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COMPACT TOEPLITZ OPERATORS
ON THE PLURIHARMONIC BERGMAN SPACES

YOUNG JOO LEE

ABSTRACT. On the setting of the unit ball, we characterize compact
Toeplitz operators on the pluriharmonic Bergman spaces b*,1 < p < oo,
in terms of the boundary vanishing conditions of the Berezin transform
and certain differential quantity of the symbol. As a consequence, we
characterize M-harmonic and radial symbols of compact Toeplitz oper-
ators.

1. INTRODUCTION

Let B be the open unit ball of the complex n-space C* and V' denote
the normalized Lebesgue volume measure on B. For 1 < p < oo, let
L? = [?(B, V) be the usual Lebesgue space and put

lutlo = ([ lfl’”dV>%

for f € L?. The Bergman space AP is a subspace of L consisting of all
holomorphic functions on B. A function u € C?(B) is said to be plurihar-
monic if its restriction to an arbitrary complex line that intersects the ball is
harmonic as a function of single complex variable. So, every pluriharmonic
function is just harmonic on the unit disk. The pluriharmonic Bergman
space b® is the subspace of LP consisting of all pluriharmonic functions on
B. Tt is known that AP and b” are closed subspaces of L? and hence are
Banach spaces. Clearly, A? C b°.

Welet P: [? — A% and Q : L? — b? be the Hilbert space orthogonal
projections respectively. As is well known, P is the well known Bergman
projection given by

1—2 .w)n+1

Po(z) = /B ( 2 4y (w)

2000 Mathematics Subject Classification. Primary 47B35; Secondary 32A36.

Key words and phrases. Pluriharmonic Bergman spaces, Toeplitz operators, Berezin
transform.

This research was supported by KOSEF(R01-2003-000-10243-0).



for functions ¢ € L%, Here, z - W = z;%W; + - + 2,W, denotes the
Hermitian inner product on C". Also, it turns out that ) is an integral
operator represented by

Qup(2) = /13'((1 _ wl, z)n+l + (1- zl.w)nﬂ - 1) p(w) dV(w)

for functions ¢ € L2. These integral formulas for P and @ allow us to
extend the domains of P and Q to L. Note that () can be rewritten as

(1) Q) = P(p) + P(?) — P(p)(0)

for functions ¢ € L!.

Let u € L. The (Bergman space) Toeplitz operator 7,2 : AP — AP with
symbol u is the linear operators defined by

T.f = P(uf)

for f € AP withuf € L!.
Also, the (pluriharmonic Bergman space) Toeplitz operator T, : b” — b
with symbol u is defined by

T.f= Q(uf)

for functions f € b? with uf € L. Clearly, T and T, are densely defined
and not bounded in general.

For z € B, we let k, be the normalized holomorphic Bergman kernel
given by

| — |2f2)$
kz(w) = ((11_ ’L‘U | z))n+1 (w € B)

Given a bounded operator 7" on A” or b”, the Berezin transform Tisa
function on B defined by

T(z) =< Tk, k, > (z € B).

Here and else where, we use the usual pairing
<fo>= [ raav
B

whenever fg € L. Given u € L!, we note T = T,,. Thus we let U denote
the Berezin transform of T} or T,,. Note that

(z) = /B wkPdV (2 € B).

In this paper, we are concerned with a characterization problem of com-
pact Toeplitz operators on the pluriharmonic Bergman spaces b” of the ball.
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Recently, this problem has been studied on the Bergman spaces and har-
monic Bergman spaces of the unit disk.

Axler and Zheng ([1]) proved that if T equals a finite sum of the form
Tg --- T, where each u; is bounded on the unit disk, then 7' is compact

on A? of the unit disk if and only if the Berezin transform T' vanishes on
the boundary of the unit disk. Later, this result was extended to the unit
ball and bounded symmetric domains in [9] and [4] respectively. Recently,
Miao and Zheng ([7]) considered the same problem for bounded operators
on AP, 1 < p < oo, of the unit disk with certain integrable conditions and
proved that the operator under consideration is compact if and only if the
Berezin transform of the operator vanishes on the boundary of the unit disk.
As a consequence of the result, they extended the result of Axler and Zheng
([1]) to all AP, 1 < p < oo, and more general symbols in the class BT (see
the below for the definition).

The corresponding problem has been also considered for Toeplitz oper-
ators on the pluriharmonic Bergman spaces. Stroethoff ([11]) proved that
a Toeplitz operator with bounded radial symbol is compact on b% of the
unit disk if and only if the Berezin transform of the symbol vanishes on the
boundary of the unit disk. In [2], the same was proved for positive symbols
in L!. Recently, K. Guo and D. Zheng([5]) characterized compact Toeplitz
operators with bounded symbol on 5% of the unit disk in terms of the the
boundary vanishing condition of the Berezin transform and certain differ-
ential quantity of the symbol.

We let BT be the set of all functions f € L! for which

||| s = sup [@(2)| < oc.
z€B

Note that L>° C BT.

In this paper, we consider the same characterizing problém of compact

Toeplitz operators with symbols in BT on the unit ball. In Section 2, we
first show that symbols in BT induce bounded Toeplitz operators on AP

and b respectively for 1 < p < oo (see Theorem 4). In Section 3, we will -

extend the result of Miao and Zheng ([7]) to the ball (see Theorem 7). As

an application, we characterize the compactness of Toeplitz operators with

symbols in BT on AP. In Section 4, we will use the result in Section 3
to obtain a characterization of compact Toeplitz operators with symbol in
BT on b, 1 < p < o0, in terms of the boundary vanishing condition of
the Berezin transform and certain differential quantity of the symbol (see
Theorem 17). This result extends the result in [5] where p is assumed to
be 2 and all symbols are assumed to be in L. As applications, we obtain
characterizations of M-harmonic and radial symbols in BT for which the
corresponding Toeplitz operators are compact. See Corollaries 18 and 19.
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2. TOEPLITZ OPERATORS WITH SYMBOLS IN BT

Throughout this paper, we will often abbreviate inessential constants in-
volved in inequalities by writing A < B for positive quantities A and B if
the ratio A/ B has a positive upper bound. Also, we write A~ Bif A< B
and B < A. Given p € (1,00), we let p’ be the conjugate exponent of p,
ie,l/p+1/p =1.

For z,w € B, z # 0, define

o) = 2w D)z = VI[Pl — || (v - 2)4

l—-w-Z

and pp(w) = —w. Then each ¢, is a biholomorphic self-maps of B and
@, © , is the identity on B. We also have

@  1-lpwr= "I'f‘_z)z(l_ ;Iz"“’""’ (2, € B).

See Section 2 of [8] for details. The pseudo hyperbolic ball E,(2) with
center z € B and r € (0,1) is defined by E.(2) = ¢,(rB). It is well
known that

?3) V(E,(2)) = (1= |z])"+
forevery z € B.

Proposition 1. Letr 1 < p < oo, 7 € (0,1) and u be a positive Borel
measure on B. Then the following quantities are all equivalent.

fB Iflpdl/'
a) sup .
@ e TPV

(b) sup/ k. [* dps.

2€B
W(E,(2))
©gWﬂ$d
| Jelifap
@ s TifFav

Proof. The equivalences of (a), (b) and (c) are well known. See [14] for
example. Note AP C bP. So, to complete the proof, we only need to show
that

gl fIP du p(Er(2))

sup B < gup oL
O#-fgbp [ lflpdv ™ 9 4 V(E.(2))
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Let f € bP. By Proposition 10.1 of [10] and (3), we have

P < /E N @y ()

1~ [uw]?)™+

|f (w)[P
~ Er(z) V(Er(w)) dV(w)

for all z € B. Note that x g.(,)(w) = Xg,w)(2) for all z,w € B. Here, the

notation xr denotes the characteristic function of ' C B. It follows from
Fubini’s theorem that

Jrans [ | 2o e
//XET w) (2 |f(w| du(z) dV (w)

Bl >|P
- [~ VEw) W
)

< sup ‘A=) r(w

This completes the proof. O

Given 1 < p < o0, it is well known that P is a bounded projection
from L” onto AP. We let Af denote the space of all functions f in AP such
that f(0) = 0. As is well known, every pluriharmonic functions u on B
has a unique decomposition u = f + g where f, g are holomorphic and
f(0) = 0. Furthermore, if u € b then both f,g € AP; this is clearly a
consequence of the LP-boundedness of the Bergman projection P. So, we
have a decomposition b = A + AP,

Propesition 2. For 1 < p < oo, Q is a bounded projection form LP onto
b®. s
Proof. First note that | F(0)| < ||F||, forevery F' € AP. Since Qf = Pf +
P(f) — P(£)(0) for every f € L” by (1), we have by the LP-boundedeness
of P, '
1QfIl, = 1P + P(F) = P(£)O)ll,

<|IP£llp + [1P(HIlp + |P(£)(O0)]

S IPflls

S Al

for every f € LP. Hence () is bounded form L? into b”.
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Using the fact that P is a projection from L” onto AP and the decompo-
sition ¥ = Al + AP, we see () is a projection from L? onto b”. The proof is
complete. O

It is known that the dual of A? is A" under the pairing <, >. Also, we
have the analogous dualities for harmonic Bergman spaces.

Proposition 3. For 1 < p < 0o, the spaces W and b® are dual to each other
under the pairing <, >.

Proof. This follows from the Hahn-Banach extension theorem and the L*-
boundedness of ). This completes the proof. O

The next theorem says that symbols in BT induce bounded Toeplitz op-
erators on both A? and b for 1 < p < 0.

Theorem 4. Let u € BT and1 < p < co. Then T2 : AP — AP is bounded
and ||T?|| < ||ullgr- Also, Ty, : b — P is bounded and ||T,|| < ||ul|zr.

Proof. Let f € b? and g € b®'. By Holder’s inequality and Proposition 1,
| <Tuf,9>|=|<uf,g>|

< / lufgldV
B

< ([ irriav)”( [ 1opuav)™
S lullsrl Nl

Hence, by Proposition 3, T, is bounded on &°.
Since the dual of AP is AP, the similar argument can be applied to prove
the boundedness of T2 on AP. The proof is complete. u

3. COMPACT TOEPLITZ OPERATORS ON AP

In this section, we characterize compact Toeplitz operators with symbol
in BT on AP in terms of the boundary vanishing property of the Berezin
transform of the symbol. In fact, we generally characterize the compactness
of bounded operators on AP with some integrable condition in terms of the
boundary vanishing property of its Berezin transform. Our method will be
based on a recent result of [7] where J. Miao and D. Zheng proved the same
characterization on the unit disk.

For each point z € B, let U, be the operator defined by U, f = (foyp,)k,.
Then, one can prove that each U, is bounded on A? for p > 1. Given a
bounded operator 7' on AP, p > 1, we define an operator T, by T, = U, TU,.
Note that

@ Top,=T, (z€B).
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This was proved in Lemma 3 of [9] for p = 2. But, the same proof works
for all p.

Lemma 5. For z € B, creal ,t > —1, we define

I4(2) = /B (L [wl) dV (w) (z € B).

|1 —_. {D'n+1+t+c

Ifc < 0, then I, is bounded on B. If ¢ > 0, then I.4(z) = (1 — |2|*) "¢ as
|z] — 1.

Proof. See Proposition 1.4.10 of [8]. o

For z € B, we let K, be the holomorphic Bergman kernel given by
1

K,(w) = € B).
('LU) (1 —w- §)n+1 (’U) )
Using Lemma 5, we see foreach 1 < p < o0,

_n+tl
) 1Kl ~ (1= %)™

forz € B. |

Using the power series representation of K ,, we can write T for a bounded
operators T on AP as a power series:

©) T(w)=(1- w2y CCs < Tw®,v® > 2%  (weB)
a,B

where C, = (n + 1 + |7])!/nly!.
Lemma 6. Let 1 < p < 0o. Suppose T : AP — AP is bounded for which
sup ||T;1||m < o0
z€B
for some m > 1. Then T(z) — 0 as |z| — 1 if and only if for every
te[l,m),||T:1l —» Oas|z| — 1.

Proof. First suppose that for any ¢t € [1,m), ||T;|l: » Oas|z| — 1. In
particular ||T,1||; — O as |z| — 1. Hence

IT(2)| = | < Thka, kz > |
=< U, TU,1,1> |
< || T2 h-

Thus, we have T'(z) — 0 as |2 -1, |
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Now suppose T(z) — O as |z| — 1. Fix t € [1, m) and show ||T;||; — 0
as |z| — 1. By (5), we note that

| < T,w® JwP > | = (1 - |z]>)"* < Tw* ocszz],wﬂ 0w, K, > |
<(1- |Z|2)"+llITIH_IKszHKzIIp'
ST

for any z € B and multi-indices «, 3. Hence | < T,w®, w® > |’is uniformly
bounded for z € B and multi-indices a, 8. By (4) and (6),

T( 0z (w)) = Ti(w)

= (1 — |Jw]?)"* Z CaCs < Tyw*,wP > 2°9°  (2,w € B).

a,p

Since |¢,(w)| — 1 as |z| — 1foreach w € B, by the same argument of the
proof of Lemma 14 of [7], we can show that < T,1,w® >— 0 as |2| — 1
for every multi index «. For w € B, we note that

(L) (w) =< T.1, Ky >= Y Co < T,1,0® > w®.

Also, the same method as in the proof of Lemma 14 of [7] can be applied
to show that ||T,||; — O as |z| — 1. O

The following is the main result of this section.

Theorem 7. Let 1 < p < oo and p; = min{p, p'}. Suppose T is bounded
on AP for which

sup ||T:1|lm < o0  and sup ||T;1||m < o0
z€B z€EB

for some m > ;;%21. Then T is compact on AP if and only if T(z) — 0 as
lz| — 1.

Proof. First suppose T is compact on AP. By (5), we noté that
T(z) =< Tk, k, > |
=(1- [z <TK, K, >
K, K,
5l Tl

- forevery z € B. Since K, /||K,||, — 0 weakly in AP as |z| — 1, we have
T(z ) = 0as|z[ — 1.

Suppose T(z) — 0 as |2| — 1. By Lemma 6, we have ||T,||; — O as
|z| — 1 forevery t € [1,m). Fix t such that ;‘f < t < m in the rest of the

~< T
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proof. To prove the compactness of ', we first note that

(7) -
(T*"Ky)(2) =< T*K,, K, >=< K,,,TK, >= (TK,)(w) (z,w € B).
It follows that
(Tf)(w) =<Tf, Ky >
=< f,T"K, >
®) / () TR () dV (2)
= /Bf 2)(TK,)(w)dV (2)

for every f € AP. For each 0 < r < 1, define an operator T on AP by

T, f(w) = / ETK)wV(E)  weB)
By (5), we have :

‘/;(./BtTKz('w)XrB(Z)’pdV(’w))p'——l v (z)

< / ) ( /B |TKZ|”dV)p’_1 v (2)

< [ PR v

” 1

I |, G O
T|F

S (1 l_l_ 7-|2l)n+1

for each r. Using Exercise 7 on Page 181 of [3], we see that each T, is
compact on A?. Hence, to prove the compactnes of T, we only need to
show that ||T" — T,|| — 0 as r — 1. Note that

(T - T.) fl(w / f)T(w,2)dV(z) (weB,f e AP
where T'(w, 2) = (TK,)(w)x-(2) and x, = xp\r5. Let h(2) = '('i':rlz—li')'a'

where
_ (n+1)(p —1)
(n+2)p1

Note that

Li(p-@)k@)
TK,('LU) - (1 _ |Z|2)n n+1 ( W € B)
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Using (2), we see

(w) _ h(zp(1 = fuwf?)=e?
(=1 F (= lpa(w)pyr L=z a2

(z,w € B).

Since the real Jacobian of ¢, is |k,|? and k(. (w))k.(w) = w for every
z,w € B, we have by a change of variables and Holder’s inequality,

[ 17w, 2wy v w)
- [ v )
B 1Xf\|jz,) - %(&Iz = W g (w)
_ et | LA gy
~xovs(eY [ l'(lw}l‘fﬁl;@ W (w
crmr ot LB

On the other hand, since ;== "+2 < t < m,one can easily check that —apt’ >
—land #(n+ 1 - 2ap) 3 n + 1 — apt’. It follows from Lemma 5 that

sup/ | (A~ fwp)=er dV(w) < oo.

2B JB 1—2- w‘t’(n+1-—2ap)

Hence

/B T(w, 2)|h(w)? dV(w) S h(z)Y sup |l (z € B).

r<jz|<1

By (7), we note (T*K,)(z) = TK,(w) for all z,w € B. The similar
method we have done above gives

/lT'w 2)|h(2)” dV (z / [(TK.)(w)x-(2)] ()

(1 — |z[?)¥
(10) / = (1- !zlzﬁ; 2 dv(z)

sup HT*IHt (w € B).



Now, the well known Schur’s test (see Theorem 3.2.2 of [13] for example),
together with (9) and (10), implies that

/

1/p 1/p
||T~Trns,(sup nmut) (suptirsa)

r<jz|kl

Since 1 < 2% < ¢ < mand ||T;||; — Oas|z| — 1,wehave [|[T-T|| — 0
asr — 1. So T is compact on AP. The proof is complete. g

As an immediate consequence of Theorem 7, we characterize compact-
ness of operators T' on AP where T is a finite product of operators of the
form T¢, ---Tg, where each u; € BT. Before doing this, we first have a
couple of lemmas.

Lemma8. Letu € BT and 1 < p < oo. For each z € B, Ty, is bounded

on AP. Moreover, | T%,,|| < Cllu||ar for some constant C independent of
2.

Proof. By Theorem 4, we have ||T2 T ep. || < Clluo ¢;||pr for some constant
C independent of z. Note that %o, =1uop,forall 2 € B. Hence

|lu 0 @, |57 = sup |& o p.(w)]
weB

= sup |U(p.(w))|
weB

= ||ul|pr. |
The proof is complete. O

Lemma9. Let 1 < p < oo and T be a finite sum of operators of the form
T3 --- T, where eachu; € BT. Then,

sup ||T,1)|, < o0  and sup ||T; 1|, < 00
z€EB 2€B
for every p € (1,00).

Proof. Let p € (1,00) and z € B. Without loss of generality, we may
assume T = T2, --- T2 . We note that U, U, is the identity and U, T} U, =
T;..,, for each ¢. It follows from Lemma 8 that

Ty = 100, Tiop. o
S Hlualler - - - |l sr-
Since ||%;||pr = ||ui||pr and T* =T, - - - T3, , we also have
Tl = 1T e, Tona.llp
S llwaller - - - |l |-

The proof is complete. a
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As an consequence of Theorem 7, we have the following.

Theorem 10. Let 1 < p < oo and T be a finite sum of operators of the
formT7 ---T7 where eachu; € BT. ThenT is compact on AP if and only

if T(z) — Oas |2| — 1.

Proof. This follows from Lemma 9 and Theorem 7. The proof is complete.
O

In particular, we have the following.

Corollary 11. Let 1 < p < oo and u € BT. Then T? is compact on AP if
and only ifu(z) — O as |z| — 1.

4. COMPACT TOEPLITZ OPERATORS ON b

In this section, we consider the same characterization problem on the
pluriharmonic Bergman spaces. We will use Corollary 11 to characterize
BT-symbols of compact Toeplitz operators acting on ¢* for 1 < p < oo.
Before proceeding to this, we need to introduce certain Hankel operators.

Given u € L', the little Hankel operator h,, : A? — AP with symbol u is
defined by B

hu(f) = P(uf)
for functions f € AP N L*°. The operator h, is unbounded in general and
densely defined.

The Bloch space B is the space of all holomorphic functions f on B for
which the quantities

325(1 — 2]}V f(z)| < o0

where Vf = (g-z{-, e 53;%) is the complex gradient of f. The little Bloch

space BB, is the subspace of B for which the additional boundary vanishing
condition

Lm (1~ 21|V f(2)] = 0

holds.

The following lemma shows that the boundedness and compactness of
the little Hankel operator can be characterized by Bloch functions.

Lemma 12. Letu € L' and 1 < p < co. Then h,, is bounded on AP if and
only if Pu € B. Moreover, h, is compact on A? if and only if Pu € B,.

Proof. In the case of n = 1, it has been proved in [12] that for holomorphic
u, h, is bounded on AP if and only if v € B, and h, is compact on AP if
and only if u € By. But, this result can be easily extended to the ball. On

the other hand, since h,, = hp,, we have the desired result. This completes
the proof. , a
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We remark in passing that given u € BT, Proposition 3.2 in [6] implies
Pu € B. So, by Lemma 12, h,, is bounded on AP for all 1 < p < oco. Also,
the same is true for hy because & € BT'.

Lemma 13. Let w € BT and 1 < p < oo. Then the following statements
hold for every f € AP and g € AP,

(@) <T.f,g>=<T3}f g >.

(®) <Tuf,g>=<g,haf >.

©) <Tuf,9>=<hyf,g>.

@) <T.f,§>=<g,Tef >.

Proof. Fix f € AP and g € AP'. We first note that P(uf)(0) = P(uf)(0).
It follows that

< Tufag > =< Q(Uf),g >
=< P(uf),g >+ < P(uf),g > —P(uf)(0) < 1,9 >

=< T2f,9 > +P(uf)(0)3(0) — P(uf)(0)5(0)
=<T:f,g>
and hence we hav¢ (a). Similarly, we see
<T.f,§>=<Q(uf),§ >
=< P(uf),§ >+ < P(uf),§ > —P(uf)(0) < 1,5 >
= P(uf)(0)9(0)+ < g, P(uf) > —P(uf)(0)g(0)

Hence (b) follows.
Also, the remaining two cases can be proved by similar arguments. This
completes the proof. d

Given 1 < p < oo and a pluriharmonic function u = f + § € A} + AP,
we can see

Ao + gl = [lullp-
Proposition 14. Let 1 < p < oo and u € BT. Then we have
NTufllp S T2 Sllp + hafllp
and ) :
WTufllp S NTZfllp + 17 fllp
for every f € AP,
Proof. Fix f € AP, By Lemma 13, we have

<Tuf,a+b>=<T°f,a >+ < b haf >
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for every a + b € b¥'. It follows that
ITufll, = sup |<Tufia+b>|

a+bevr’

lla+Bl},, <1
= sup l<T3f,a>+<b,haf>|
a+beb?’
lla+bll, <1 :
< sup |<Tif,a>|+ sup | <haf,b>|
acA?r bea?
llall <Cp 118l r <Cp

< Co(IT5 fllp + [1hafllp)

for some constant C,. Hence we have ||T,, f||, § T2 fllp + ||hafl|p for
every f € AP. Using the similar argument, we also see that ||T,f||, <
|| T2 fllp + ||hufl|p for every f € AP. The proof is completes. O

Proposition 15. Let 1 < p < co. If a sequence u, = f, + gn € Af + AP
converges to 0 weakly in b°, then f, and g, converge to 0 weakly in AP.

Also, if a sequence h,, € AP converges to 0 weakly in AP, then h, and hn
converge to 0 weakly in b°.

Proof. Let ¢ € A7 . Since f,,(0) = 0, we first have

9n(0) = un(0) =< up,1 >

for each n. It follows that

<fn7(P>=< Un = Gn, P >=< Un, > —95(0) < Up,1>

for each n. Since u, — 0 weakly in b”, we have < u,,p > and < u,,1 >
converge to 0 as n — co. Hence f, — 0 weakly in P Similarly,

< gn, 9 >=< T, — [, @ >=<Un, ® > —[2(0)p(0) =< @, un >= 0

as n — oo. Hence g, — 0 weakly in b°.
To prove the remaining part, let a + b € b* . Then

< hp,a+b>=< hyn,a > +h,(0)b(0)

for each n. Since h,, € AP converges to 0 weakly in AP, we have h, — 0
uniformly on every compact subsets. Note a € AP'. It follows that <
h,,a+b>— 0asn — oo. Hence h, — 0 weakly in b®. Similarly, we can
also see h,, — 0 weakly in &®. O

Lemma 16. Let u € BT and 1 < p < oo. Then T, TZ, hy, and hy are
compact on AP if and only if T,, is compact on b°.
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Proof. Firsg_sgppose T2, T2, hy, and hg are compact on AP, Let u, = fr +
gn € A} + AP be a sequence converging to 0 weakly in b°. By Proposition
14, we see

1Tu(un)llp S TS fallp + 1hafully + 1175 9nlle + [[hugnlls

for each n. Since T2, T2, h, and hg are compact on AP and g,, f» — 0
weakly in b* by Proposition 15, we see ||T,un||, — 0 as n — oo. Hence
T, is compact on bP.

Now suppose T, is compact on b?. Let f, be a sequence converging to 0
weakly in AP. By Lemma 13, we have

| T fallp = sup | < T;fn,a> |
aeAP’
HaHp/Sl

= sup | < Tyfn,a>|

scA?
<
llall <1

< sup | <Tufn,a> |

aEbP’
llellpg1

S I Tufalle

for each n. Since f,, converges to 0 weakly in * by Proposition 15, we have
T2 fullp — 0 as n — oco. So, T2 is compact. Also,
|hafallp = sup | < hafn,a> |

acA?
llall,,r <2

= sup | < Tufn,@>|
aGAP’
llall, <1

< sup | <Tuf,a> |
aebp’
HallpL1

S Tufalls

for each n, which gives the compactness of hZ.

By the similar arguments, we show the compactness of h, and T3 . This
completes the proof. ' O

Now, we characterize compact Toeplitz operators with symbol in BT on
the pluriharmonic Bergman spaces. On the unit disk, the following was
proved in [5] where the case p = 2 and bounded symbols are assumed.

Theorem 17. Let w € BT and 1 < p < oo. Then T, is compact on P if
and only if u(z) — 0 as |z| — 1 and

(11) éi&(l —12)(IVU(2)| + |VU(2)]) =0
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where U = Qu is the pluriharmonic part of u.

Proof. First suppose T, is compact on ». By Lemma 16, we see that
T°,T2, h, and hg are compact on AP. Since T, T are compact on A?
and U = %, we have by Corollary 11, %(z) — 0 as |z| — 1. Also, since h,,
and hy are compact on AP, we have by Lemma 12,

|h|m1(1 — 2]3)|VPu(2)| = 0
and |

lim (1 — |2|?)|V Pa(z)| = 0.

|z|—1

On the other hand, since
U = Qu = Pu+ Pu - Pu(0)

by (1), we see |VU| = |VPu| and |VU| = |V Pi|. Hence we have (11).
Conversely, suppose 7(z) — 0 as |z| — 1 and (11) holds. Since % = 1,
we see T2 and T2 are compact by Corollary 11. As we see before, (11)
implies that
lim (1~ |2 VPu(2)| =0

and
lim (1 - |+ VPa(2)] = 0

These two conditions above are in turn equivalent to the compactness of h,,
and hz by Lemma 12. Now, by Lemma 16, we see T, is compact on-b?, as
desired. The proof is complete. g

As consequences of Theorem 17, we have the following corollaries. A
function u € C?(B) is called M-harmonic on B if its invariant Laplacian
vanishes on B. An an application of the invariant mean value property
implies u = u. See Chapter 4 of [8] for details.

Corollary 18. Let 1 < p < oo and u € BT be M-harmonic on B. Then
T, is compact on WP if and only if u = 0 on B.

Proof. Suppose T, is compact on *. Since u = u, the compactness of
T, implies u vanishes on the boundary of B by Theorem 17. Now, the
maximum principle (see Theorem 4.3.2 of [8]), we have v = O on B.

The converse implication is clear. The proof is complete. ]

Given a radial function u € L!, it is not hard to see
(12) Pu= / udV.
B

The following is an extension of Theorem 4.1 of [11] where the case
p = 2 and bounded symbols are assumed.
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Corollary 19. Let 1 < p < oo and u € BT be a radial function on B.
Then T, is compact on WP if and only if u(z) — O as |z| — 1.

Proof. Since u € BT is radial, so is %. By (12),

Qu = Pu+ Pt — Pu(0) = / udV.
B
Now, the result follows from Theorem 17. The proof is complete. O

REFERENCES

[1] S. Axler and D. Zheng, Compact operators via the Berezin transform, Indiana Univ.
Math. J. 47 (1998), 387-400
[2] B.R. Choe, Y. J. Lee and K. Na, Toeplitz operators on harmonic Bergman spaces,
Nagoya Math. J. 174 (2004) 165-186.
[3]1 J. B. Conway, A course in functional analysis, Springer-Verlag, New York, 1985.
[4] M. Engli§, Compact Toeplitz operators via Berezin transform on bounded symmetric
doamins, Integr. Eqn. and Oper. Theory. 33 (1999), 426-455.
[5]1 K.Guo and D.Zheng, Toeplitz algebra and Hankel algebra on the harmonic Bergman
space, J. of Mathematical Analysis and Applications, 276(2002), 213-230.
[6] H.Liand D. H. Luecking, BM O on strongly pseudo convex doamins: Hankel oper-
ators, dualities and 8-estimates, Trans. Amer. Math. Soc. 346 (1994), 661-691.
[7] J.Miao and D. Zheng, Compact operators on Bergman spaces, Integr. Eqn. and Oper.
Theory., 48(2004), 61-79.
[8] W. Rudin, Function Theory in the Unit Ball of C", Springer-Verlag, Berlin, Heidel-
berg, New York, 1980. '
[9] R. Raimondo, Toeplitz operators on Bergman space of the unit ball, Bull. Austral.
Math. Soc. 62 (2000) 273-285.
[10] M. Stoll, Invariant potential theory in the unit ball of C™, Cambridge University
Press, 1994.
[11] K. Stroethoff, Compact Toeplitz operators on weighted harmonic Bergman spaces,J.
Austral. Math. Soc. (Series A) 64 (1998), 136-148.
[12] R.Zhao, Hankel operators between Bergman spaces, preprint.
[13] K. Zhu, Operator theory in function spaces, Marcel Dekker. New York and Basel,
1989.
[14] K. Zhu, Positive Toeplitz operators on weighted Bergman spaces of bounded symmet-
ric domains, J. Operator Th. 20 (1988), 329-357.

DEPARTMENT OF MATHEMATICS, CHONNAM NATIONAL UNIVERSITY, GWANGJU
500-757, KOREA

E-mail address: 1eeyj@chonnam.ac.kr

127



