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Abstract

We consider fiber-preserving complex dynamics on fiber bundles
whose fibers are Riemann spheres and whose base spaces are compact
metric spaces. In this context, we show that the fiberwise Julia sets are
Ci-uniformly perfect and that the Hausdorff dimensions are greater
than a positive constant Cyp, where the constants C1 and C> do not
depend on any points in the base space. From this result, we show
that, for any semigroup G generated by a compact family of rational
maps on C of degree two or greater, there exists a positive constant
C such that the Julia set of any subsemigroup H of G is C-uniformly
perfect. In particular, we show that for any such a semigroup H, if
there exists a super attracting fixed point zp of some element of H in
the Julia set of H, then z belongs to the interior of the Julia set of H.

1 Introduction and the main results

1.1 Results on fibered rational maps

In this section, we state the results on fibered rational maps. The proofs
are given in Section 2.4. First, we provide some notation and definitions
regarding the dynamics of fibered rational maps.

Definition 1.1. { [J2]) A triplet (,Y, X) is called a ‘C-bundle’ if
1. Y and X are compact metric spaces,
2. m:Y — X is a continuous and surjective map,

3. and there exists an open covering {U;} of X such that, for each i, there
exists a homeomorphism ®; : U; x C — 7~ }(U;) such that &;({z} x



C) = r~Y(z) and @;1 0®,; : {z} x C — {z} x C is a M&bius map for
each € U; NUj, under the identification {z} x C = C.

Remark 1. By the condition 3, each fiber Y, := 7—!(z) has a complex
structure. Furthermore, given xg € X, one may find a continuous family
iz : C — Y, of homeomorphisms, for = close to zg. Such a family {i,}
is called a ‘local parameterization’. Since X is compact, we may assume
throughout this paper that there exists a compact subset My of the set of
Mébbius transformations of C such that iy o j;' € Mp for any two local
parameterizations {i;} and {j;} .
Moreover, throughout this paper, we assume the following condition:

e there exists a smooth (1,1)-form w, > 0 inducing the distance on
Y, from Y, and z — w, is continuous. That is, if {i;} is a local
parameterization, then the pull back ijw, is a positive smooth form
on C that depends continuously on z.

Definition 1.2. Let (7,Y; X) be a C-bundle. Let f:Y - Y and g: X —
X be continuous maps. Let f be called a fibered rational map over g (or a
rational map fibered over g), if

l.7rof=gonw

2. fly, : Yo — Yy(y) is a rational map, for any = € X. That is, (45,) " ©
f oig is a rational map from C to itself, for any local parameterization
ig at £ € X and ig(;) at g(z).

Notation: If f : Y — Y is a fibered rational map over g : X — X,
then we set f2 = f™|y,, for any z € X and n € N. Furthermore, we set
dn(z) = deg(f?) and d(z) = dy(z), for any z € X and n € N.

Definition 1.3. Let (7Y, X) be a C-bundle. Let f: Y — Y be a fibered
rational map over g : X — X. Then, for any z € X, we denote by
F,(f){(simply F,) the set of points y € ¥; that has a neighborhood U of
y in Y, such that {f?}nen is a normal family in U; that is, y € F if and
only if the family QF = i;nl o f1 oi, of rational maps on C (zn := g"(z) ) is
normal near i;'(y). Note that, by Remark 1, this does not depend on the
choices of local parameterizations at z and z,. Equivalently, F, is the open
subset of Yy, where the family {f?} of mappings from Y, into Y is locally
equicontinuous. We set J,(f)(simply Jz)= Yz \ Fz.

Furthermore, we set J(f) = U ex Jz» Where the closure is taken in the
space Y, F(f) = Y\J(f), and J(f)(simply J)= J(f)NYy, for each z € X.

Remark 2. There exists a fibered rational map f : ¥ — Y such that
Uzex Jz is NOT compact.

Now we define uniform perfectness.
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Definition 1.4. Let C be a positive number. Let K be a closed subset
of T. We say that K is C-uniformly perfect if, & > 2 and for any
doubly connected domain A in C such that A separates K; i.e., such that
A ¢ T\ K and both of the two connected components of C\ A have non-
empty intersections with K, mod A (the modulus of A. For the definition,
see [LV]) is less than C.

Theorem 1.5. (Main theorem A) Let (7Y, X) be a C-bundle. Let
f:Y =Y be a fibered rational map over g : X — X such that d(z) > 2,
for any x € X. Then, it follows that:

1. There exists a positive constant C such that, for any x € X, Jy and Jx
are C-uniformly perfect. Furthermore, there exists a positive constant
¢, such that diam J, > C1, for each z € X, with respect to the distance
in'Y, induced by wy. Moreover, there ezists a positive constant Cq such
that, for each x € X, the Hausdorff dimension dimg(Jz) of Jr, with
respect to the distance on Yy induced by wy, satisfies the condition that
dimg(J,) > Cs. (Note that Ci and Cy do not depend on . )

2. Suppose further that f(F(f)) C F(f)( for ezample, assume that g :
X — X is an open map). If a point z € Y satisfies f;‘(z)(z) =z and

(- ))’(z) =0 for somen € N and z € jw(z), then z belongs to the

w{z

interior of jﬁ(z) with respect to the topology of Y.

Example 1.6. Let z € C be a point. Let hy and hg be two rational maps
on T of degree two or greater. Let f : £g x C — 3 x C be the fibered
rational map associated with the generator system {hi, ho}. Suppose that
zp is a superattracting fixed point of h; and is a repelling fixed point of hs.
Then, it can easily be seen that 2z € Jy, where z = (1,1,...) € Za. Since
the shift map o : By — Yo is an open map, by Theorem 1.5 it follows that
zp belongs to the interior of Jz.

Remark 3. Uniform perfectness implies many useful properties ([BP],[Po],[Su]).
This terminology was introduced in [Po]. For a survey on uniform perfect-
ness, see [Suj. We now consider the following:

1. In [BP], it was shown that a closed subset K of C is C-uniformly per-
fect ifjmd only if there exists a constant § such that, for any component
U of C\ K,

Au(z) > &/dist(z, 8U), (1)

where A7(z) denotes the density of the hyperbolic metric of U at z
and dist(z,8U) denotes the Euclidian distance of the point z from
the set OU. (If K is bounded and U is the unbounded component of
C\ K, then (1) will hold only for all z € U sufficiently close to K.)



In the above discussion, § depends only on C, and C depends only
on 6. Detailed inequalities regarding the relationships among 4, C and
other invariants are presented in [Su]. .

2. If a closed subset K of C is C-uniformly perfect, then the Hausdorff
dimension dimy(K) of K with respect to the spherical metric satisfies
dimy(K) > C' > 0, where C' is a positive constant that depends only
on C (Theorem 7.2 in [Su]).

1.2 Results on rational semigroups

In this section, we present several results on rational semigroups. The proofs
are given in Section 2.5. Before stating results, we will first establish some
notation and definitions regarding the dynamics of rational semigroups.

For a Riemann surface S, let End(S) denote the set of all holomorphic
endomorphisms of S. In other words, it is a semigroup whose semigroup
operation constitutes a composition of maps. A rational semigroup is
a subsemigroup of End(C) without any constant elements. We say that
a rational semigroup G is a polynomial semigroup if each element of
G is a polynomial. Research on the dynamics of rational semigroups was
initiated by A. Hinkkanen and G. J. Martin ([HM1]), who were interested
in the role that the dynamics of polynomial semigroups plays in research on
various one-complex-dimensional moduli spaces for discrete groups, and by
F. Ren’s group([GR]).

Definition 1.7. Let G be a rational semigroup. We set
F(G) = {z € C | G is normal in a neighborhood of 2}, J(G) = C\ F(G).

F(Q) is called the Fatou set for G, and J(G) is called the Julia set for G.
The backward orbit G1(z) of z and the set of exceptional points E(G)
are defined by: G71(2) = Ugeeg™'(2) and E(G) = {2 € C |46 (2) < 2}
For any subset A of C, set G™1(A) = Ugeag *(A). We denote by (hi, ha, . ..)
the rational semigroup generated by the family {h;}. For a rational map g,
we denote by J(g) the Julia set of the dynamics of g.

We now present a result on uniform perfectness of Julia sets of rational
semigroups.

Theorem 1.8. (Main theorem B) Let A be a compact set in the space
{h:T — T | h: holomorphic, deg(h) > 2} with topology induced by uniform
convergence on C. Let G be a rational semigroup generated by the set A.
Then there exists a positive constant C such that each subsemigroup Hof G
satisfies the condition that J(H) is C-uniformly perfect. Furthermore, for
any subsemigroup H of G, if a point zg € J(H) satisfies the condition that
there exists an element h € H such that h(z) = zg and W (z) = 0, then it
follows that 2o int J(H).

218



220

23

Example 1.9, Let G = (h1, ho) where hy(2) = 222 + 2% and hy(2) = =,
a € C with a # 0. Then, 0 € J(G) and 0 is a superattracting fixed point of
hs. Hence, 0 €int J(@), by Theorem 1.8. Since oo is a common attracting
fixed point of h; and hg, we have co € F(G). Furthermore, let H be a
subsemigroup of G such that 0 € J(H) and hy € H. Then, by Theorem 1.8
again, we have 0 €int J(H). Moreover, we have oo € F(H).

In particular, let Ho be a subsemigroup of G that is generated by G\ (h1).
Then we have all of the following:

1. 0 € int J(H())
2. 0 € F(Ho)
3. For any finitely generated subsemigroup H; of Hy, we have 0 € F(Hq).

For, since 0 €int J(G), J(G) = UgecJ(g) (Corollary 3.1 in (HM1]), and
J(h1) is nowhere dense, we obtain that there exists a suquence (gn) in Ho
such that d(0,J{gn)) — 0 as n — oo. Hence, 0 € J(Hp). Since 0 is a
superattracting fixed point of hy and hy € Hg, by Theorem 1.8 we obtain
0 € int J(Hp). Since Hy C G and 0o € F(G), we obtain oo € F(Hy). For any
finitely generated subsemigroup H; of Hy, since 0 is a common attracting
fixed point of any element of Hp, it follows that 0 € F(H;).

Remark 4. In [HM2], by A. Hinkkanen and G. Martin, it was shown that
a finitely generated rational semigroup G such that each g € GG is of degree
two or greater satisfies the condition that J(G) is uniformly perfect. In [St],
by R. Stankewitz, it was shown that, if A (this is allowed to have an element
of degree one) is a family of rational maps on C such that the Lipschitz
constant of each element of A with respect to the spherical metric on C
is uniformly bounded, then the Julia set of semigroup G generated by A is
uniformly perfect. However, there has been no research done on the uniform
perfectness of the Julia sets of subsemigroups of such a semigroup. In [HM2]
and [St}, the proofs were based on the density of repelling fixed points in
the Julia sets (which was shown by an application of Ahlfors’s five-island
theorem), whereas, in this paper, the proof of Theorem 1.8 is based on
the combination of the density of repelling fixed points in a Julia set with
Proposition 2.2 (potential theory).

2 Tools and Proofs

We now present the proofs of the main results, meanwhile providing further
notation and tools.

2.1 Fundamental properties of fibered rational maps

By means of definitions, the following lemma can be easily shown.



Lemma 2.1. Let (1,Y,X) be a C-bundle. Let f : Y — Y be a fibered
rational map over g : X — X. Then,

1. For each z € X, fot(Fye) = For f5 ' (Jgte)) = Jo. Furthermore,
) < Jf)-

2. If g+ X — X is an open map, then FYUIF)) = J(f) and FF(f)) C
F(f).

8. Ifg: X — X is a surjective and open map, then FUI) = Jd(f) =
FUI) and fHE(f)) = F(f) = F(F(£)).
Proof. This proof is the same as that for Lemma 2.4 in [S1]. O

2.2 Fundamental properties of rational semigroups

For a rational semigroup G, for each f € G, it holds that f(F(G)) C F(G)
and f~1(J(G)) C J(G). Note that this equality does not hold in gen-
eral. If §J(G) > 3, then J(G) is a perfect set, $E(G) < 2, J(G) is
the smallest closed backward invariant set containing at least three points,
and J(G) is the closure of the union of all repelling fixed points of the el-
ements of @, which implies that J(G) = e J(g)- If a point z is not
in E(G), then, for every z € J(G), z € G~1(2). In particular, if z €
J(GY\ E(G) then G~1(z) = J(@). For more precise statements, see Lemma
2.3 in [93], for which the proof is based on [HMI] and [GR]. Further-
more, if G is generated by a precompact subset A of End(C), then J(G) =
Usen FHI(G)) = Usex R~Y(J(G)). In particular, if A is compact, then
J(G) = Usea £ H(J(G))([81]). We call this property of the Julia set back-
ward self-similarity.

Remark 5. In the context of backward self-similarity, the existing research -

on the Julia sets of rational semigroups may be considered as a kind of
generalization of the research on self-similar sets constructed by some sim-
ilarity transformations from C to itself, which can be regarded as the Julia
sets of some rational semigroups. It can be easily seen that the Sierpidski
gasket is the Julia set of a rational semigroup G = (h1, h2, h3), where
hi(z) = 2(z — pi) + P, e = 1,2, 3, with p1pops a regular triangle.

2.3 Potential theory and measure theory

For the proof of results on uniform perfectness, Johnness, etc., let us borrow
some notation from [J2] and [S1], concerning potential theoretic aspects. By
the arguments in [J2] and [S1], for a fibered rational map f : Y — Y over g :
X — X with d(z) > 2, for each z € X, one can show a result corresponding
to Proposition 2.5 in [S1], using the arguments in §3 in {J2] and from pp.
580-581 in [S1] . In this paper, the following statements, and especially the
lower semicontinuity of z — J;(f), are necessary. (Proposition 2.2.3).
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Proposition 2.2. Let (,Y,X) be a C-bundle. Let f : Y —Y be a rational
map fibered over g : X — X. Assume that d(z) > 2, for each z € X. Then,
for each x € X, there exists a Borel probability measure fy 00 Y satisfying
all of the following.

1. z — pg is continuous with respect to the weak topology of probability
measures in Y.

2. supp(pz) = Jg, for each z € X.

3. x +— Jy is lower semicontinuous with respect to the Hausdorff metric
in the space of the non-empty compact subsets of Y. That is, if z,z" €
X,2" — x asn — oo and y € Jy, then there exists o sequence (yn)
of points in Y with y, € Jyn, for each n € N, such that yp — y as
n — OC.

Furthermore , Ju(f) is a non-empty perfect set, for each z € X.

Proof. Since d(z) > 2, for each z € X, and 2 — d(z) is continuous, we can
demonstrate these statements in the same way as in §3 in [J2}, using the
argument from pp. 580-581 in [S1]. The statement 3 follows easily from 1

and 2.
Od

2.4 Proof of main theorem A

In this section, we present a proof of main theorem A in Section 1.1.

Proof of Theorem 1.5. First, we prove statement 1. Since, for each
z € X, Jis a non-empty perfect set (Proposition 2.2), it has uncountably
many points. Combined with the lower semicontinuity of the map z — Jy
(statement 3 in Proposition 2.2) and the compactness of X, this suggests
that, for any z € X, one can take four points 2g,1, 22,2, 22,3 and zz4 in Jy
so that d(zz4, 2z,;) > C1, whenever ¢ # j and z € X, for some constant Ch1
independent of (i,7) and z € X.

Suppose that there exists a sequence of annuli {D;} with D; C Yy, 7 €
X such that Dj; separates Jy,, for each j and mod Dj — oo as j — oo. Let

D), and D} be the two components of Y, \ D;. We may assume that

diam D} — 0 as j — oo. (2)

For, by the existence of {z;;}5, it may be assumed that inf;en diam D;- >
0. Then, since mod D; — oo as j — oo, by Lemma 6.1 on p. 34 in [LV] it
follows that diam D} — 0 as j — oo.

It may also be assumed that (intD}) N Jy; # 0, for each j € N. Hence,
there exists a smallest positive integer n; such that diam f™ +1(Dg-’) > C;.



Then, there exists a constant lg such that lpC) < diam f™ (D7), for each j.
Since diam f™i(D}) < Cy, there exist three distinct points in {Zm;.,z'}izl,,.. 4
none of which belongs to f"/(DY), where 2 = g"i(x;). Since D; C Fy,, it
follows that none of these three points belongs to f™(D;), or to f(D; U
DY}). Let ; : {|2] < 1} — D; U D be a Riemann map such that v;(0) =
yj € D7 (Note that we may assume that int Dj # @ for each j ). Then, from
the above, it follows that, if we set o; = z';,,lf”izpj : {|z] < 1} — C then
{a;}jen is normal in {|z| < 1}. But this causes a contradiction, because
diam go;l(D;’ )~ 0 as j — oo, which follows from mod cpj_l(Dj) = mod
Dj — 00 as j — oo, and [pCy < diam f" (DY), for each j.

Next, suppose that there exists a sequence of annuli {D;} with D; C
Yy, xj € X such that Dj; separates Jz,;, for each j, and mod D; — oo
as j — 00. Let D} and D} be the two components of Yz, \ Dj. As in the
previous paragraph, it may be assumed that diam D} — 0 as j — oo.

Fix any j € N. Let y € Dj N Jx ; be a point. There exists a sequence
(Zjmy Yjn))n in X XY with g5, € Jy, , for each n € N, such that y;n —y
as n — oo. Then it follows that there exists a number n(j) € N such that
Ju; iy © DyUDY. Since Jy, , N D} # @ (take n(j) sufficiently large), by the
previous paragraph, it must be that J;, . C Dy, for large j. However, this
contradicts the existence of {z;;}s,:, because it is also the case that diam
D;’ — 0 as j — oo. Hence, we have proved the first and the second state-
ments in 1. The third statement in 1 follows from the uniform perfectness
of J, , the continuity of wy, and Theorem 7.2 in [Su}.

Next, we prove statement 2. Suppose the point z belongs to the boundary
of J, with respect to the topology of Y, where z = m(z). Under a coordinate
exchange, the map f® around z is conjugate to a(z) = z* for some [ € N.
Since fM{Yz\ Jo) C Yz \ Jp, there exists an annulus 4 around z in Yy that
separates J; and is isomorphic to a round annulus A’ = {r < |2| < R} in the
above coordinate. Then, mod (f7%(A)) = mod (a*(A4’)) — 00 as s — 0. In
addition, f7*(A) separates Jy, for each s € N. This contradicts the fact that
J, is uniformly perfect. O

Corollary 2.8. (Corollary of Theorem 1.5) Let (7,Y = X X C, X) bea
trivial C-bundle. Let f : Y — Y be a fibered rational map over g : X — X
such that fy is a polynomial with d(z) > 2, for each x € X. Let R >0 be
a number such that for each x € X, mgJy(f) C {2z | d(2,00) > R}, where
TErY — T denotes the projection and d denotes the spherical metric. (Note
that such an R ezists, since d(z) > 2 for each © € X.) Let py(2)|dz| be the
hyperbolic metric on tAL(f). Let 8:(2) = infyeanzaa(f) 12 — w| for each
z € 1gA(f)NC. Then, there ezists a positive constant C depending only on
 and R such that for each © € X and each z € ngAx(f)NH{z | d(z,00) > R},
we have C < pp(2)6z(2) < 1.

Proof. pz(2)6;(2) <1 follows easily from the Schwarz lemma.
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Next, as in the proof of Theorem 1.5, for any z € X, we can take two
points z; ) and z, 9 in Jy(f) so that d(2s,1, 2z,2) > co, whenever z € X, for
some positive constant cp independent of z € X. Let (2} be a Mobius
transformation such that 9,(z,1) = oo and 4, preserves the spherical met-
ric. Let By = ¢ (mgA(f)) (C C). By Theorem 1.5 and Theorem 2.16 in
[Suj, there exists a positive constant ¢; such that for each z € X and each
z € B, NC, pp1(2)infyesn, |z — w| > c1, where pg1(2)|dz| denotes the
hyperbolic metric on By.

Let z € A(f) N {y | d(y,223) > co/2,d(y,0c0) > R}. Then, we have
pz(2) = pr, (V2 (2))|¥5(2)]. Since ¢u(2) € {y | d(y, Yu(00)) > R, d(y, 00) >
co/2} and 97 ({y | d(y, ¥2(00)) > R}) C {y | d(y, 00) > R}, by the Cauchy
formula, we have [¢,(2)] = |(¥71)' (¥2(2))|7* > c2, where ¢; is a positive
constant independent of ¢ and z.

Next, let wo € O(ngdz(f)) = 7gJo(f) be a point such that d,(z) =
[z - ’wol.

Suppose case (1): wo € {y | d(y, z5,1) < co/4}. Then, [z—wo| > c3, where
¢3 is a positive constant depending only on cp. Further, infyean, [¢¥=(2) —
w] < |2(2) — ¥z (2z2)| < c4, where ¢4 is a positive constant depending only
on ¢g. Hence, 05(2) 2 2 infyeap, [¥(2) — wl-

Suppose case (2): wg € {y | d(y, 25,1) > co/4}. Let v be the Euclidean
segment connecting z and wg. Then, d(z,1,7) > ¢s, Where c5 is a positive
constant depending only on ¢y, which implies d{co, ¢¥(7y)) > c5. Hence, by
the Cauchy formula, we have infyeap, [¥2(2) — w| < |¥x(2) — ¥u(wo)| <
SUDyey |95 (w)] - |2 — wo| < cgdz(2), where cg is a positive constant indepen-
dent of z and zg.

From these arguments, we find that there exists a positive constant
cr depending only on f and R, such that for each z € (7gds(f)) N {y |
d(y, zz1) > c0/2,d(y, o0) > R}, we have p,(2)6;(z) > c7. Similarly, we find
that there exists a positive constant cg depending only on f and R, such
that for each z € {rgAz(f)) N{y | d(y, 2z,2) > co/2,d(y, o) > R}, we have
pz(2)05(2) 2 cg. Since d(zy1,252) > cp, we obtain the statement of the

Corollary.
|

2.5 Proof of main theorem B

In this section, we prove main theorem B in Section 1.2.

Proof of Theorem 1.8. Let f: AN x C — AN x C be the fibered rational
map over the shift map g : AN — AN (g(hy,ho, h3,-++) = (ho, hg,--))
defined as f((h1, he, ), y) = ((he, ha, ), h1(y)). Then, by Theorem 1.5,
there exist positive constants Cy and C7 such that each g € G satisfies the
conditions that J{g) is Co-uniformly perfect and that diam J(g) > Ci.

Let H be any subsemigroup of G. Let A be an annulus that separates



J(H). Let V; and V5 be two connected components of C \ A. Since J(G) =
Ugee J(9) (Corollary 3.1 in [HM1]) , there exist elements g; and g in H
such that J{g1) NV1 # 0 and J(gz) N V2 # 0.

If J(g1)NVa# Bor J(g2)NVi #0, then mod A < Co. If J(g1)NV2 =0
and J(go) N V1 = @, then, by Lemma 3.1 on p. 34 in [LV], there exists a
constant C' = C(C}) that depends only on Cy such that mod A < C. The
second statement follows from the uniform perfectness of J(H) and Theorem
4.1 in [HM2]. 0
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