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On The N-Fractional Calculus of Some Products

of Some Power Functions

Katsuyuki Nishimoto

Abstract

In this article, N- fractional calculus of products of power functions
((z= 0" (2= "), ((z- "z ~¢)), , and ((z-¢)*P),

are discussed again.

§ 0. Introduction ( Definition of Fractional Calculus )
(1) Definition. ( by K. Nishimoto }{[11Vol. 1)
Let D={D_,D}, C={C,C},
C_ be a curve along the cut joining two points z and - ® +iIm(z),
C, be a curve along the cut joining two points z and %+ iIm(z),
D_Dbe a domain surrounded by C_, D, be a domain surrounded by C, .

(Here D contains the points over the curve C ).

Moreover, let f = f(z) be a regular function inD(z €D),

- _ v+ J&)
S =(Ny=c(N) Y fC(C-—z)de e&zZ), (1)
(F)op = lim (), (mEZY, (2)
where -mwsarg({-z)=<a for C, Osarg({-z)s2a forC, ,

=z, z€C, vER, T ;Gamma function,

then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order —v for v <0 ), with respect to z , of
the function f , if |( b,

<Q0,
(II) On the fractional calculus operator N* [3]

Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N” be

N o (I"(v+1) d¢

Py fC(C—z)”“) (vEZ), [Referto(1)] (3)
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with
N"= lim N (m €Z7), (4)

vy -1t

and define the binary operation © as

NP oN°®f=NFN*f=NP(N°f) (a,BER), (5)

then the set
{N}={N"|veR} (6)

(is an Abelian product group ( having continuous index v ) which has the inverse

-

transform operator (N”)™ to the fractional calculus operator N | for the

function f suchthat f €F ={f', O#Iﬁ,]< w,vER}, where f = f(2) and 7zE€C.
(vis. —© <v <@ ),
( For our convenience, we call N* «N° as product of N* and N°.)

Theorem B. " F.0.G. {N"} " is an" Action product group which has continuous
index v " for the set of F . ( F.O.G. ; Fractional calculué operator group )
Theorem C. Let
S:={NITU{0}={N"}YU{~N"}IU{0} (VER). (7)
Then the set S is a commutative ring for the function [ €F, when the identity
N®+NP = N' (N® N°,N'€S) (8)
holds. [ 5] '
(Iil1) Lemma. Wehave[l]

. -Ml“(a I'(a-p) -a I'(a -f)

( ) - s a=F€ - f [ 00),

1 ((z=¢)") T - (z2-9 T(-B)

(i1) “aog<z-c>>‘,=—e“"“’r<a><z-c>'° (IT(a) 1<),

(ii1) ((z=¢)") =~ 1“( )log(z -¢) (INa)l<=),

where z~c= O in(i),and z-¢c= 0,11in (ii)and (iii). ( I'; Gamma function),

_ v _Te+] u=u(z),

vy v)“";,o Ko +1- k) ok (v=v(z) )

§ 1. N-fractional calculus of products of some
power functions

Inthe following o, §,y €R , for our convenience.
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Theorem 1. Let

sinzo: sinz(y —a - f)
sin(a + f)-sinaly —a)

P=P(,B,y)i= (I1P@,p.y)l=M<) (1)

and
0=0(c.B.y):=PBa,y) (IP(B,a,y)l=M<=) (2)
When o,f3,y GE.ZO*, we have
. o ~imy T(Y - _ﬁ) a+fB~y
(i) ((z-=0)*(z-0)), =¢ Plafoy) [ o @9 P (3)
(Re(a+B+1)>0, (l+a-y)&Z, ),

I'(y - /3)

‘. _ -3 @ - —imy a+f-y

(D) (@ -0, = Qe fir) TG oy @A)
(Re(a+p+1)>0, (1+B-yv)EZ,)

c L. _ o na+B - ~—my r(?’ a - /3) o ze+Bey

(iii) ((z=0)""), _F( - /3)( ) , (5)

where

mce . ‘_Fgw_—_@_ o
[(-a-f)
Proofof (i). We have

(-0 (a-0f), = 3 )

— e _ B
& k!r‘(y‘+1_k)((z <) )r-k((z ) ) (6)

by Lemma (iv).

Next we have

_ —nz(y k)r(y k- C!) a-y+k ( F(Y_k"a)
(=9, = e (z-0° }_——r(—a) <

~imh r( [3) B~k
rp) ©7°

“) ()

and

((z-9P),=e

by Lemma (i), respectively.
Substitute ( 7 ) and ( 8 ) into ( 6 ), we have then
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o Ly + Uy - a- KTk -f)
% KIT(y +1-KI(-a)T (=)

(e 9" (z=0f), =™ -7 (9)

LA AL Y aw-yi [-B1[-7],

(10)
-r(—a) Akl oa-v],

using the relationship

y* LA +1)I(-A)

T(A+1-k)=(-1 o)

, (11)
where
[AL, =AA + D (A+ k-1 =T(A +k)/T(A), with [A], =1 .
(ﬁotation of Pochhammer ).

Therefore, applying the following relationships

~ - - Re(c-a-b)>0;
[a] 2], _ F(abicl) = I')(c-a-b) ( e(c-a —) ) (12)
= k'], I'(c - a)[(c - b) C&EZ;

and

r(x)r(l—ﬁ-)=;—n% (LEZ) (13)

to (10), we obtain

(2= & (am ), =™ =m0 7 BB ooy sLeamv D) (14)
_m I - @)l +a + BT +a- Py et (15)
F(-a) LA+ o) d+a+p~-y)
(Re(a+[5+1)>0,
(l+a-y)EZ, )

imy S -sin -0 - I'y ~a- b B
= ay 'lnm 175(}’ o ﬁ) N (Y a ﬁ)(Z"-C) B-y . (16)
sin(a + B)sina(y —a) N~a-p)
We have then (3 ) from { 16 ) using the notation ( 1 ), under the conditions.

Prqof of (ii). Inthe same way as the proof of (1) we obtain ( 4 ) using ( 2 )

instead of ( 1), ubder the conditions. ( Simply, changing o and B in(3)we

obtain (4 ), using (2).)
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Proof of (1ii). Wehave

_oaetBy -iﬂyr(y —Ol—ﬁ) _ erBey
((z=¢c)""), =¢ ml‘(-a—ﬁ) (z=¢) (17)
( r(y-a—ﬁ)lw)
I-a-p)

directly by Lemma (1 ).

Corollary 1.
When o, .,y €Z,, wehave ;

. a —-in F(}’ —a_ﬁ) a4+ -
Ay e p Y S oA 18
(1) (2"-27), =e (a.B,7) F(—a-ﬁ)z ) (18)
(Re(a+ B+1)>0, (l+a-y)EZ, ),
s 5 _«a — iy F(Y—a""ﬁ) o+ B~y 1
. = , —_—t = , g
(ii) (27:2%), = Ka,B.y) (o B) b4 (19)
(Re(a+B+1)>0, (1+B-y)EZ,)
(111) (Z"“‘ﬁ) = e-irry Mlza*’ﬁ"y, (20)
' IN-a-p)
where
‘F(Y—a B . »
N(-a-p)
and P and Q are the ones shown by (1) and(2)respectively.
Proof. Set ¢ =0 in Theorem 1.
Theorem 2. When o,f,y €Z;, wehave ;
(1) ((z-0)* (2= ), =P(a.B.y)((z= ™), (21)
(Re(a+B+1)>0, (l+a-y)&Z, ),
(ii) ((z-¢f -@-0)%), =&, B7) ((2=)"),, (22)

(Re(a+B+1)>0, (1+B-vIEZ,)

(i) @0t G-, =—é<(z-c>ﬁ (z=0)), =((z-e)"F),,  (23)

(Re(a+B+1)>0, (l+a-y)EZ, L (1+B-y)€EZ,, PQ=0)

where
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Iy-a-Bf
[(-a-p)

and P and @ are the ones shownby(1)and(2)respectively.

¥

z-¢c#=0, ,

Proof. Itis clear by Theorem 1.
Corollary 2. When a,f,y €Z}, wehave ;

(1) (&), =P(a,B.y) (™), (24)

(Re(a+f+1)>0, (l+a-y)&Z, ),

(i1) (Z+2%), =Qar.B,y) (2°*7),, (25)
(Re(fa+pB+1)>0, (1+B-y)&EZ,)

(iii) l(z""z’s) =~1-(z’5'z°') =(*") (26)
P Y Q Y y?

(Re(a+B+1)>0, (l+a-y)&EZ, ,(1+B-y)&EZ,, PO=0)

lrw-a —/3)‘ i
M-a-f) |

and P and (Q arethe onesshown by (1) and (2 ) respectively.

where

Proof. Set ¢ =0 in Theorem 2.
Corollary 3.

(i) When a,fB.y €Z; and
P(a’ﬁsY)=Q(a’ﬁ,Y)=1; (27)

we have
((z=0)" (z=¢f), =(2-¢)" (2= 9%), = (2 - )™ "), . (28)

(Re(a+B+1)>0, (l+a-y)EZ, , (1+B-y)&Z; )

(ii) When y =m €Z we have

((z=)* (2= ), = (2~ 9" *@-0)), = (z- 9", . (29)
Proof of (i). We have ( 28 ) from Theorem 2 ( 23 ), clearly.
Proof of (ii). When y =m EZ; we have ( 29 ) from Theorem 2 (23 ), since

Pla,B,m)=Q(a, B,m)=1. (30)
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