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FORMAL LANGUAGES,
PUSHDOWN-AUTOMATA AND C*-ALGEBRAS
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0. INTRODUCTION

This manuscript is a survey of a talk in the RIMS workshop on Development of
Operator Algebras, Sep.7-9, 2005. A part of the results written here is based on a
joint research with Wolfgang Krieger. Some of details will be written in [Mab5].

N. Chomsky has classified formal languages into the following four classes:

(1) Regular languages

(2) Context free languages

(3) Contex sensitive languages
(4) Phase structure languages

such that
(Dc@)c@cH

by the grammars that generate the languages (cf. [HU}). Each of the classes has a
machine (algorithm) by which the languages are acceptable. The machines are

(1) Finite automata

(2) Pushdown automata

(3) Linear bounded Turing machines
(4) Turing machines

respectively. This means that regular languages are acceptable by finite automata
exactly, context free languages are acceptable by pushdown automata, and so on.
A finite automaton is a finite labeled graph with a distinguished initial state and
a distinguished subset of terminal vertices. If we consider the situation that all
vertices are both initial states and terminal states, the language accepted by such
automaton is the set of admissible words of the sofic shift presented by the labeled
graph. Conversely the admissible words of a sofic shift is realized as the language ac-
cepted by such finite automata. W. Krieger was the first to observe this connection
between sofic shifts and regular languages ([Kr2]).

Sofic shifts are realized as finite labeled graphs, and the finite labeled graphs yield
Cuntz-Krieger algebras (cf. [Iz], [Ca],[Ma5],Tom]). The author in {Ma] has gener-
alized finite labeled graphs to A-graph systems, and constructed C*-algebras from
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A-graph systems ([Ma2]). We will construct a A-graph system from a pusudown-
automaton, so that pushdown automata yield C*-algebras (cf. [KM2}).

For an N x N irreducible matrix A with entries in {0, 1}, a pushdown automata
M 4 is constructed such that its presenting language is the language generated by the
generators S7,...,S%,51,...,Sn of the Cuntz-Krieger algebra O4. The associated
C*-algebra is simple purely infinite and does not differ from Cuntz-Krieger algebras,
and the associated subshift D4 is a topological Markov shift version of the Dyck
shifts Dy .

1. LANGUAGES

Let T be a finite set of symbols. The set X is called an alphabet. For [ € N,
the set ! = {u1---m | pe € T} is called words of length I. We put X% = {e}
called the empty word. Let £* be the Kleenean clousure U Zt of . A formal
language of ¥ is defined to be a subset L of £*. Put for [ € Zy, Bi(L) = LOY!
the set of all admissible words of length [. A formal language L over X is said to be
prolongableif L is not empty and for any w € L there exist w',w" € U2, %F such
that w'ww" € L. Namely any word of L can be extended in both right and left as
an admissible word of L. Put for a nonempty formal language L over X

S(L) = {x € T* | there exists a word w of L such that z is a subword of w}

Put §(L) = S(L)¢ in ©*. Define Ay, to be the subshift whose forbidden words are
F(L). Denote by A} the set of all admissible words of Az. That is the set of words
of ¥ which are not forbidden. Hence A; = S(L).

Proposition 1. Ay defines a non empty subshift such that A7 O L if and only if
L is prolongable.

In what follows that L is prolongable formal language over X. By the preceding
proposition, L defines a symbolic dynamics Ar. The symbolic dynamics Ay, is called
a symbolic dynamics generated by a formal language L. Let L1, Lo be prolongable
formal languages over X, X respectively. We say that Ly is isomorphic to Ly if
there exists a bijection ® from ¥; to o that defines a symbolic conjugacy b, :
Az, — Az, such that @ ((an)nez) = (®(an)nez) between the associated subshifts
Az, and Ar,. In this case, we write Ly = Lo.

9. A-GRAPH SYSTEMS AND DYCK SHIFTS Dy

A downward \-graph system £ = (V, E, A, 1) over an alphabet Y consists of a
vertex set V = Vo UViUVa U---, an edge set E = Ep; UEjaUEy3U---, a
labeling map A : E — ¥ and a surjective map ¢1+1 : Vie1 — V, for each 1 € Z.
The sets V; and Ej ;4 are finite for each | € Z.. An edge e € Ej ;41 has its source
vertex s(e) in V;, its terminal vertex t(e) in Vi1 and its label A(e) in Z. The edges
with its labeling and the map ¢ must satisfy a certain compatiblity condition called
local property (see [Ma]). The A-graph systems considered in [Ma] are downward
A-graph systems. Contrary an upward A-graph systems are similarly defined such
as an edge e € Fyy1; has its source vertex s(e) in V141 and its terminal vertex t(e)
in V;. The A-graph systems considered in [KM] are upward A-graph systems. In
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what follows, we mean by a A-graph system a downward A-graph sytem unless we
specify. A A-graph system yields a subshift by taking the set of all label sequences
appearing in the labeled Bratteli diagram.

Let us consider the Dyck shift Dy for N > 2 with alphabet £ = £~ UX™ where

> = {a1, --,an}, 5t = {61, -+ ,Bn}. The symbols oy, 3; correspond to the

brackets (;, ); respectively. The Dyck inverse monoid ([Kr3],[Kr4]) has the relations

1 ifi=j,
2.1 i S —
(21) ifls { 0 otherwise

for ¢, = 1,...,N and a word 71---v, of X is admissible for Dy precisely if
H:;:l Ym # 0. For a word w = wy - -wy, of E, we denote by & its reduced form.
Namely & is a word of ¥ U {0, 1} obtained after the operations (2.1). Hence a word
w of ¥ is forbidden for Dy if and only if w = 0.

Let us describe the Cantor horizon A-graph system £°*P~) of Dy introduced in
[KM]. Let ©x be the full N-shift {1,..., N}*. We denote by B;(Dy) and Bi(Xn)
the set of admissible words of length [ of Dn and that of ¥y respectively. The
vertices V] of £CMDN) gt level [ are given by the words of length [ consisting of the
symbols of ¥*. That is,

Vi= {(/Bm "'ﬁuz) € Bl(DN) I Mi-o-p € BL(ZN)}‘

Hence the cardinal number of V] is N'. The mapping t(= i,141) : Vi1 — V] deletes
the rightmost symbol of a word such as

l’((ﬁ#l e /6#1-:-1)) = (ﬁul e 5#;) for (ﬁ#l s /Buzﬂ) € ‘/l+1'

There exists an edge labeled o from (8,, -+ Bu) € Vi to (BuoBu, - Bu) € Viua
precisely if pg = j, and there exists an edge labeled 3; from (88, -+ Bu_,) € Vi
t0 (B, - - Buiys) € Vig1. It is easy to see that the resulting labeled Bratteli diagram
with ;-map becomes a A-graph system over ¥, denoted by £CHPw ), that presents
the Dyck shift Dy ([KM]).

Let A = [A(4,7)]i j=1,.,~ be an N x N matrix with entries in {0,1}. Consider
the Cuntz-Krieger algebra O4 for the matrix A that is the universal C*-algebra

generated by N partial isometries t1,...,ty subject to the following relations:
N N
(2.2) Y titr=1, ;=Y Ai,jt; fori=1,...,N
j=1 j=1

([CK]). Define a correspondence ¢4 : & — {t¥,t; |i=1,..., N} by setting
pales) =1,  pa(Bi)=t; fori=1,...,N.
Define the set

Sa={n-meT | paln) - palwm) =0}



Let D4 be the subshift over ¥ whose fobidden words are § 4. The subshift is called
the topological Markov Dyck shift defined by A, or the vertex Dyck shift defined by
A. These kinds of subshifts have first appeared in [HIK] in semigroup setting and in
[KM2] in more general setting without using C*-algebras. If all entries of A are 1,
the subshift D4 becomes the Dyck shift Dy with 2V bracket, because the partial
isometries {pa{a;),¢(3:) | i =1,...,N} yield the Dyck inverse monoid. We note
the fact that a,ﬂj & SA if ¢ 7!—‘ j, and Q- Qlgy c EA if and only lfﬂi1 ‘e ﬂzn cefa.
Consider the following two subsystems of D4

AE = {(’Yz)zez €Dju [ v € 2+7i € Z}:
AR = {(%)icz € Da|m €570 € L},

The subshift AL is identified with the topological Markov shift
Aa={(@:);eq € {1, .., NY | A(mi, i) = 1,1 € L}

defined by the matrix A and similarly AZ. is identified with the topological Markov
shift A 4¢ defined by the transposed matrix At of A. Hence the subshift D 4 contains
the both topological Markov shifts A4 and A e that do not intersect each other.

Proposition 2. If A satisfies condition (I) in the sense of Cuntz-Krieger [CK],
the subshift D 4 is not sofic.

We will define the Cantor horizon A-graph systems £C%(P4) for the topological
Markov Dyck shifts D4. We denote by Bij(D4) and B (A4) the set of admissible
words of length [ of D4 and that of A4 respectively. The vertices V; of £6MDP4) 5t
level [ are given by the admissible words of length [ of A 4. That is,

Vi={(Bu; - Bu) € Bi(DN) | p1-- 11 € Bi(Aa)}-

The mapping ¢(= t,1+1) : Viy1 — Vi deletes the rightmost symbol of a word such
as

L((ﬂ}bl e 6NL+1)) = (ﬁuz e /Bm) for (JBM e ﬁm-m) € Vl—l—l-

There exists an edge labeled o, from (B, - Bu) € Vi t0 (BuoBu ~+ Bu) € Vi
precisely if po = 4, and there exists an edge labeled f; from (BiBur - Bui—y) €V
t0 (Buy -+ Buryr) € Vi precisely if jui -« pup1 € B;io(A4). Tt is easy to see that
the resulting labeled Bratteli diagram with (-map becomes a M-graph system over
.

Proposition 3. The A-graph system £CMDA) presents the subshift D 4.

3. PUSHDOWN-AUTOMATA

A deterministic pushdown-automaton M = (@,I', %, §) means that @ is a finite
set of states, I' is a finite set of stack symbols, X is a finite set of alphabet and ¢ is
5 finite set of transition rule such that for a € ¥ there exists a subset Dq C @xT
such that

0g: Dy —QxTI™
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where IT* = U2 ;T the set of all finite words of T" with the empty word I'° = {}.
For a € ¥ define )
62:D, -+ Q and 6. :D,—I"

by setting )
| Sa(p7) = (62 (7). 8 (P7) €Q X T
for (p,v) € D,. Put for k€ Z,

Do(k) = {(p,7) € Da | 6% (p,7) € @ x T*}.

We further assume that a right one-sided subshift A" over I' is given. Let Bn{A{")
be the set of all admissible words of Al of length n. Let us now assume the following
conditions:

For (p,qo) € Da and yom -+ € Biy1(Af)

() If (p,%) € D4(0), then (82 (p,v0),71) € Ds for some b € X.

(i) If (p,70) € Do (k) for some k > 1 and 6" (p,70) = 1+ - € Br(A{), then
(69 (p,0), 1) € Dy for some b € T and cap -+~ o1 -+ W € By (Af). We set

Vo =@,
Vi={(p,m) €QxT|(p,m) € D, for some a € L}(= UsexDa},

Vo = {(p,1172) € Q X BQ(AI"I) | (p,71) € D, for some a € X},
Vi={{p,m172-- ) € Q x Bi(AL) | (p,m1) € D, for some a € T},

The map ¢ : Viy1 — Vj is defined by deleting the rightmost symbol:

v(py1v2 YY) = By Y12 ).

For (p,vov1---v) € Vi41 and a € X, suppose that (p,v) € Dq(k) for k € Z and
put ¢ = 62(p,70) € Q and oy --- o = 85 (p,10) € Br(Af).

(i) If k = 0, define an edge from (p,¥oy1 --- 1) € Vi1 t0 (p,71 -~ ) € Vi labeled
a.

(ii) If 1 < k < I-1, define an edge from (p, Yoy1 - W) € Vigr1 to (g, 01 --agy1 - m—k) €
V; labeled a.

(iii) If k > I, define an edge from (p,yom - ) € Viq1 to (g1 -0q) € V)
labeled a.

Assume that the following transitive condition:

For (g, py -+ - 1) € V; there exists an edge from (p, o1 -+ Y1) € Vig1 to (g, pb1 - ) €
Vi labeled a.

We denote by Ejy1; the set of all such edges from Vi1 to V;. We put EM —
U2oEr41,.. We denote by A : B}, | — T the labeling map. We set

eM = (V,EM \0).

We denote by Ej ;.1 the set of edges reversed its arrow of Ey ;. We put Ep =
URoFr1+1. We set
»QM = (V; EMQ/\,L)'

In what follows, we assume that the one sided subshift Af: is a topologiéal Markov
shift.
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Proposition 4.

(i) The system £M becomes a right-resolving upward A-graph system over X
and £y becomes a leftt-resolving downward A-graph system over X.

(ii) The symbolic dynamics of the language accepted by the pushdown-automaton
M coincides with the symbolic dynamics presented by the A-graph system
M - Similarly the symbolic dynamics of the reversed language accepted by
the pushdown-automaton M coincides with the symbolic dynamics presented
by the A-graph system L.

A pushdown-automaton M is said to be irreducibleif for (p, p1 - - pu), (qyv1--- 1) €
V; there exists K € N such that for any (g,v1 - - VY41 Vivk) € Vigs there exist
ai,...,ag € ¥ such that

§aq6a 8a
(@vi- Vi Vivk) =2 5 (pp e ).

A pushdown-automaton M satisfies condition (I) if for for (p, g1 -+~ ) € V, there
exists (g,v1 - V4 N) € Viyn such that

6ay8a

(Qaul"")’l-}-N)_'%—g '5i§ (p,/lq"'[l,l)

and
8- Op

8y
(qvi-yan) 233 - = (D)

for some distinct words a; - - ayand by - - - by. Hence we have that M is irreducible
if and only if €y is M-irreducible, and M satisfies condition (I) if and only if £
satisfies A-condition (I).

Therefor we have

Proposition 5. Let M be a pushdown-automaton and £y the associated left-
resolving right-A-graph system. If M is irreducible with condition (I), then the
associated C*-algebra Og,, is simple purely infinite.

4. TorPOLOGICAL MARKOV DYCK SHIFTS

1. Dyck shifts Dny:
We consider the Dyck shift Dy with alphabet ¥ = X~ U ¥t where X7 =
{ai,...,an}, 7 = {B,...,Bn} and the symbols oy, §; satisfy (2.1). Put

Q@ = {po} : one point, r=xt, T=2"uxt

and
8, D,cQxT —»@xI™ fora € X

is defined by
(i) For a = a; € ¥, we set

Do, ={(po,5:)}, and da,(po,B:) = (po, 0)

hence k& = 0.
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(ii) For a = 3; € &7, we set

Dg, ={(po,3;) i =1,...,N} = {po} x £*, and  6p,(po, ;) = (ro, 5:3;)

hence k = 2.
The subshift Ay is defined to be

AT = {(ﬂilyﬂiga"') < (Z+)N { ﬂim/@izv"' € 2+}:

the right one sided N-full shift. Set the pushdown-automaton My by setting

MN = (Q’F, 25 6)

Then we have

Theorem 6 ([KM],[Ma3],[Ma5]).

(i)

(i)

The \-graph. system £M~ defined by My is the Cantor horizon X-graph
system LCMPN) for the Dyck shift Dy, and the presented subshift Agry is
Dy. That is, :

oMy SCh(DN), Aary = Dy

The C*-algebra Ogscnipyy is unital, separable, nuclear, simple and purely
infinite, and it is the unique C*-algebra generated by N partial isometries
Si,t=1,...,N and N isometries T;,1 = 1,..., N subject to the relations:

N
> 858 =1,
j=1

N
By =Y 8385 By SiS) + Ty By Ty, 1=2,3,..
F=1

where B, ..., = ,S’;l oo 85 Sy Sy for pay .. € {1,...,N}.
Its K-groups are

Ko(Ogonon)) X Z/NZ® C(R,Z),  K1(Ogonoy) 20

where C(R,Z) denotes the abelian group of all Z-valued continuous functions
on o Cantor discontinuum R.

For a positive real number 3, a KMS state on O cnpy) for the gauge action
at inverse temperature log B exists if and only if 3 = N + 1. The admitted
KMS state is unique.

Let m,(Ogonmy)” be the von Neumann algebra generated by the GNS-
representation m,(Ogcnpy)) of the alegbra Ogcnpy) by the unique KMS

state . Then m,(Oacnioy )’ is the injective factor of type IHNi. -




We note that the value log(N + 1) is the topological entropy of the Dyck shift
DN ([KI‘]) .

2. Vertex Dyck shifts D4 for an N x N matrix A = [A(%, §)]i,j=1,...,n With entries
in {0,1}:

Assume that each column and row are both not zero vectors. We consider
alphabet & = £~ U Tt where ¥~ = {as,...,an}, 1 = {B1,...,8n} such that
the symbols «;, §; satisfy (2.1). Put

Q = {po} : one point, r=xt, T=Yuxr"
and
8o : Do CQxT = QxTI™ foracX
is defined by

(i) For a = o € &7, we set

. DOéi - {(pﬂﬁﬁl)}s and 6&4 (p075i) = (Po,@)
hence k& = 0.
(ii) For a = 3; € £, we set
Dﬂi :{(p()aﬁj) IA(Z$.?):11.7:133N} and 5ﬁi<p0aﬁj):(p01/3iﬁj)

hence k£ = 2.

The subshift Ar is defined to be

N .
Ar = {(Biys Biny---) € (ET) | Alin,iny1) = L,n € N} :

the right one sided topological Markov shift A 4. Set the pushdown-automaton My

by setting )
My =(Q,1,%,0).

Suppose that A is irreducible with condition (I). Then we have

Theorem 7 ([Mab]).

(i) The A-graph system £Ma defined by My is the Cantor horizon A-graph
system £CMDPA) for the vertex Dyck shift Da, and the presented subshift
Agm, s Da. That is,

oMa — QCh(DA)’ Agus = Da.

(ii) The C*-algebra Ogonny) associated with the A-graph system 2Cr(Da) s
separable, unital, nuclear, simple and purely infinite, and it is the unique
C*-algebra generated by 2N partial isometries S;, 1,1 =1,..., N subject to
the relations:

N N
SSiS; + T =1, Y 858 =1,
j=1 j=1

N
T;Ti=Y A(4,5)8;S;,  i=12...,N,
j=1

N
Eppoe = 3 AU 11)855; B 5585 + Tps B Ty

j=1
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where Epy . = S5 - S Sp -+ Sues (B, ,bk) € A%, and A% is the
set of admissible words of the topological Markov shift Ay defined by the
matriz A.

(iii) For the matrizx F = {1 1

10
C*-algebra Ogonop) are

], the K-groups of the simple, purely infinite

Ko(Oponom) 220 C(R, 7)™,  K1{Ogonmm) =0
where C(8, Z)> denotes the countable infinite direct sum of the group C(&, Z).

Theorem 6 and Theorem 7 say that the C*-algebras Ogcnoy) and Ogenoy) are
finitely generated, and its Ky-group however are not finitely generated. Therefore
the algebras Ogony) and Ogcnpy) are not semiprojective whereas Cuntz algebras
and Cuntz-Krieger algebras are semiprojective

3 Sofic Dyck shift Dg for a labeled graph G:

Let G = (Vg, Eg) be a finite directed graph whose adjacency matrix Ag satisfies
condition (I). Let A : Eg — £+ = {81,...,8n} be a bijective map. Then we have
a labeled graph G = (G, A) over &1, Let

Q =V, =Xt y=xuxt

and
8o Do C@QxT—=QxTI” forae X

is defined by
(i) For a = o; € &7, we set

D,, = {(p,3;) € Q x " | there exists an edge € € Eg; s(e) = p, Ae) = G},

and
ba,(p, B;) = (g,0) where ¢ =t(e) for p = s(e), Ae) = ;

hence k£ = 0.
(ii) For a = §3; € T, we set

Dg, = {(p,B;) € Vo xEg | there exist e, f € Eg;s(e) =t{f) = p, MNe) = B;, A(f) = B}

and
5ﬁi (p’ /83) - (qaﬁiﬁj) where g= S(f)

hence £ = 2.
The subshift Af‘: is defined to be

N

Ap = {(Mew), Aeir)s---) € (BR) | Beiss iy -5 t(es,) = s(€iys)y n € N}

the right one sided edge shift Ag. Set the pushdown-automaton Mg by setting
Mg =(Q,T,%,0).

Then we have



Proposition 8. The \-graph system £M¢ defined by Mg is the Cantor horizon A-
graph system £¢H(Dg ) for the sofic Dyck shift Dg, and the presented subshift A g
is the sofic Dyck shift Dg. That is,

gMo — gChDg) - A g = Dg.

Similar results for Mg to Theorem 7 hold. The pushdown-automaton Mg and
the sofic Dyck shift Dg corresponds to the intersection between the Dyck language
and the regular language coming from the labeled graph G. We note that any
context free language is a homomorphic image of the intersection between a Dyck
language and a regular language ([HU]).

The discussions in this section and the preceding section may be genaralized to
Turing machines ([Mab]).
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