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APPLICATIONS OF CR GEOMETRY TO REPRESENTATIONS OF
SU(p,q)

WEI WANG
Department, of Mathematics, Zhejiang University

Conformal geometry on pseudo-Riemannian manifolds can be applied to the representa-
tion theory of the group SO(p, q) (cf. [3] [11] [12] [13] [14] and references ‘therein). Kostant
used the conformal invariance of the vanishing of scalar curvature on 6 dimensional man-
ifolds to explore the minimal representation of SO(4,4) in [14]. Recently, T. Kobayashi
and B. Orsted [11] [12] [13] gave a geometric and intrinsic model of the minimal irreducible
unitary representation P of SO(p, ¢) on S7~! x S97! and on various pseudo-Riemannian
manifolds which are conformally equivalent, by using the Yamabe operator. They also

gave branching formulae and unitarization of various models. Here we use CR geometry

to realize representations of SU(p, ¢).

1. Preliminaries on CR Geometry

Let M be a real (2n + 1)-dimensional orientable C% manifold. A CR structure on M
is a n-dimensional complex subbundle Ty oM of the complexified tangent bundle CT'M
satisfying Ty oM n Tp1 M = {0}, where Ty M = T oM, and the integrability condition:
(2,1, Z2] € C®(M, TijoM) whenever Zy, Zy € C®(M, Ty oM). TioM is usually called the

complex tangential space. Set
(11) H = RB{TLOM@TOJLM},

the 2n-dimensional real horizontal subbundle of TM. H carries a complex structure J:
H — H satisfying J? = —idy and Ty oM = ker(J — i - idcw), To M = ker(J +i-idcn).
When M is the boundary of a domain in a complex manifold W, it has an induced CR

structure from the complex structure of W defined by
(12) Tl,OM = CTM n TI,QW,
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if dim(73 M), =const. for each z € M, where T oW is the holomorphic tangential space
of complex manifold W.

A mapping f : (My, TioMy) — (M, T1oMs) is called a Cauchy-Riemann mapping
(or CR 'rﬁapp’ing ) if

(1.3) FiTipMy < T o M,

where f, is the tangential mapping of f. If f is invertible, f and f~* are both CR
mappings, f is called a CR diffeomorphism.
Let 8 be a 1-form on M such that

(1.4) ker§ = H.

We require £ to be a contact form , i.e. 8 A (df)™ is non-vanishing on M. Such § is
called a pseudohermitian structure on (M, T1oM). We call the triple (M,T1,M,0) a
pseudohermitian manifold. 6 plays the role of metric g in pseudo-Riemannian geometry.

We say 0 is conformal to 8 if
(1.5)  G=¢%

for some non-vanishing smooth function ¢ on M. A CR mapping between two pseu-
dohermitian manifolds, f : (My,T1 oM, 61) — (Ma, T1 oMo, 6s), is called conformal if
f*0y = $?6; for some non-vanishing smooth function ¢ on M.

We can define a Hermitian form on 7; oM associated to a pseudohermitian structure 6

by
(1.6) Le(V,W) = —idf(V A W),

which is called the Levi form of 6.

If the Levi form has k positive eigenvalues and n— k negative eigenvalues, (M, T} oM, )
is said to be strictly k-pseudoconver. The inner product Lg(-,-) determines a dual form
Li(-,-) on H*. L;(-,+) can be naturally extended to 7*M.

In [19], Webster showed that there exists a natural connection on the bundle T} M

adapted to a pseudohermitian structure 6. For a pseudohermitian structure § on a strictly
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k-pseudoconvex CR manifold (M,T;oM,6), there is a unique vector field T, which is
transversal to H, defined by

(1.7) OT)=1,  d6(TA-)=0.

Let 8% be an admissible coframe, i.e. (1,0)~—forms 6% form a basis for 77, such that
6%(T) = 0 for all @ = 1,--- , n. The integrability condition implies

(1.8) db = ig,56% A 6°

for some Hermitian matrix of functions ( 902?): which is nondegenerate and has k positive

eigenvalues and n — k negative eigenvalues if (M,T1oM,0) is strictly k-pseudoconvex.

Webster showed that there are uniquely determined I-forms w_? and 77 on M satisfying
deP =6°‘/\wal3+9/\7‘ﬁ

(1.9) Wop T Waa = 99,3
Ta A 8% =0,

where we use (g,3) to raise and lower indices, e.g. w5 = W, 9,5 Let

(1.10) Q" = dwg™ —wg' Aw,”

Webster showed that Q4 could be written as

(1.11) QF = B 07 A 67 + W07 A6~ W8P A6 +ifg AT —itg A 6°

The Webster-Ricci tensor of (M, Ty oM, 8) has components R z = Rppa;“a' The Webster

scalar curvature is
(1.12) Ro = ¢** R 3.

The CR Yamabe problem is to find a contact form 6 = u®6,u > 0, which is conformal
to the given contact form 6, such that R; =constant. This problem is considered by Lee
and Jerison [9] for strictly pseudoconvex CR manifolds and completely solved recently by
N. Gamara and R. Yacoub [6] [7].

A pseudohermitian manifold (M, Ty oM, 6) has a natural volume form

(1.13) g = (—1)"7F6 A (d8)™,
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which is nowhere vanishing because M is strictly k-pseudoconvex. It induces an L? inner

product on functions
(1.14) ' (u,v), = f Uy,
M
and an L? inner product on sections of H*,
(1.15) )y = f L3 (w, n)s.
M
For u € C®(M), we define a section dyu of H* by
(1.16) dpu = pr o du,

where pr : T*M —— H* is the restriction map. We can define the SubLaplacian [y

associated to a strictly k-pseudoconvex contact form & by
1
(1.17) <D9’US, ’U>g = §<dbu, dbU>g.

Since evidently, |6l = 0, L;(-,) is degenerate on T*M and so the operator [y is a
degenerate ultrahyperbolic operator.
Proposition 1.1. (Proposition 4.10 in [15]) Ifu e C$, then,

(1.18) Opw = —u, * —uz ~.

Define a product on C**2 by

n+1
(1.19) . (¢ Epa = D, €655,
§=0
where n + 2 = p + g, and
l} for‘j:O:l:‘“)p—lv

(120) Ejz
~1, forj=p,--,ptqg-1

We denote (¢, ()p,q by ¢ if;!q for ¢ € C**2. Similarly, we define a product on C" by

(1.21) (2, W)p—1g-1 = Z EaZaly.
a=1

We also denote (z, 2)p-1,4-1 by |2[2_; ,_; for z€ C™.
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The simplest CR manifold is the Heisenberg group HP~19-1 whose underlying manifold

is CPt7-2 x R, with coordinates (z,t). Its multiplication is given by
(1.22) (z,1) - (£, )y = (z+ 2t + ¢ +2Im(2, 2")po1,0-1) -

The vector fields

o - . _ 0
(123) Za = g; + ’L&aza*a'%,
o =1, n, are left invariant vector fields on HP~H?"!. The standard CR structure on

the Heisenberg group HP~ 197! is given by the subbundle

(124) T]_)(;Hp—i’q_l :_spanC{Zl, e, Zn}

Let

(1.25) Birras = dt + Y iga(7adZa — Zadza)
a=1

be the standard contact form on HP~2971,

+q—2

(126) Dgﬁpvl,q—l ==

[NRR

a=p

Let us consider a real hypersurface Q, , in Cn+1 defined by equation

(1.27) Imzy = [z]i_l)qﬁl, zeC", 2€C,

which is the boundary of the Siegel upper half space
(1.28) S = {{20,2) € C x C*;Im 2 > lz\i_l}q_l}.

The Cayley transformation C is defined by

25— 1 220

, Wey ;
zo+z’ 20+

(1.29) Wy =

which transforms the hypersurface‘Q;’q into the hyperquadric Gy q,

(1.30) Qpg = {w = (wp, w');wy € C,w' € C, lwgl? + lw,ii—-l,q——l =1},
Now introduce homogeneous coordinates (;, j =0, +- ,n+ 1. By equations
(131 S N R |

;=
QI’H—l’

p—1 P

— — 1 — —
D (ZaZa+ ZaZa) + 3 > (ZaZo+ ZaZa):
a=1
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C™*! is embedded as an open subset of the complex projective space CP™*? of dimension
n + 1. In the homogeneous coordinates, (Jp, is embedded as an open subset of the

projective hyperquadric

(1.32) Qo= {¢= (G, 1 Garr) e CP 2, = 0}

Projective hyperquadric @, , is the compactification of @, in CP™*!. The hypersurface
»q and the projective hyperquadric @, , have induced CR structures by (1.2) from
complex manifolds C**'and CP™*!, respectively.
SU(p,gq) is the group of unimodular transformations preserving the Hermitian form
(1.19). Its center K consists of n + 2 transformations. Then SU(p,¢)/K acts on @Q,,,

effectively and PU(p, ¢} = SU(p, ¢)/K. 1t is well known that Autcr@Q,, = PU(p,q) [4].

Pseudo-Riemannian geometry CR geometry
A metric g A contact form
conformal § = ¢?g 0 = ¢%
pseudo-Riemannian connection Webster connection
the Laplacian [, the SubLaplacians [
SO(p, q) SU(p, q)
the flat model RP~HI-1 HP-1ha-1
St x Sl the progective hyperquadric Q,,
the Yamabe operator the CR Yamabe operator

2. Representations realized as conformal CR diffeomorphisms
Let @ = dimM + 1 = 2n + 2, the homogeneous dimension of M. The following

transformation formula is due to Lee.

Proposition 2.1. Let (M, Ty oM, 6) be a pseudohermitian manifold with dim M = 2n+1.

The Webster scalar curvature Ry associated with the pseudohermitian structure § = 420
satisfies

(2.1) bn[Jou + Rou = Réu%,

where by, = 2 + 2.
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The following is a transformation formula for the SubLaplacians under a conformal CR

transformation.

Proposition 2.2. Let (M, T1 oM;) and (Ma, T o Ms) be two CR manifolds with strictly k-
psedoconver pseudohermitian structure 0, and 6y, respectively. Suppose @ © (My, Ty o M)
— (My, Ty oMs,) is a CR diffeomorphism with %0, = 71,6?—4:581 for some positive smooth

function v on My. Then
(2.2) oy (- &* ) = ud 2% (g, f) = Tayu - O*f,
for any smooth real function f on Ms.
Now define the CR Yamabe operator to be
(2.3) Clo = + éRey

where b, = 2+ %, Ry is the Webster scalar curvature (1.12). The transformation formula
for the CR Yamabe operator is a consequence of Corollary 2.1 and Proposition 2.2 as

follows.

Proposition 2.3. Under the same assumption as in proposition 2.2, we have that
~ . Qt2 o

(2.4) Clo (- % f) = ue—2d* (g, f) ,

for any smooth function f on Ms.

Suppose (My, Ty o Mi, 61) and (M, T1,0 My, 8;) are two pseudohermitian manifolds of ho-
mogeneous dimension Q. Let conformal CR mapping ® : (M, T10M;, 61) —> (My, Ty oMo,
6,) be a local diffeomorphism such that

(2.5) D*0y = 026,
for some positive function Q on M;. We can define twisted pull back
(2.6) 0y C¥(Mp) — C®(My), [ QNP™f).

Let G be a Lie group acting as conformal CR diffeomorphisms on a pseudohermi-

tian manifold (M, TioM,60). We write the action of h € G as Ly : (M, T1oM,0) —
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(M, T\ oM, 8), z —> Lpz. There exists a positive valued function Q(h,z) for h € G and
z € M such that

(2.7) ' : L6 = Q(h,-)%6.

We have the cocycle formula for Q(-, ).

Proposition 2.4. For hi,hs € G and z € M, we hdve

(2.8) Q(hyhg, z) = Qhy, Lp,7)0% Ry, 7).

Now for A € C, we can define a representation wy of the group G on C*®(M) as follows.

For he G, f e C®(M) and z € M, let

(2.9) (w,\(h_l)f) (z) = Qh, 2)* f(Lypzx).

Proposition 2.4 assures that wy(hihy) = wy(hy)wir(he), i.e., @) is a representation of G.
Q

Thus, [lpf = 0 if and only if [l <Q"§£§>"‘f> = 0. In summary, we have the following

theorem.

Theorem 2.5. Suppose G is o Lie group acting as conformal CR diffeomorphisms on a
pseudohermitian manifold (M, T oM, 8) of homogeneous dimension Q). Then,
(1) the CR Yamabe operator [y is an intertwining operator from wao-2 t0 waxz.
2 2

(2) The kernel ker )y is a subrepresentation of G through w2

3. The CR Yamabe operator on the hypersurface @, ,

Let § — [£] denote the canonical projection of C**?\{0} into the complex projective

space CP™*1, It is easy to see that the transformation

ZO—"é Zg+i
31 I n} = 3 4y ’
( ) (ZO!zlv 72:) [ 3 z 9 :l

maps the hypersurface @, , defined by (1.27) into the projective hyperquadric ij)q (1.32).
Define a 1-form
720 ie5(6;dE; — €,d¢;)

-1

(3.2) -

?
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on C"*2\{¢ € C"? &) = -+ = &3 = 0}. It induces a l-form on the projective hy-
perquadric _Qw in (1.32). We denote it by 6@{ The hyperquadric @, in (1.30) has a

contact form

n

(3.3) 00,0 = 2 i€al(2adZs — Zadza),
a==0
(here we use variables z, instead of w,, @ = 0, ,n, in the definition of Q4 in (1.30))

and the hypersurface @, , in (1.27) has a contact form

(3.4) g, = Z 16020020 — Zadzy) + 5(0320 + dzg).

a=1
Contact forms (3.3) and (3.4) are actually
(3.5) {d—O)r
for corresponding defining functions r of Qp, and ¢, ,, respectively.

Proposition 3.1.

1
(3.6) "6, = ' 0y,
Qp.q i{zo — @!‘2 + Zé’:i ‘zjig Up.q

on the hypersurface Q..

Proposition 3.2. Let Sy = ?201 a;l&;]? with a; = &5 or 0, but ag = 1 and an+1 = 0.
Then the function
Zg—1 2zt
(3‘7) S(Zg, Z) = SO 0 ) 2y g
2 2

on hypersurface Q) , satisfies where 1t 1s positive

~ a2 n+l ¢ _g+2
(3.8) Ty, S 7 = glzajgj - n) S

where @ = 2n + 2.

Corollary 3.3. The scalar curvature of the projective hyperquadric @—pyq with contact form

GQ-M 18 ’—‘%‘«l(p —q).
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4. Representations on the projective hyperquadric @p}q

Proposition 4.1. For g € SU(p,q) and z € Qp 4, we have

. N 1
S 7000 = g Ty )
Define the light cone to be
(4.2) = {€e C™% gy, = O}\{0},
and
p=l ptg-1 '
(4.3) Ti= {5 e C™*%, Z €] = Z 612 = 1} ~ 921 g2t
j=0 j=p

The multiplicative group R acts on = as a dilation and the quotient space Z/R7 is

identified with . By definition, Z/C* =~ £/S! =~ Q

p:q’

Because the action of SU(p, g)
on C™*? commutes with that of C*, we can define the action of SU(p, ¢) on the quotient
space Z/C*, and also on @_p,q through the above diffeomorphism. This action will be

denoted by
(44) Ll’l . @p,q — _Q-p,qa § = Lhé:

for he SU(pa Q>’§ € @P;Q'

For a € C, denote by S*(Z) the space of smooth function on = homogeneous of degree

2, ie.
(4.5) SUE)={feC®E); f(te) =t"f(£),£eZ, 1€ R}}.
A character % of C* has the form

(4.6) v =l (L)

for some a € C*, m € Z, which can be formally written as
(47) (1) = v*2() = 7,

with @+ 3 = a and o — § = m. We see that a pair (a, 8) can occur if and only if @ — 3 is

an integer. For such a pair, we define S*#(Z) < S%(Z) to be the P eigenspace for C*.
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Then, we have a decomposition

(4.8) SeE) = >, S*A(E).

a+fB=a,
a—pBeL

Let v : Z — R, be defined by

w o (5 - (5

Proposition 4.2. For g€ SU(p,q) and £ € Q,,, we have
1

4.10 *0— S S ’

(410) 9"00,.8) = et

if we require the coordinates of € satisfying ?;é 1€]% = 1.
Proposition 4.3. S™3~%(E) is isomorphic to (@1, C® (Qpyq)) as Ulp, q) modules.

Define the representation (w??, VP?) to be (w%—_g, ker ﬁ% ).
P.q

We can identify S*#(Z) with degenerate principal series representations in standard

notation (cf. [5]).

Corollary 4.4. (wP?,VP?) is a subrepresentation of S -5 (2), or equivalently, of

COD - Indgmax (XO ® C—l)

5. Basic properties of (w?4, VP49)

There is a natural action of S* on ¥ defined by

(51) Ha * z— 2? (fl: Tt 7§n+1) — (8i6<€1a T 1e7laé'n+l) )

for ¢ € [0,27). We can define the projection

P’

(5.2) , I:% 5% 1 x g%t —

by TI(&1, -+, €ns1) = [61,-+ ,&ns1] € CP™™. Namely, T is a S* fiber bundle over the
projective hyperquadric @—p,q. Let

41

p—1 ' o
(53) 552;:—1 = ZZ fjdzj - Ejdfj, 952q-—1 =13 Z gjdéj - gjdg_’i:
=0

J Jj=p
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the standard contact forms on spheres SP~! and 597!, respectively. Then,

(5.4) H*QQW} = fgop-1 — Og2q-1.

Let H*#(CP) denote the space of harmonic polynomials of bi-degree (a, ) in C?, ie.,
harmonic polynomials which are homogeneous of degree « in the z;’s and of degree f in
the Zj ’s

(5.5) LA(S% ™Y ~ i H*P(CP).
, w0

For a function f € L3(Q, ), II* f is an L? function in ¥ invariant under the action of S'.

Thus,

(5.6) L (Q,,) = Z Z Hmm (CP) [ H™™ (C9)
m=0mi+me=m,

nitnz=m

as Hilbert direct sum. We denote by C® (5%~ x $%~1) the space of S'-invariant func-
tions in C® ($%71 x §2471). We can identify C* (@Q,,) with the subspace C®(S%7! x
S5%~1), by the mapping IT.

Proposition 5.1. For uwe C® ($%7! x §%71) | we have

(5.7) ﬁgam (u © H_l) = ﬁes2p—Lu - iﬁszq—fu"

The Yamabe operator on the projective hyperquadric "Q"p,q is
~ n
(58) D%‘p,q = Deam + Z(P - g).

Proposition 5.2. H*#(CP) is an eigenspace of [
B2 -2+ a+0)— ;{a— )

2p—1 N : 1
sapr 0N ST with eigenvalue (o +

Theorem 5.3. The underlying (g, K)-module (w®?)x has the foilbwz‘ng K -type formula

(5_9) (wp,q)K ~ @ s Hrm (Cp) Hm2m2 (@;)

my+ny+p=ma+ng+q,
mi+mae=nitng
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Remark 5.4. For other rank-1 Lie groups Sp(1)Sp(n + 1,1) and F;*, there exist quater-
nionic and octanionic CR geometries. For example, we have corresponding Webster con-
nections, corresponding conformal geometry, corresponding Yamabe operators, etc. (cf.
[3]). It is interesting to study the representation theories of Sp(1)Sp(n + 1,1) (more

generally, of Sp(p, q)) and F;® by using corresponding conformal geometries.
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