c_{\nu,\nu^{*}}$

$+$

$\nu^{\mathrm{r}}’+\nu^{l*}’=’\nu^{*}\sum_{\nu’+\nu’=\nu}$
$(\partial_{\xi^{C}\nu’,\nu^{l*\partial_{w}r_{\nu’,\nu^{\prime\prime \mathrm{r}}}+}}. \partial_{w}c_{\nu’,\mathrm{L}}" 9_{(}r_{\nu\nu}","’)$

$\}$ ,

(2.8) $c_{\nu,\nu^{*}+1}$
$(\begin{array}{llllll}t\cdot z \xi w \eta t^{*}\cdot z^{*} \xi^{*} w ’ \eta^{*}\end{array})=\frac{t^{*}}{\nu^{*}+1}\{\partial_{\xi^{*}}\partial_{w}*c_{\nu,\nu^{*}}$

$+\nu$

$\nu^{\prime*}+\nu’$”

$= \nu^{*}’+\nu’=\nu\sum_{*}$
$(\partial_{\xi}*c_{\nu’,\nu’}* )\partial_{w^{\mathrm{r}}}r_{\nu’,\nu’}*+\partial_{w}*c_{\nu’,\nu^{J*}}\partial_{\xi}*r_{\nu’,\nu}\prime\prime\cdot)\}$

.

If we put

$r= \sum_{k,k=0}^{\infty}.r_{k,k^{\mathrm{s}}}$
$(\begin{array}{lllll}t\cdot z \xi z^{*} \xi^{*}t^{*} z^{*} \xi^{*} z^{*} \xi^{*}\end{array})$ ,

$c= \sum_{k,k^{l}=0}^{\infty}c_{k,k^{\mathrm{r}}}$
$(\begin{array}{llllll}t\cdot z \xi z’ \xi^{*}t^{*}\cdot z^{*} ’ \xi^{*} z^{*} \xi^{*}\end{array})$ ,

we obtain the following theorem (C. H. Lee’s first main theorem).

Theorem 2.24. There exist a formal symbol $r$ of minimum type of
growth order $(\Lambda, \Lambda^{*})$ , and a formal symbol $c$ of product type of order at
most $(\lambda_{1}+\lambda_{2}, \lambda_{1}^{*}+\lambda_{2}^{*})$ respectively on $K$ such that

:aexp $p::b\exp q:=$:cexp $r$ :

Next, we consider the exponentials of minimum type operators.
Suppose

$p=p$ $(\begin{array}{llll}t\cdot x \xi t^{*} x^{*} ’ \xi^{*}\end{array})=\cdot\sum_{g,j^{*}\geq 0}’ t^{*j^{*}}p_{j,j^{*}}$
$(\begin{array}{lll}x \xi x^{*} ’ \xi^{*}\end{array})$
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is aformal symbol of $\overline{\Lambda}$-type on $K$ , where
$\overline{\Lambda}(\xi,\xi^{*})$ $:= \min\{\Lambda(|\xi|), \Lambda’(|\xi’|)\}$ .

We define the operator $\exp$ ($s.\cdot$p.$\cdot$ ) $(s\in \mathbb{C})$ as follows by introducing
copies $\mathrm{t}\mathrm{i}$ , $t_{1}^{*}$ , $t_{2}$ , $t_{2}^{*}$ of $t$ , $t^{*}$ .

(2.9) $p^{(0)}$ $(\begin{array}{llll}t_{1} t_{2}\cdot x \xi t_{1}^{*} t_{2}^{*}\cdot x^{*} \xi^{*}\end{array})$ $:=1,$

(2.10) $p^{(l+1)}$ $(\begin{array}{lllll}l_{\mathrm{l}} t_{2} x \xi t_{1}^{*} t_{2}^{*} x^{*} ’ \xi^{*}\end{array})$ $:=\exp(t_{2}\langle\partial\epsilon’\partial_{y}\rangle+t_{2}^{*}\langle\partial\xi^{*}’\partial\rangle y^{\mathrm{r}})$

$\cross p$ (’$.,\cdot$
$x^{*}x$,, $\mathrm{q}$ ) $p^{(l)}$ $(\begin{array}{llll}t_{1} t_{2} y \eta t_{1}^{*} t_{2}^{*}\cdot y^{*} \eta^{*}\end{array})$

$|y^{*}y,$

, $\eta^{*}\eta=x^{*}x,$ ,
$\xi^{*}\xi$

By the definition of $p^{(l)}$ , we obtain
$.\cdot p^{(l)}.\cdot=(.\cdot p.\cdot)^{l}-$

Therefore we have the following expression of $\exp(s:p:)$ .

$E$ (,’ $t_{2}^{*}t_{2},\cdot’$

.
$s$ ,

$x^{*}x$,, $\mathrm{c}$ $)= \sum_{l=0}^{\infty}\frac{s^{l}}{l!}p^{(l)}(_{t_{1}^{*}}^{t_{1}},’$ $t_{2}t_{2},,\cdot’$

.
$x^{*}x$,, $4$ $)$ $(s\in \mathbb{C})$ .

Firstly, we must prove that $E$ $(\begin{array}{lllll}t l\cdot s x \xi t^{*} t^{*}\cdot x^{*} \xi^{*}\end{array})$ is aformal symbol

of $e^{\overline{\Lambda}}$ type on $K$ .

Indeed $E$ $(\begin{array}{llllll}t_{1} t_{2}\cdot s x \xi t_{1}^{*} t_{2}^{*} x^{*} ’ \xi^{*}\end{array})$ formally satisfies the following dif-

ferential equation.

$\{\begin{array}{l}\partial_{s}E=\mathrm{e}\mathrm{x}\mathrm{p}(t_{2}\langle\partial_{\xi},\partial_{y}\rangle+l_{2}^{*}\langle\partial_{\xi^{*}},\partial_{y}*\rangle)p(\mathrm{x}E()|y^{\mathrm{r}},\eta^{*)=}y,\eta x^{*}x,,\epsilon^{\xi}*),)E=1\end{array}$

Hence $E$ $(\begin{array}{llllll}t t s x \xi t^{*} ’ t^{*} x^{*} \xi^{*}\end{array})$ defines an operator

$.|E$ ( $’,$
$t^{*}’;t$

.
$s$ ,

$x^{*}x$,, $\mathrm{c}*$) $00$

which satisfies

$\partial_{s}\circ$.E ( $’,$
$t^{*}.;t$

, $s$ ,
$X^{*}X$,, $\mathrm{q}$) $\mathrm{o}\mathrm{o}$
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$=..p$ $(\begin{array}{lll}t x \xi t_{\mathrm{j}}^{*} x^{*} \xi^{*}\end{array})$

\cap

$\cdot|E$ $(\begin{array}{llllll}t_{t} t s x \xi t^{*} ’ t^{*} x^{*} \xi^{*}\end{array})$
$0_{\mathfrak{l}}$

. $E$ $(\begin{array}{lllll}t t\cdot 0 x \xi t^{*} t^{*}\cdot x^{*} \xi^{*}\end{array})$ $-\mathrm{c}=1.$

Therefore we define

$\exp(s.\cdot p.\cdot):=$ .|1E $(\begin{array}{llllll}t t\cdot s x \xi t^{*} ’ t^{*}\cdot x^{*} \xi^{*}\end{array})$ :
We put

$p^{(l)}$
$(\begin{array}{llll}t_{1} t_{2} x \xi t_{1}^{*} t_{2}^{*}\cdot x^{*} \xi^{*}\end{array})$ $:=$

$j^{*},k^{*} \geq’ 0\sum_{j,k\geq 0}t_{1}^{j}t_{2}^{k}t_{1}^{*j}.t_{2}^{*k^{*}}p_{(j,k)(j^{*},k^{*})}^{(l)}$

$(\begin{array}{ll}x \xi x^{*} \xi^{*}\end{array})$

Then by (2.9) and (2.10), we obtain the following recursive formulas.

(2.11) $p_{(j,k)(f^{*},k^{\mathrm{r}})}^{(0)}$ $(\begin{array}{ll}x \xi x^{*} \xi^{*}\end{array})=\{_{0’}^{1}$

,
$\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{i}\mathrm{f}(7_{\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{a}\mathrm{e}}^{k,j^{*}}" k^{*})=(0,0,0,0)$

(2.12) $p_{(j}^{(l+}$

, ’)) $.$ , $k^{*}$ )
$(\begin{array}{ll}x \xi x^{*} \xi^{*}\end{array})$

$:=$ $\sum$ $\frac{1}{\alpha!}\frac{1}{\alpha^{*}!}\partial_{\xi}^{\alpha}\partial_{\xi^{*}}^{\alpha^{*}}p_{i,i^{\mathrm{P}}}$ $(\begin{array}{ll}x \xi x^{*} \xi^{*}\end{array})$

$i+\mu=j$ , $|\alpha|+\nu=k$

$i^{*}+\mu^{*}=j^{\mathrm{r}},|\alpha^{\mathrm{r}}|+\nu^{*}=k^{*}$

$\cross\partial_{x}^{\alpha}\partial_{x^{*}}^{\alpha^{*}}p_{(\mu,\nu)(\mu,\nu^{*})}^{(l)}$. $(\begin{array}{ll}x \xi x^{*} \xi^{*}\end{array})$

It is clear that $p_{(j,k)(j^{*},k)}^{(l)}$.is holomorphic on $\gamma^{-1}(U;(j+1)d, (j^{*}+ 1)\mathrm{d})$

for $j,j^{*}\geq 0.$

Theorem 2.25. For each $s\in \mathbb{C}$ , the formal series $E$ is a formal symbol
of product type of growth order $e$A.

Then the second main theorem of C. H. Lee is concerning the rela-
tionship between exponentials of minimum type operators and opera
tors whose symbols are given by exponentials of minimum type formal
symbols.

that is, let $p$ $(\begin{array}{lll}t x \xi t^{*}\cdot x^{*} \xi^{*}\end{array})$ b$\mathrm{e}$ aformal symbol of $\tilde{\Lambda}$-type on $K$ . We

see that $\exp$ ( $s.\cdot$p.$\cdot$ ) $(s\in \mathbb{C})$ defined by

$\exp(s.\cdot p.\cdot)=:E$ $(\begin{array}{lllll}t_{1} t_{2} s x \xi t_{1}^{*} t_{2}^{*}\cdot x^{*} \xi^{*}\end{array})$ $|t_{1}=t_{2}=t$ :
$t_{1}^{*}=t_{2}^{*}=t^{*}$

is aformal symbol of product type of growth order $e^{\overline{\Lambda}}$ .



32

Therefore our aim here is to construct $q$
$(\begin{array}{llll}t\cdot s x \xi t^{*} x^{*} \xi\end{array})$ as afor-

mal symbol of $\tilde{\Lambda}$-type such that for each $s\in \mathbb{C}$

$\exp(s.\cdot p.\cdot)=.\cdot\exp(q$ $(\begin{array}{llll}t_{)} s x \xi t^{*}\cdot x^{*} \xi^{*}\end{array})$ $)(\mathrm{o}$

We put

$q:=i\mathrm{x}_{0}$
$t^{:}t^{*:}.q_{i,i^{\mathrm{r}}}(^{S}’ xx;,$ $\xi^{*}\xi$)

$= \sum_{:,i^{*}\geq 0}t^{\dot{l}}t^{*i^{*}}\sum_{l=1}^{\infty}s^{l}q_{\dot{1},i^{*}}^{(l)}$
$(\begin{array}{ll}x \xi x^{*} \xi^{*}\end{array})$

Due to T. Aoki’s idea [A1], we construct $q$ as the solution of the fol-
lowing equation:

$\{_{0}^{\partial_{s}.\exp(}\circ \mathrm{e}.\mathrm{x}\mathrm{p}q$

$q).\cdot=$ .$\cdot$p.$\cdot$ ’.
$\exp(q)..\cdot$

.
$’=1.$

Here,

$.\cdot p.\cdot..\exp(q).\cdot=.\cdot\exp(t\langle\partial_{\xi}, \partial_{y}\rangle+t^{*}\langle\partial_{\xi^{*}}, \partial_{y}*\rangle)[p$ $(\begin{array}{lll}t\cdot x \xi t^{*}) x^{*} \xi^{*}\end{array})$

$\cross\exp\{$$q$
$(\begin{array}{llll}t\cdot s y \eta l^{*}\cdot y^{*} \eta^{*}\end{array}))]$ $|$

$\{\begin{array}{ll}y \eta y^{*} \eta^{*}\end{array}\}=(\begin{array}{ll}x \xi x^{*} \xi^{*}\end{array})$

$\epsilon \mathrm{c}$

Hence we introduce another formal symbol $\psi$ by the equation:

(2. 13) $\exp(t_{3}t_{2}\langle\partial_{\xi}, \partial_{y}\rangle+t_{3}^{*}t_{2}^{*}(’ 1\mathrm{e}" \partial_{y}*\rangle)$ $[p$ $(\begin{array}{lll}t_{1}\cdot x \xi t_{1}^{*}\cdot x^{*} \xi^{*}\end{array})$

$\mathrm{x}\exp$ ($q$
$(\begin{array}{lllll}t_{1} t_{2}\cdot s y \eta t_{1}^{*} t_{2}^{*}\cdot y^{*} \eta^{*}\end{array})$ ) $]$

$=\psi$ $(\begin{array}{lllllllllll}t_{1} t_{2} t_{3}\cdot s x \xi y \eta t_{1}^{*} t_{2}^{*} t_{3}^{*}\cdot x^{*} ’ \xi^{*} ’ y^{*} ’ \eta^{*}\end{array})$

$\cross$ $\exp(q$ $(\begin{array}{llllll}t_{1} t_{2}\cdot s y \eta t_{1}^{*} t_{2}^{*} y^{*} ’ \eta^{*}\end{array}))$

Here,

$q$ $(\begin{array}{lllll}t t\cdot s y \eta t^{*} t^{*} y^{*} \eta^{*}\end{array})=q$ $(\begin{array}{llll}t s y \eta t^{*} y^{*} \eta^{*}\end{array})$ ,

$\psi$

$= \sum_{\iota,:,j,k,\mathrm{i}^{*},j}$

,,k’

$s^{l}t_{1}^{\dot{l}}t_{2}^{j}t_{3}^{k}t_{1}^{*i^{*}}t_{2}^{*j^{*}}t_{3}^{*k^{*}}\psi_{(ijk)(ij^{*}k)}^{(l)}.$. $(\begin{array}{llllll}x \xi y \eta x^{*} \xi^{*} ’ y^{*} ’ \eta^{*}\end{array})$
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Then, it is easy to see that $\psi$ $\exp q$ in the right side of (2.13) satisfies
the equations

$\{\begin{array}{l}\partial_{t_{3}}\psi=e^{-q}\partial_{t\mathrm{s}}(\psi e^{q})=e^{-q}t_{2}\partial_{\xi}\downarrow\partial_{y}(\psi e^{q})=t_{2}(\partial_{\xi}\partial_{y}\psi+\partial_{y}q\partial_{\xi}\psi)\partial_{t_{3}^{*}}\psi=e^{-q}\partial_{t}(\psi e^{q})=e^{-q}t_{2}^{*}\partial_{\xi^{*}}\cdot\partial_{y}*(\psi e^{q})=t_{2}^{*}(\partial_{\xi^{*}}\cdot\partial_{y}*\psi+\partial_{y}*q\cdot\partial_{\xi}*\psi)\end{array}$

and that $q$
$(\begin{array}{llll}t\cdot s x \xi t^{*}\cdot x^{*} \xi^{*}\end{array})$ satisfies the equations.. $e^{q}\partial_{s}q$ $(\begin{array}{llll}t s x \xi l^{*}\cdot x^{*} \xi^{*}\end{array})\subset\circ=\partial_{\epsilon}(.\cdot e^{q}.\cdot)=.\cdot p...\cdot e^{q}.\cdot$

$=.\cdot e^{q}\psi$ $(\begin{array}{llllllllllll}l l \mathrm{l}\cdot s x \xi x \xi t^{*} ’ t^{*} ’ 1\cdot x^{*} ’ \xi^{*} ’ x^{*} \xi^{*}\end{array})$
$\mathrm{f}\mathrm{C}$

$1$

Hence by putting

(2.14)

$q(_{t_{1}^{*}}^{t_{1}},’$ $t_{2}t_{2}^{*},\cdot’$

.
$s$ ,

$xx’$

, $\xi^{*)}\xi=l,i\mathrm{I}j^{*}slt\mathrm{i}1t_{2}jt_{1}’ t_{2}.q_{(\dot{\iota},j)(:,j^{*})}^{(l)}\mathrm{p}i^{*}*j^{*}(_{X^{*}}^{X}’,$
$6*)$ ,

(2.15)

$q_{i}^{(l)},\dot{.}*$ (,’, $\mathrm{q}_{*})=0\leq 0\mathrm{Y}_{i^{*}}^{q_{(i_{-j,j)(i-jj^{*})}^{)}}^{(}}.’,,,(_{X^{*}}^{X}’,$

$\mathrm{q})$ ,

we have the following recursive formulas:

(2.16)

$q_{(ij)(i^{*}j^{*})}^{(l+1)}$ $(\begin{array}{lll}x \xi x^{*} ’ \xi^{*}\end{array})=\frac{1}{l+1}$

$0 \leq k^{*}\leq’ j^{*}\sum_{0\leq k\leq j}\psi_{(ijk)(i^{*}j^{*}k^{*})}^{(l)}$

$(\begin{array}{llllll}x \xi x \xi x^{*} ’ \xi^{*} ’ x^{*} \xi^{*}\end{array})$ ,

$(k +1)\psi_{(i,j,k+1)(i^{*},j^{*},k^{*})}^{(l)}$ $(\begin{array}{llll}x \xi y \eta x^{*} \xi^{*} y^{*} \eta^{*}\end{array})$

$=\langle\partial_{\xi}, \partial_{y}\rangle\psi_{(i,j-1,k)(i^{*},j^{*},k^{*})}^{(l)}(_{X^{*}}^{X}’,$ $\xi^{*}\xi,$

,
$\mathrm{y}*’$

,
$\eta^{*}\eta$)

(2.17)
$+ \sum’\sum_{l’+l’=l}\langle\partial_{\xi}\psi_{(\dot{l}’,j’,k)(\dot{1}^{\prime*},j’,k^{*})}^{(l’)}(\begin{array}{llll}x \xi y \eta x^{*} \xi^{*} y^{*} \eta^{*}\end{array})$ ,

$\partial_{y}q_{(\dot{\iota}^{ll},j^{JJ})(i^{J*},j’)}^{(l’)}$. $(\begin{array}{ll}y \eta y^{*} \eta^{*}\end{array})\rangle$ ,
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(2.18)

$(k^{*}+1)\psi_{(i,j,k)(i^{*},j^{*},k+1)}^{(l)},(\begin{array}{llll}x \xi y \eta x^{*} \xi^{*} y^{*} \eta^{*}\end{array})$

$=\langle\partial_{\xi^{*}}, \partial_{y}*\rangle\psi_{(i,j,k)(i^{*},j^{*}-1,k^{\mathrm{r}})}^{(l)}(_{X^{*}}^{X}’,$ $\xi^{*}\xi$,, $y^{*}y$,, $7*)$

$+$ $\mathrm{I}$

$\prime\prime*\sum_{l’+l’=l}\langle\partial_{\xi^{*}}\psi_{(i,j’,k)(i^{J*},j^{\prime*},k^{*})}^{(l’)},$ ’ $x$ ’, $\xi\xi$s’, $y^{*}y$
,, $\mathrm{g})$ ,

$.\partial_{y}*q_{(\dot{\iota}’,j’)(i^{\prime\prime \mathrm{s}},j’)}^{(l^{lJ})}$. $(\begin{array}{ll}y \eta y^{*} \eta^{*}\end{array})\rangle$ .

Here $\sum’$ is the sum over

$i’+i”=i$ , $j’+j”=j-1$ , $i’+i’**=i^{*}$ , $j’+j’=j^{*}**$

and $\sum’*$ is the sum over

$i’+i”=i,$ $j’+j’=j,$ $i’*$ , $i’=i^{*}*$ , ’ $’*+j’=j^{*}-*1.$

Lemma 2.26. We have the following initial and boundary conditions:

(2.18) $j_{(}^{(}*j_{0)(if0)}’,(_{X^{*}}^{X}’,$ $\xi^{*}\xi,$

,
$y_{:}^{*}y$

,
$n_{*})=\delta l,0\delta j,0\delta j^{*},0|$ $p:,i^{*}$

$(\begin{array}{lll}x \xi x^{*} ’ \xi^{*}\end{array})$ ,

(2.20) $\psi_{(ijk)(i^{*}j^{*}k^{*})}^{(l)}$ $(\begin{array}{lllll}x \xi y \eta x^{*} \xi^{*} ’ y^{*} \eta^{*}\end{array})=0$

($j$ $<l$ or $j<k$ or $j^{*}<l$ $orj^{*}<k’$ ) $,$

(2.21) $q_{(i,j)(i^{*},j)}^{(l)}.=0$ if $l$ $>j+1$ or $l>j^{*}+1$ .

Proof. The first equation directly follows ffom (2.13). Further, the
second equation is also clear ffom (2.13) when $j<k$ or $j^{*}<k^{*}$ . On
the other hand, using the recursive formulas above, we can prove the
second equation for $j<l$ or $j^{*}<l$ and the third equation for $j+$ $1$ $<l$

or $j^{*}+$ $1$ $<I$ simultaneously by double mathematical induction on $l$

and $k+k^{*}$ . That is, the main induction on $l$ and the supplementary
induction on $k$ $+k^{*}$ hold. $\square$

In particular, we have the following equation:

(2.22) $q_{i,i^{*}}$
$(\begin{array}{llll}s x \xi x^{*} ’ \xi^{*}\end{array})=p_{i,i}*(_{X^{*}}^{X}’,$ $4$ $)$

$+ \sum_{(j,j^{*})\neq(0,0)}0\leq j\leq i0\leq j^{*}\leq i^{*}$

$\sum_{l=1}^{\min\{j,j^{*}\}+1}s^{l}q_{(i-j,j)(i^{*}-j^{\mathrm{r}},j^{*})}^{(l)}$ $(\begin{array}{ll}x \xi x^{*} \xi^{*}\end{array})$

The foUowings are the second and the third main theorems of C. H.
Lee
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Theorem 2.27. For each $s\in \mathbb{C}_{\lambda}$ the formal series $q$ is a formal symbol
of $\tilde{\Lambda}$ -type on $K$ satisfying the following.

.$\cdot$ $\exp$ $q$ $(\begin{array}{llllll}t t\cdot s x \xi t^{*} t^{*}\cdot x^{*} ’ \xi^{*}\end{array})$ $0=$ exp($s.\cdot p$ ( $’.$

)
$.$

$x^{*}x$,, $5\mathrm{c}$ ) $0_{\mathrm{I}}$ )
Further we have the inverse version of the above theorem.

Theorem 2.28. Let $q$ be of $\Lambda$ -type. Then there eists $p$ as a formal
symbol of $\tilde{\Lambda}$ -type satisfying the relation $e\cdot.p.\cdot=$ .$\cdot$ e$q.\cdot$

In fact, if we have such asolution $p= \sum_{:,i^{*}}p_{i,i}*(x, \xi, x^{*}, \xi^{*})$ , we
can construct aformal symbol $q(s)=Ewi,i$’

$q_{i,i^{*}}(s, x,\xi, x^{*},\xi^{*})$ with a
holomorphic parameter $s$ satisfying

$e^{s.p}..\cdot=.\cdot e$q(s).$\cdot$

as seen in the preceding theorem. Hence, we construct $p$ from the
equation

$q(1)=q,$

where $7= \sum w_{i.i^{*}}q_{i,i}’(x,\xi,x^{*}, \xi^{*})$ is the given formal symbol of A-type.
Indeed, we have some recursive formulas obtained by (2.22), (2.16),
(2.17), (2.18) (we omit the details).

Finally, we obtain the following theorem as adirect corollary of the
three main theorems above.

Theorem 2.29. The space of pseudodifferential operators of the form
of .$\cdot$ e$p.\cdot$ , where $p$ is of minimumum type, for$ms$ a group under the compO-

sition.
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