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Some Doubly Infinite and Mixed Infinite Sums derived
from The N- Fractional Calculus of A Logarithmic
Function ( with Some Examinations )

Katsuyuki Nishimoto, Susana S. de Romero
and Ana L Prieto

Abstract

In this article theorems for some doubly infinite and mixed infinite sums derived
from the N-fractional calculus of a logarithmic function are reported.

Moreover some numerical examinations for the theorems are reported too.

§ 0. Introduction ( Definition of Fractional Calculus )
(I) Definition. ( by K. Nishimoto ) ([ 1] Vol. 1)
Let D={D_,D}, C={C_,C.},
C_ be a curve along the cut joining two points z and — % +iIm(z),
C, be a curve along the cut joining two points z and %+ iIm(z),
D_be a domain surrounded by C_, D, be a domain surrounded by C, .

(HereD contains the points over the curve C ).

Moreover, let f = f(z) be a regular function in D(z €D),

(A = _I(v+1) f©&)
LD =N, =), = i L(C—Z)v” dg¢ e&zZ), (1)
(N)p= lim (),  (mEZ), (2)
where -nsarg(E-z)sw for C., Osarg(&-z)<2x for C, ,

E#z, zEC, vER, T ;Gamma function,
then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order —v for v <0 ) with respect to z , of
the function f , if |(f)v| <®,

(I) On the fractional calculus operator N* [ 3]
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Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N” be

v (T(v+]1) dg |
N =( 2mi fC(g_Z)m) (VEZ), [Referto(1)] (3)

with
N lim N (m E€Z), (4)

and define the binary operation o as

N'oN“f=N'N"f=-N'N"F) (a,BER), (5)
then the set
{N}={N'|ver} (6)
is an Abelian product group ( having continuous index v ) which has the inverse
transform operator (N*)™ =N to the fractional calculus operator N” , for the

function f such thathF={f; O:lfvl<oo,vER}, where f = f(z) and zE€C.

(Vvis. =0 <v <o),

( For our convenience, we call N® o N* as product of N and N¢.)
Theorem B. " F.O0.G. {N"} " isan " Action product group which has continuous
indexv " for the set of F .( F.O.G. ; Fractional calculus operator group )
Theorem C. Let
S:={xN}IU{0}={N"}U{~N"}U{0} (vER). (7)
Then the set § is a commutative ring for the function f €F , when the identity
N“+NP=N" (N° N* N’ €S) (8)
holds. [ 5]
(IIl) Lemma. Wehave[1]

; _ B _ -i:rar(a—'ﬁ) _ B ( F(a'—ﬁ) oo)
v e Ty (09 r-p | )
(ii) (log(z~¢)), =-€™“T()(z-c)" (IN(@) <),
(iii) ((z-c)‘“)_ﬁ-e“'“r(a) log(z-¢) (I{a)l<m),
where z-c# 0 in(i), and z-c= 0,11in (ii)and(iii).( T; Gamma function ),
(V) uen,=y @b (””“(Z)’)
Y g “_gok!l"(owl—k) ak Tk v=wz) )
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§ 1. Doubly Infinite Sum and Mixed One

In the following o, 8 ER .

Theorem 1. Let

Mk my - = D@ +RT (et MIB+ DIB - —m)
T MemIT@L DB+ - m—a)

(1) When BE&Z{, we have the following doubly infinite sums ;

oo o0 B m . _ a—p
> 3 M, ikm22) () ¢ L8 JERN )
= ¢ 4 [(~c) \z-c¢
where
z-¢c= 0,1, z=0,1, I(z-0)/zl<1, le/zl <1,
and

rB-a-m|

IT(a)l, Tea)

The identity ( notation = ) holds for (a-pEZ.

(i1) When s€Z", we have the following mixed infinite sums

§ Smecum{=y(gle iy
k=0 m=0 z b4 I'(-a) \z -c¢
Where
2-c=0,1, z=0,1, lc/zl<l, l(z-¢)/zl<o,
and

IT(a)l< o

The identity ( notation = ) holds for (x-s5)EZ .
Proof of (i). We have

-C

Z

7 — 2 k
log= c=1og(1~£)=— St (
4 z =k

<1). (4)

Operate N-fractional calculus operator N® to the both sides of ( 4 ), we obtain

o ¢ F k -k -
7 —(z—c)”"‘=—k2_1 %'—(I%—)z (lF(a)l<oo), (5)

since
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N“(log-z—:ﬁ> = (log(z-¢)~logz), (z-c=0,1. z=0,1) (6)
4

e (@) {2 -(z-¢)"} (IN(a)l <) (7)

<°°) (8)

and

af -k\ _ -k _ —imxr(k +a) -k-a F(k+a)
N[ - (), - o meLra) e ([T

by Lemmas (ii)and (1i).

Therefore, we have

a N = cf T(a+k) .
o) —z%= % —. - , 9
(z-¢) -z ;k! ) (z-0)"z (9)
hence
= Ta+k) x -
z%=) —- (z -0)%z ", (10)
;k! ['(a)
from (5 ).

Next operate N- fractional calculus operator N* to the both sides of (10), we
obtain

< ¢ T(a+k)

a _ oo AT R _ a_-k
(), —kzo 0 T (z-0)"z*),, . (11)
« _ -inﬁr‘(ﬁ— a) a-f F(ﬁ_a) < ®©
R i (= K] )
(z-0z X = LB+ (@ —C)“)ﬁ_m(z'k),,., : (13)

e mI'(B+1-m)

Now we have

AN _ - im(B-m) F(ﬁ—a_m) _ A =Btm ( F(ﬁ —a_m)
((Z 0 )ﬁ_m—e —_——F(—a) (z-0) }’——F(—a)

and

<°°). (14)

(Z—k )m - e—imn: r(k +m) —k —m

, (15)
I'(k)

by Lemma (iv) and (i), respectively.
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Therefore, we obtain

F(ﬁ - a) za—ﬁ
I'-a)

e+l Tk mTB+ DLB-a-m)(z=c\"(o\* ..,
/20 k!F(a),Zo m!IT()T (B +1-m)[(- ) ( 2 ) () (z-o)""  (16)

from (10)~(15).

Therefore, we have

2 ZM(a,ﬁ ;k,m)(f_;_‘i)m(g)k= FI(‘f—_aO;)(zfc> -f , (17)
from ( 16 ).

However the LHS ( left hand side ) of (17 ) is always one valued function, on the

contrary the RHS ( right hand side ) of ( 17 ) is many valued function for

(a-B)ZZ and one valued one for (a-pB)EZ .

Hence we must calculate as

=) " (e =) " ((a ii)zﬂ) (e

because we are now being in the field of complex analysis.
Moreover, when (-~ )E€Z hoth of the LHS and RHS of ( 17 ) are one valued
functions respectively. In this case we have (17 ) strictly.

Therefore, we obtain ( 2 ) from ( 17 ), considering ( 18 ) finally.
Proof of (ii). Set B=sEZ" in (2 ), we have then ( 3 ) clearly, under the

comditions.
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§ 2. Some Numerical Examinations for Theorem 1

[I] Examination of Theorem 1.(2)
Set
c=1, z=10, a=1/4 and B=1/2

in Theorem 1.(2), we obtain

S M(l/4,1/2;k,m)(;16>k(9)m

s

m=0

1/4
g_l.r(1/4)(ei2nn’ 9)

— (n€2) (1)
4 T(3/4 10
- 0.72044- .- (for n=0) (2)
-10.72044- .- (forn=1) (3)
- 0.72044--- (forn=2) (4)
i 0.72044- - (forn=3) (5)

When «, B, c, zER, the left hand side ( LHS ) of ( 3 ) is real, then we must
choose (2)and (4) from theset {(2),(3),(4),(5)}.

Now we have

9 )0 ( first term of )

1 0
M(1/4’1/2’0’0)(i5) (1_0 the LHS of (1)

_ —_ . <0 . (6)

Then choosing (2 ) from the set { (2}, (4 )}, since the sign of the double infinite
sum of LHS of (1 )is decided by the sign of its first term (with k =m =0 ), when

b ()12)

we have then

k+1

1 9 m+1 .
Mk+1,m+1(16> (B) > M,,_,,,=M(a,ﬁ;k,m),

® « 1 k 9\ "
E M@1/4,1/2; k,m)(——) (——-) =—0.72044-... (7)
k=0 m=0 ].O 10

from ( 2 ), considering (6 ).



Indeed we have

LHS of (7) = 2

I

o2}

Q

T(L+k)1,5& [(k+m)3D@TG=m) 19\ "
Zurd o) e

F(—4)

2

k=0

1

3

I} +k)
(D o) *

.L%(

& m! TG +1-mr-Hlio

A 2L +k)k
2lr(-4—)(1o) - k';(—) (10)

9\* & F(;}+k)-k(k+l)(_1_ :
212" T(-d) 10) 10)

& k'TG)

3 T(- ll)( )3 LG +k) k(k+1)(k+2)
312 T\ 10

3.5 T(-1)/9\*&

_——-——-——--—...

& k'TAE) (B)

x~

LG +k)kk+D)(k+2)(k+3)/1\*
(10 > (—1_5>

42" T-pl10/ & KI0CY)
+ ...............
1 ) L L, S , 59 +5-’9-13+5-9-13-17
(-4) T 40 2140 " 3140°  4140* 5140°
1 T/ o 1 5 59 50913 59-13:17
+ = (—) O+—+—+ 5 + — + <
2:3 T'(H\10 40 40% © 2140° * 3140 4140
1 2
L1 _I‘(4)(3> 0,2.,35
213-7 T(H\10 40  40°
L4659 55-9-13) 6(59-13-17)
21403 3140° 4140°
1 _r(-})(330+ 3,3:4:(5)
3-7-11 T(d) 10){ 20 T a0
4-5(5-9) 5-6(5:9'13) 6-7(5-9:13-17)
+ 3 4 + s e
2140 3140 4140
1"_ 4 3. 4 -
5 ()( ) 0+234+3452(5)
PR EIBEE r)\10. 40 40
4-5-6(5-9) 5:6-7(5-9:13) 6-7-8(5-9-13-17)
+ + +
2140° 3140* 4140°

+..}

+..}

(8)

(9)
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b (10)
= - (0.75941--) + (0.01265-+-) + (0.00205---)

+(0.00182:+-) + (0.00117++) +++++- (11)

=- 074172+ . (12)

[II] Examination of Theorem 1.(3) for (a-5)EZ
Set
c=1, z=3, a=1/2 and s=1
in Theorem 1.(3), we obtain

20 2 M(1/2,1;k, m) G)k@-) "

k
112

1/ ... .2
C—-— 12nm: l
C z(e 3) V(nEZ) (13)

~0.408240--- (for n=0) (14)
={ 0.408240--- (for n=1) (15).
Now we have

12/, © first term of
M(1/2,1 ;0,0)(5) (3) ( )

3 the LHS of (13)
_Id) 1 (16)
r-1/2) 2

Then choosing ( 14 ) from the set { ( 14 ), ( 15 ) }, since the sign of the infinite
mixed sum of LHS of ( 13 )is decided by the sign of its first term (with k =m =0 ),

1 k+ 1 2 m+]
Mk+l ,m+l(§> (E)

when

. M, = M(1/2,1;k,m),

w3 ()]

we have then

k m

o 1
E E M(1/2,1; k,m)(-31-> (%) = - 0.408240- - (17)

k=0 m=0



from ( 14 ), considering ( 16 ).
Indeed we have

ST +k)10*
LHSOE(”):;k!rJEg)G) ("l 2)

==0.5+(0.02777-+) + (0.034722- ) + (0.017361---)
+(0.007314--) + (0.002869- ) + (0.0001083-+) + ------ (20)

= - 0.40887--- . (21)

[III] Examination of Theorem 1. (3) for (a-s)EZ
Set

c=1, z=3, a=2 and s=1

in Theorem 1.(3), we obtain

o 1

3 M(2,1;k,m)< )

1 k
k=0 m=0 3

(%) - ?f:—_,l;(%) =-3, (22)

without the ad hoc shown in [I] and [I1]in which the RHS of (1) and ( 13 ) are
many valued ones.

That is, in this case both sides of § 1. (3 ) are one valued functions respec-

tively, then we have the notation = in §1.(3).

Indeed we have

el +R 1\  QTk +mO(-1-m)(2\"
NS =Ll z (23)
KB of(22) = ) = T (3> 2 m!r(z-m)r(—z)(a)

23



24

- 3 3% 3 3¢ >

+—2—<0+-2- 23 34 45 56 2
3 3 32 33 3* 35 +- ) (25)
2
- -2(22478) + Z(22313-) (26)
- - 3.00807-- . (27)

§ 3. Commentary

1. Notice that the LHS of §1. (2) is always one valued function, on
the contrary its RHS is many valued function for (- pB)¢Z and one
valued one for (a-pB)EZ.

And notice that when both of the LHS and the RHS of §1.(2)
are one valued functions respectively, namely in the case of (a-B)EZ,

we have the identity ( notation =) in § 1. (2) always.
2. " Fractional calculus" is essentially a problem in the field of complex

analysis. We should not forget that we are now being in the field of fractio-
nal calculus, that is, in that of complex analysis.
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