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ON 2-EXTENSIONS WITH RESTRICTED RAMIFICATION

DENIS VOGEL

ABSTRACT. We study the connection between Massey products and relations
in pro-p-groups and give an arithmetical example related to the 2-class field
tower of quadratic number fields.

1. MASSEY PRODUCTS AND RELATIONS IN PRO-p-GROUPS

In this section we generalize the well-known connection between the cup product
in the cohomology of pro-p-groups and presentations of pro-p-groups in terms of
generators and relations. '

Let p be a prime number and G a finitely generated pro-p-group. In the following
we will make use of the cohomology groups H'(G, Z/pZ), and for simplicity we will
denote them by H*(G). We set n = dimg/,z H Y@). It is well-known that this is
the generator rank of G. Let

1 y R F y G — 1

be a minimal presentation of G, where F is a free pro-p-group on generators
z1,...,Zn. Using the Hochschild-Serre spectral sequence we obtain the exact se-

quence
0 s HYC) —2 H(F) = HY(R)® —5— H*(C) — 0.

By the minimality of the above presentation it follows that the inﬁétion map

inf : HY(G) — H'(F)
is an isomorphism by which will identify both groups in the following. In particular, .
also the transgression map

tg: HY(R)® — H*(G)
is an isomorphism. For each p € R we have the trace map

tr, 1 H(G) — Z/pZ, ¢ (tg7" 8)(p)-

Let I be the kernel of the augmentation map Fy[F] — F, where F,[F] denotes the
complete group algebra of F" over Fy,. Setting

Fy={feF|f-1el™}

we have a filtration on F, the so-called Zassenhaus filtration.
Tt is well known that the cup product pairing

HYG) x HY(G) 3 H(G)
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yields some information on R: If x1,...,xn denotes the dual basis of H'(F) =
Hom(F,Z/pZ) to %1, ...,%n then for each p € R we have

pP= H prkk H (zk,x;)b“ mod F(g)

1<k<i<n
(here (zy, ;) is the commutator m;lazz"lwkm), with
tr,(xe Uxi) = —bt-

We are going to study what happens if the cup product is trivial. In this case we
have triple Massey products, which are defined as follows. Let u1,ug,us € H(G)
with uy Uug = 0, up Uus = 0. Then there exist 1-cochains w1z, g3, such that on
the level of 2-cochains we have

w1 U ug = Ougg, Ug Uug = Ouss,

and we set
(w1, ug, us) = [u1 Utigg + u12 Uug] € H*(G),

where [-] denotes the cohomology class of the corresponding cocycle. We remark
that (ug,ug, uz) is independent of the choices we made. Generalizing this, we can de-
fine Massey products (u1,...,un) of length m for us, ..., un € H{(G) ([Mo],[Vo]),
in general, however, (u1,...,un) lies in some quotient of H%(G). We give a cri-
terion when (ug,...,u,) lies inside H%(@) and calculate tr {uy,...,uy) in this
case. In order to do so, we need the notations of the Fox differential calculus. If
Z,[F] denotes the complete group algebra of F over Z, and % : Z,[F] — Z, the

augmentation map, then for each ¢ = 1,..., n there exist uniquely determined maps
d
5+ LlF] = LI,

th so-called free derivatives, such that the equation

a)lg [r + Z (fﬂz -1

holds for each a € Zy[F]. For 1 <i1,...,%m < n we define

5(51,.,.,7:172) : F - Z’TJ) f s /‘/) (W) mod p.
L2 tm

We have the following theorem (see [Mo],[Vo]).

Theorem 1.1. R is contained in Fiyy if and only if all Massey products up to
length m — 1 are trivial. In this case all Massey products of length m are inside
H*(@), and for uy,...,um € HY(G), p € R we have

tTp(Ut, . ey U = (—1)™ 71 Z U(Tiy) - oo U (i, )E (g i) ()
1<, 0 tm S0
In particular
trp<Xi1 yrros Xz'm> = (*1)m_1€(¢1,‘,.,im)(9)

For p € Fipy the €, :,)(p) are intimately connected to the image of p in
Fimy/ Fim+1)- We give the following example.
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Example 1.2. If p € Fg) and p # 3 then
f= H (T T1), L )P S () H ((zg, z1), z)5®0 ) mod Fy.

1<k<i<n 1<k<i<n
m<i

9. ON THE 2-CLASS FIELD TOWER OF IMAGINARY QUADRATIC NUMBER FIELDS

In this section we study an example of a triple Massey product coming from number
theory. For this purpose we consider the relation structure of the 2-class field tower
of an imaginary quadratic number field.

Let K be an imaginary quadratic number field and let K¢ be the maximal unram-
ified 2-extension of K. Let S = {l1,...,ln, o0} denote the set of ramified primes in
K/Q. A result of Koch describes the structure of G(Kg/K) in terms of generators
and relations.

Theorem 2.1. (Koch, [Koj) There exists a minimal presentation

1 —— R F G(Kg/K) — 1
of G(K g/ K) where F is o free pro-2-group on generators Ty, ..., Tn-1. The relation
subgroup R is generated as a normal subgroup of F by relators r1,...,7n which are
given modulo Fiz) by
T = z‘ffm”‘ H (a:fna:?(:r:m,xj))émd mod Fgy, m=1,...,m,
1€jsn~1
j#Em

-1

H (z2 )™  mod Fg),
m=1

i

with

We consider the case that R lies inside Figzy. In the first section we have seen
how the description of R modulo Figy is connected to triple Massey products. An
arithmetic interpretation of the pairings

HA(G(Kp K)) x H (CUKs/K)) x H (G(Ko/K)) 5! HYG(Ka/K)) % 2/22

(here H(G(Kz/K)) = H(G(Kg/K),Z/2L)) is given by the Rédei symbol. This
symbol was introduced by Reédei (|Re]) in 1934 and is defined as follows. We
consider prime numbers pi1, p2, p3 with p; =1 mod 4 and

<ﬁ>:<&>:<&>=1
P2 3 P3
Let o = z + y4/D1, where ¢,y € Z are solutions of

2t —pyy? — 2 =0
that have to fulfill some additional conditions. Then there exists a prime ideal p3
in ky = Q(/p1) above p3 such that pz is unramified in k1 (y/a), and we define the
Rédei symbol [p1,p2, ps] by

[ . 1, if pg splits in ki (v@),
P1, P2, 03] = —1, if pg is inert in ki(v/a).
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The Rédei symbol is independent of the choices we made ([Re]). We have the
following theorem (see [Vol).

Theorem 2.2. Let K = QD) where D = =11 - ... Ly with Iy, e oyln—1 =1
mod 4 and l,, =3 mod 4, and assume that

(%) =1foral 1<4,7<n, t#]

J
Then R C Fg), and for m = 1,...,n— 1 we have
Tm = H ((2?,;, i‘j), I;r,)ei'j"“’m mod F(4),
1<i<j<n~1,
k<j

where for pairwise distinct 4, j, k we have

i dkm — [li,lj,lk} 'Lf m:j orm = k7
(—Aymeatm = { 1 otherwise.

If x1,.- -’Xn‘—l denotes the dual base of H*(G(Kg/K)) to T1,...,Tn, then for the
triple Massey product

(o) s HYC(Ko/K)) x HY(G(Kg/K)) x H'(G(Kg/K)) = HC(Ks/K))
we have (with i,3,k,m as above) the identity

(wl)trrm(Xi:Xjan) — i1, 06) of m -;i orm =k,
1 otherwise.

Since H(G(Kz/K)) is isomorphic to (CI(K)/2)*, where CI(K) denotes the ideal
class group and * denotes the Pontryagin dual, we obtain pairings

(CUK)/2)* x (CUK)/2)" x (CYK)/2)" — Z/2L.
Example 2.8. For K = Q(v/—5-41-61- 131) the triple Massey product considered
above is nontrivial,
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