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THE UNIVERSAL DEFINING EQUATIONS OF ABELIAN SURFACES
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1. PRELIMINARIES

Let A = C?/1Z2 + Z?, 7 € H, be a principally polarized abelian surface, and we put
A=A ®Ay =172+ 7% Let H be a hermitian form on C2? given by (Im7)~?, and E = Im H,
that is, E(v,w) = Im{v(Im 1)~ @) = tvyws — twgw; for v = Tv; + vy and w = 7wy + we. In
particular (1): E(A,A) C Z. We define a : A — C* by a(\) = (—1)" %2 for A = 1Ay + Aa.
Then (2): a(A + p) = a(A)a(u) expmiE(A, u).

We put Lo = L(H, @), that is the quotient of trivial line bundle C x C? by the action of A

((@,v),A) — (ex(v)a,v+A) a€CweCihreA

ex(v) = a(\) exp(rH (v, ) + gH(,\, A)).

Let L = Lf = L(kH,o*), K(L) = {z € A | T)L = L} = Ay = {x € A | kz = 0}. We
decompose K(L) = K(L); ® K{L),. Then the Riemann-Roch theorem says
dim H(A, L) = $K (L)1 = §K(L)a.
We can construct the standard basis of H%(A, L). Let B be a symmetric form on C? given
by B(v,w) = *v(Im7)~'w. We consider M = L(H,a) for any pair (H,c) which satisfies (1)
and (2). For z € K(M);, we define

M (v) = exp (—T-r—B(fu,v) - E(H - B)(z + 2’0,m)) Z exp (ﬂ‘(H = B)(z4v,)) - E(H - B){(}, )\)) ,
2 2 oy 2
1
then {92} ,cx(ar), form a basis of HY(4, M).
Now we put k = 3, L = L}. Then the canonical map

o0 o0
¢ : @ Sym" H'(A, L) — (P H®(4,L7)
n=0 k=0
is surjective by the theorem of Koizumi({Kol, Corollary 4.7]), and ker ¢ is generated by the
elements of degree 2 and 3 by the theorem of Sekiguchi([S, Main Theorem]).
2. QUADRATIC EQUATIONS

We consider the map ¢, : Sym? H%(A, L) — HO(A, L?). Then dimker gy = 45 — 36 = 9,
thus we have 9 linearly independent equations.

Lemma 1 (Addition formula). We denote Z; = K(L?); N Ay. For any z1,z5 € K (L)1,

2 "‘93151 Z '9@12+z 0)- ﬁy-u
2672
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with y1,y2 € K(L?)1 such that y +y2 = 21 and y — yo = 2.
For the proof, see (LB, (1.3), Chapter 7], or also see [M1, p339].

Now we use the following notation: K(L?); = {¥(a,b) | a,b € {0,3,6,9,12,15}}, K(L); =
{a,d) | a,b € {0,6,12}} and Zy = {*(a,d) | a,b € {O 9}}. Since K(L2)1 K(L)1 ® Za, we
can take K(L); as the representative system of K{(L?),/Z,.

For y € K(L)1, let W, C H®(A,L?) be the space spanned by {ﬁi‘iz}zez2 and V, C
Sym? H%(A, L) be the space spanned by {ﬂy_,_u _wtuek(L);- Then @ maps Vj onto Wy,
and we write ¢} : V;, - W), the restriction of 3. We decompose

Sym*H'A,L)= @ V,, HYAL)= P W,
yeK (L) yEK(L)

For simplicity, we write X, 5 = @9{;, Yop = 1‘}:{:2 and g(y) = 19{7 (0}, with y (or z) = (%)
Then ¢} is given by

05 (Xy+uXy—u) = Z q(u + 2)Yyiz.

2€Z2
For example the case of y = ¥(0,0) = 0, we have
X&o 9(8) a(9) a(@) a(D\ /3.
X6,0X12,0 g(§) a(3) a(¥) (%) Yo’g
05 | XosXoaz | =1 a(8) ¢(%) ¢() a(3) Ve
Xe,5X12,12 g(8) (%) a(¥) q(i2) YQ’O
X6,12X12,6 (&) q(§) a(if) (%) 9

We write M the 5 % 4 representation matrix above, and let M} be the matrix removing the
k-th row vector from M. Then for by = (—1)’Cle det My, we see

(h1y.. ,hs) - H(XGg, ... » Xs12X12,6) = 0.

Theorem 1. We have 9 quadratic equations:

(q1) h1 X5 o+ haXe0X120 + h3Xo6Xo,12 + haX66X12,12 + h5 X612 X126 = 0,
(q2) h1 X2+ hoX120Xop + haXe X612 + haX12,6Xo0,12 + hs X12,12X0,6 = 0,
(¢3) h1 X720+ haXo0Xe0 + hsX126X12,12 + haXo,sXe,12 + h5 Xo,12X6,6 = 0,
(q4) th§,6 + ho X6 X126 + haXo,12X0,0 + RaXe,12X12,0 + h5 X6,0X1212 = 0,
(g5) hX§ 6+ haX126Xo06 + haXe12Xe0 + haX12,12X0,0 + hs X12,0X0,12 = 0,
(g6) h1 X% 6 + haXo6Xe6 + haX12,12X12,0 + haXo,12X6,0 + h5X0,0X6,12 = 0,
(q7) th§,12 + haXe,12X12,12 + h3Xo0Xo0,6 + haXe0X126 + hs X6 5X120 =0,
(¢8) h1 X3 15 + hoX12,12X0,12 + haX6,0X6,6 + haX12,0X0,6 + hs X126X0,0 = 0,
(q9) h1 X35 15 + ho X012 X612 + h3X12,0X12,6 + haXo0,0Xs,6 + hs X0,6X5,0 = 0.

Here hy = (—1)F*1det My (1 <k <5).
We can regard q or h as functions in 7. Then

3 . 1 {2a
q (3‘;) = Z exp 6mit[m — T (Zb)]’

meZ?
and each h; is quartic polynomial in these ¢’s, and belongs to Ma(I'%(12)).
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Theorem 2. For each 1 < k < 5, hy, is contained in the space M>(T?(3),¢), with a character
e of T'%(3)/T2(12) such that & = 1.

For the proof of this theorem, we use the fact that the group G = I'*(3)/I'?(12) = IT'?/I'?(4),
and G is generated by the elements

12 33 12 O to
(5 %) (5 n) s-s

The ring structure of the graded ring of Siegel modular forms of degree 2, level 3 is already
known by Freitag and Salvati Manni [FS). They showed

o0
@Mk(FZ(S)) = C{tla oo Us, flv ey f5]
k=0
with t1,...,ts € M(T%(3)) and fi,...,fs € M3(I'%(3)). They have 5 relations in weight 5,
and 15 relations in weight 6.
From this fact, we can rewrite the above functions hy, ... , hs by using ¢1,...,¢sand fi1,..., f5
as follows.

1
h? (fitr — 82+ 4t (83 + 13 + 13 + 13) — 24tatstats),

1= 916
hihy = %( fota + 36342 — 12t tatats),
hihg = 1—(1J~§( fata + 3t342 — 12t1tatats),
hihg = —l-%g( faty + 36342 — 12t totsts),
hihs = 1(1)—8( fsts + 3t2t2 — 12t1tatsts).

3. CUBIC EQUATIONS

Next we consider the map o3 : Sym® H%(A4, L) — H°(A,L?). We need dimker 3 = 165 —
81 = 84 relations. However, in this case, all the generators of ker @3 is given by the theorem
of Birkenhake and Lange.

Let Zg = AsNK(L%),. Forp € Zg = Hom(Zg, CY), y1 € K(L5); and yz € K(L?)1 we define

8 2
Oty ) @) = > p(@)0L_,(v)07,_34(v).
aEZg

Theorem 3 (Cubic theta relations [BL, Theorem 3.3]). Let L be an ample line bundle on A
and essume L = Lg for a line bundle Ly. Then all the cubic theta relations are given by the
following form:

L L L
9(5‘1 =y2)’/’(0) Z P <b)19yi+y’2+ys+2bﬁy’1 -—y'3+y3+2619—2y'1+y3+2b
beZsg

— L L L
= 01y 12,0(0) D PO)OL: 1ot 12605, —g-tys 4259 “ 2 s+ 20
) b€Zg

Here p € Ze, y1, 4} € K(L%)1, o, 4} € K(L?)1 and y3 € K(L%); such that

{y,l+y$+ys, y1—y2+y3, —2y1 +ys,
yi+vh+ys, Yi-vhtys, —201+w
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belong to K(L)1.

Using this theorem, we can write down all the 84 generators of ker ¢3. Let W3 = {0, 3, 6},
and Zg be the set of all the character p of Zg such that p® = 1, that is, all the character of
W$ mod 9 = (Z/3Z)?. We define the character p1,...,ps € Z§ by

p(3) =1, p2(3) =w, {ps()—w, {mg):w,
p1(d) =w. p2(3) =1 (§) =w. pe() =w.

For p € 25“ , we define

with

o (T Y\ _ 3a 6a— 2z 6b—2z
0 (z w)_ Z p(3b)@[18a——2y 185 — 2w|’

a,beZ/6Z
© [ccz Z] (r) = Z expm‘((lo8 2) [N—i— glg (z Z):' 7).
NeMq(Z)

Theorem 4. The following list contains all of the 84 linearly independent relations of degree

3.
o1 (0 0)
(c1) Z X3, =3 Wg‘g—)(Xo,ons,oXlz,o + Xo6X6,6X12,6 + Xo,12X6,12X12,12)
(a,b)eK (L), 0o
61 (0 0)
(c2) =3 91 (8 3) (Xo0,0Xo,6Xo0,12 + X6,0X6,6X6,12 + X12,0X12,6X12,12)
(c3) 3 (0 2; (Xo0,0X6,6X12,12 + Xo0,6Xs,12X12,0 + X0,12X12,6X6,0)
(cd) =3 961 (( 3 0)) {Xo,0Xs, 12X12 6 + X6,6X0,12X12,0 + Xi2,12X0,6X6,0)
01
ger (0
dl X3 +X3 +X3 - Xx3 '"Xgﬁ -*X%zﬁ =3 (00)(X0,0X6,0X12,9 _XO’GXG)SXIQ'S),
(d1) 00t Xgo T Xi20— Ao , , ger (08 )
g (00
(@2) X§o+ X0+ Xia0— X510~ X 10— Xi212 =3 o E )(Xo,oXs,GXw,o — Xo,12X6,12X12,12),
88
grz 0 0
(d3)  X3o+ X0+ X512 — XS0~ X3o— X512 =3 ng ;(Xo 0Xo0,6Xo0,12 ~ Xe,0X6,6X6,12),
58
2 (00
(d4) X3o+ KXo g+ Xg 10— Xino — Xiog — Xizpa = 3 23 8;(X0,0X0,6X0,12 — X12,0X12,6X12,12)s
1 i) 5 Y k) 6
00
(d5) X&o+ X3+ Xio1a—Xops— X§19— X = 28 2; (X0,0X6,6X12,12 — Xo,6X6,12X12,0);
0
(d6) Xg’,o + Xg’,e + Xf’z’w — Xg,u - Xg')o - sz’ﬁ =3 o E% %%(Xo,nxa,sxu,m — Xo12X8,0X12,6)s
gea
d7) XEo+Xg1n+ Xia’z,s ~X5o— X% X3e=3 —_gp (00 2) (Xo,0X6,12X12,6 — X6,0X1212%X0,6)5
' ’ 012
gr4 (N0}
(8) X3o+XE1,+ Xihe— Xiao— X2 — Xes=3 G086 ((00 2)) (Xo0,0X6,12X12,6 — X12,0X0,12X6,6);
* ., 3 y 0 12
00
(e1,) Y p(8) X3asr26K2a,1242 = (( 24 g )) ( > p(%) Xo+2a,6+26X12+20,6+26 K2a,12425);

a,bEWs a,bEW3
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or 40
(e2,) > p(8) X820 X 12420, = G ((23))( > p(8) Xot2a 6426 Xe+2a,12425 X12420,28)
08

a,bEW3 a,beWs
ge (00
(e30) > p(8) X3, 6420 X202 = #&3;( > p(8) Xo12a,6426X12420 6425 X20,28),
a,beW;3 20/ 4 beWs
ge (20
(e4,) Z p(2) Xe 12020 X2a,20 = gp((gg))( Z 2{%) Xet+2a,6+26X6+2a,124+26X 24,28
a,bEW3 067 4pews
2 62 (38)
(e5,) Z P(%) Xsra,6+26X12424,12428 = 7(19) ( Z P (%) Xe+2a,12+26 X6+20,26 X12+24,12428),
a,beWs 48/ abew,
aQ 2 —_— 9[’ (g 8) a X X X
(e6,) D P(8) XerrasszX12+2a,28 = Go(10) ( D p(8) Xotza,12426 X6 420,28 X12420,25);
a,beEWs 26/ 4 bcWs
a 2 6° (2 g) a
(e7,) > p(8) X g0 28 X0a1240 = TR ( D> () Xiz420 6420 X20,6+25X2a,12425),
a,beWs 18/ 4 beWs
gr 20 .
(e8,) Y p(5) Xei2a642K2a,28 = 9,,((22 2)) (- (%) Xorzaizs26Xe+20,6+20X20,20)-
a,beWs 207 apews

In the last 8 equations (elp), ..., (e8,), p runs all the characters in ’Z\g*
For the coefficients, we have the following:

Theorem 5. For each 6° (22 59 there is a character x on T'%(3) such that x* = 1, and
2z 6w X

07 (22 %) € M1(I?(3),x). These characters are trivial on T%(9) and depend only on z, z and

p- In particular, all the coefficients of the defining equations in Theorem 4 are I'2(3)-invariant
meromorphic functions.

And we can show the following relations.

87 (38) 67 (§ ) = 112 — t3tyts,

o (88)" = L6+ 2088 - 48} — 4 - 4 - o),

1
91 (99)6* (98) = §(t3t4t5 + titgts + titats + titts + tots + tataty + t3t3 -+ tat2),
1
216( —t5 + 403 + 13 + 13 + £3) + f1 + 61323
+ 2fs + 24(tatats + tots + totd + tits + tot? + tat2 + t315)).

To prove the theorem, we can show that the group I'?(3)/T%(36) are generated by the

following elements:
13 38 1 0O to
(5 %) (5 0) s=s

Ui 0 . (11 /(10 (4 3
(0 tUi—l) (1SZS3)7 Ul—(o 1)1U2—(1 1)1 U3‘“(___3 _2)7
1o (]58 1, 0 1s —018
o 1,20 )lo 1)

6" (98)° =
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By the theory of the theta series of quadratic forms (cf. [A, Chapter 1, 2]), we can check
the modularity for the above generators directory.

4, EXPLICIT FORM OF THE DEFINING EQUATIONS

Finally we consider the problem: find the relations derived from quadratic relations among
the cubic relations. Since dim(ker gy ® H%(A, L)) =9 x 9 = 81 < 84 = dimKker 3, we need at
least 3 cubic relations. In fact we have the following theorem.

Theorem 6 (Main Theorem). Let ng, X()l, X()Q, XIO; Xll; X12, ng, X21 and ng be the
coordinate of P8, The defining equations of an abelian surface C2/(7Z* + Z?) is given by the
following 12 eguations.

h1 X3y + haX10Xao + hsXo1 Xoz + haX11 X2o + hs X12X21 = 0,
h1 X% + haXa0Xoo + haX11X12 + ha X1 Xo2 + hs Xo2 Xo1 = 0,
h1 X3y + haXooX10 + haXa1 X20 + haXo1 X12 + ks Xo2 X11 = 0,
h1Xg1 + hoX11Xo1 + haXgoXoo + haX12X00 + hs X190 X2 =0,
h1 X% + haXo1 Xo1 + ks X12X10 + haX22 X00 + hs X20 X0z = 0,
h1 X3 + hoXo1X11 + hsXoa Xa0 + haXg2 X0 + hs Xoo X12 = 0,
h1 X2, + haX12 X2z + haXopXo1 + haX10Xa1 + hsX11X20 =0,
h1 X% + ha X2 Xos + haX10X11 + haXooXo1 + hs X21Xoo =0,
h1 X35 + haXo2 X12 + haXa0 X1 + h4XooX11 + hs X1 X10 = 0,

X3+ X3+ X3+ X% + X3 + X+ X + X35, + X3,
t
=3 é(XooXszo + X1 X11X21 + X2 X12X29),

i

=3 zi(XooXmXaz + X10X11 X12 + X320 X021 X22),
t

=3 é(XOOXIIXZ’Z + Xo1 X12X20 + Xo2X21X10)-
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