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1. INTRODUCTION

1958 €E1Z, E. M. Stein [St;] I, the three lines theorem @ extension # A\ T, KD
the M. Riesz - G. O. Thorin convexity theorem D—&{L&FEH L7 (cf. [Sa] and [SW]).

PTIBWT, S={z€C:0<Rez<1}, So={z€C:0<Rez < 1} &7 5.

Theorem 1. 1 < pg,p1,90, @1 < 00, Sx, Sy IXENEN measure space (X, p), (Y,v) LD
simple functions @ subspace & L, f € Sx % measurable function on (Y,v) IZ transform
3% family of linear operators {T,} (2 € S) X analytic, i.e. f € Sx & g€ Sy ITHLT,

z /(Tzf)ng
Y
2% analytic in Sy, continuous in S, ¥ 7= admissible, i.e. f€ Sx & g€ Sy IZH LT,

3A,3a < 7 such that log / (T.f)gdv
Y

< A (2 € 8)

45, ELT,
[ Tiefllao < Ao()|fllpo (f € Sx,—00 <t < o0)
ThY, :
ITi4iefll < A@NSllp, (f € Sx, —00 <t < 00).
ZIT, A () (G=0,1) it f LB THY,
3b < m such that sup e %llogA;(t) < oo (j=0,1).
—00<t<00

ZTDLE,VIWith0< <1 IZHLT,

ITofllg < Asllfll, (f € Sx).
- 1-8 6 '

Qo a1

=72 L,

Lemma 2 (The extension of the three lines theorem). B3#¥ ®(2) IX analytic in Sy, con-
tinuous in § TH Y,

Jda < 7 such that sup e ®llog|®(2)| < 0.
2=04itES

TDELEVIWith0<f <1ITHLT,

1. o0 log |®(it)] log |®(1 + it)|
<l .
log |2(6)] < e md _/_' o {cosh wt — cosl + cosh 7t + cos w8 dat




£7z, 1972 #£iZ, C. Fefferman and E. M. Stein [FS] iX Hardy 228 HP(R") =B L T,
() (0< 8 <1) TRENDERBHZERM (see [BL]) IKOWTORDIEREZT L.

Theorem 3. 1<p; <00,0<0<1 D&%,
(H'(R"), L (Rn))[a] = LP(R").

T:T:“L,%=1~0+I—f—. ¥, 1<pp<o00,0<B<]DEE,
1

(LP(R"), BMO)y; = L*(R™).
1-6
Po

L, 1
p

Z @ Theorem 3 ® corollary & LT, k> HY(R*) & LP(R*) DMIOBMERRL LU
IP(R") & BMO ORMOBMEENRB LN (see [FS] and [Sta]).

Corollary 4. {T.} (z € S) iZ family of bounded linear operators on L*(R"*) Th Y,
analytic, i.e. f,g € L*([R") IZR LT,

2 [ @@
2% analytic in Sy, continuous in S, ¥ 7= operator norm ||T,|| (z € S) X uniformly bounded
&ET5. £LT,
[Tufli < Allfllz (f € L N H'(R"), —00 <t < 00)
THY,
ITh+iefllee < Allfllee (f € LA(R™), —o0 <t < 00).
ZDELE, VIwith0<f<1IZHLT,

I Tofllze < Asllflle (f € L? N LP(R™)).
EEL. % ~1 —a+g THY, A 1A £ 0 I depend.

Corollary 5. {T.} (z € S) iZ analytic family of bounded linear operators on L%(R") T
&Y, operator norm ||T;|| (2 € S) i uniformly bounded &3 %. £L<T,

I Tefllze < Allfllze (f € L*(R"), —00 <t < o)
Thh,
1T+iefllBmo < Allfllz> (f € L2 N LP(R™), —oo0 <t < 00).
TDEE,Vowith0<f<1iZHLT,
1Tofllze < Aollfllzr (f € LN LP(R™)).
1-6

rEL, ;-) = 22" ThY, Ay 1 A L 0 T depend.
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AHBE D BHYIL, Corollary 5 @ analog @ Theorem 1 version % fVv T, Corollary 4
@ analog ® Theorem 1 version Z/RTZ & THD.

2. PRELIMINARIES

AT, non-homogeneous Herz Z2M] K3# (see [HY] and [H]) O%FI2BETH B,
Beurling algebra AP & BE¥(Z2f] BP OEHEEZ RS (see [B], [CL], [F] and [G]).
k€eZiZRLT, By={zeR":|z|<2¥} &L, ke NIZHLT, Cx = Bi\Bi-1

45, ¥k, xo, & Cx @ characteristic function & LT, xx = x¢, f k€N, £LT

Xo=XB, £T 5.

Definition 6. a € R, 0<p<00,0<g< o0 DL ¥,

o ‘ i/p ’
KyP = {f € Lipo(R") : ||fllxg» = {Z2k°’||fx:ellf,’} < 00} ;

k=0

c€R, 0<qg<ooDL¥%,

kg = {1 € L@ fllg= =527l < o}

Definition 7. 1<p<oo DL ¥,

4P = KrO-1D {f Nl = S 25 [ el < oo} :

k=0

1 1
L, -+ ==
p 7V ,

B = Ky = {1 € L (R0) s 1w = s3p 2"l frcaly < o0}

1;

ROEHIT, A» ZM L BP ZHORERS > —2DEHTH 5 (see [CL] and [G]).

Definition 8. 1<p< oo £ THL ¥,

AP = {f . Hf”a = ££ (/Rn {f(x)|pw(x)—(p—1)dx) 1/p . oo}.
72721, Q I positive, radial, |z| {ZB8 L T nonincreasing, & L T
w(0) + /n w(z)dz =1
TH2R* LOBK w D class THD; ]

n 1 /p
BF = {f € Lioe(R™) : ||/l = sup (m . If(x)!"dfb‘) < 00} :
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T (BXUUTFIZHBWT), B(O,R) CR" ix H. 0, £ R > 0 @ open ball &7
LT5.

X IZ, non-homogeneous Herz-type Hardy 22 HKJ? ORBILRHFEETH S HA? &
B2 CMOP DEHRERRS (see [CL], [G] and [LY]).

Definition 9. a € R, 0 < p <00, 0< ¢g< 00 &L, ¢ € CP(R") with supp¢ C By,
Jgn #(@)dz # 0, ¢s(z) = EB(2) (t > 0) &T 5. ZDL &, non-homogeneous Herz-type
Hardy ZZM HK® associated to K3 %

HKS? = {f € S'(R") : ¢*(f) € Ko}
TEHTSD. 7L, S'(R") I¥ tempered distributions on R® @ class TH Y,
¢"(£)(z) = sup|(f * 4¢) ()]
E72, norm || - || gxar %

I llaxge = ll¢*(f)llxgr
TEHRTS.

Definition 10. 1 < p < co D & X,
HA? = HK;U-Vol = {f e AP f+ € AP}.
722 L, ft ix f @ Poisson M4 ? vertical maximal BE¥K, i.e. Vz € R® IZx L T,
: T
(2 + lyiz)(n+1)/2 Yl q(nt+1)/2?

f*(z) =sup
t>0

en | flz—y)
Rn

Thod. ¥,
I fllaar = 1£] 40

Definition 11. 1 <p < oo D& &, f € L} (R") 3 central mean oscillation of order p
DA D class , CMOP, IZRT 5 & 13,

1 » 1/p
»=sup (— - d
I fllemo sup (IB(O, B Joon |f(z) = mr(f)| z) < oo
BT THB. 2L,
1
ma(f) = e dz
"D = B0, B Jaon '
Th5.
TDEE, 1<p<oo LT,
CMQO? > B?

ThHV,1<p<ps<oo iZHLT,
L' IP(RY) D AP S 47,
BPI ) Br? D LOO(Rn),
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H'N AP D HAM > HA”

LT
CMOP* 5 CMOP > BMO

Th5.
EHIZ, RD duality theorem B35 Y 32 (see [CL], [G] and [HY]).

L1
v

1 1 1
Theorem 12. aelR,0<p<oo,1$q<oo,E+?=1,:; =1, where p' = 00 if

0<p<Ll,DL¥, ,
(K;""’) - Kq—la,p.

1 1
Corollary 13. 1<p,p’<oowith§+y=10)k%,

(AP)" = B

1 1
Theorem 14. 1<p,p’<oowith;+l—’;=1 D¢,

(HAP)* = CMO” .
if:, sharp B¥% f* 12B8 L T, sharp maximal theorem @ analog A3 ¥ 3.

Definition 15. f € L. (R"), B C R* % open ball & LT,
1
= -— d
fB IB] /Bf(y) Y
L3 & &, sharp B3 f! %
1
1) =suwp = [ 1) - foldy (s € RY)
z€B IBI B
TEHRTS.

Theorem 16 ([K]). 1 <p<oo D& ¥,
feCMO* = fieBP
ThY,
7152 < Cyll fllcaon-

Theorem 17 ([K] and [M2]). 1 < p < oo DL %, somel < py < p IZHLT, f €
L (R™) %251,
fle B> = feCMO®
THY,
I fllesor < Cyll 1|z
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3. INTERPOLATION OF ANALYTIC FAMILIES OF OPERATORS

B A, Theorem 16, Theorem 17 ¥ L T Lemma 2 # AT, C. Fefferman and
E. M. Stein @ LF(R") & BMO DOROHHMER (Corollary 5) @ analog @ Theorem
1 version 23R &% (cf. [M,] and [M3)).

Theorem 18. 1 < py < 00 ¢ L, {T;} (2 € S) iZ family of bounded linear operators

from BP to CMOP T& Y, analytic, i.e. f € B, g € HAP where p—1—+ p% =1%
, 0

LT,

= /R (T)@)g(z)do

- 7% analytic in Sy, continuous in S, ¥7- admissible, i.e. f € BPo, g € HA™' where
1 1
—+—=1EZHLT,

Do Do
Ja < 7 such that sup el jog / (T f)(x)g(a:)dxl < 0o
z€S R
L% LT,
ITitfllBro < Ao(t)||fllBre (f € BP°, —00 <t < 00)
ThY,

I Tyriefllamo < A fllee (fF € L°(R™), —00 < t < o).
ST A() (G=0,1) 1 f LBSITHD,

(%) 3b < msuch that sup e %logA;(t) <oo (j=0,1).

—00<t<00

DLE, VOwith0<f<1iZHLT,
I Tofllomor < Aellflle (f € BP).
1 1-6

RREL, S = = THY, g 1 A1(t) (1=0,1), po & 1€ depend.
0

i)

Remark. Theorem 18 {23\ T,

Ag = Cpygexp [% sin 7@ / { log Ao (?) + log 41 (t) } dt] .

cosh7t — cosmf@ = coshwt + cos 7@

EL,0<0<1.

%72, Theorem 18 L FRIZL T, (kD 3 >OBHEBRLELNS.



Theorem 19. 1 <py <p; <0 & L, {T,} (2 € S) iZ analytic family of bounded linear
operators from BP° to CMOP T#& Y, admissible &3 %. £L T,

IT:efllBro < Ao()||fllBro (f € BP®, —00 <t < 0)
THD,
IT14itfllemor: < Ar(@)|fllBm (f € B™, —00 <t < 0).
DT A (j=0,1) 1 f LMITHY, () MET. TOLE VA with0< <1
X LT, ‘
W Tofllemor < Asllfller (f € BP).
1-6 6

=iz L, L +— ThY, A iX A(t), p; (=0,1) & 0 IZ depend.
p Po h

Theorem 20. 1 < pp < o0 & L, {T;} (2 € S) iX analytic family of bounded linear
operators from B? to CMOP® T Y, admissible &3 5. £ L T,

I Tieflleasore < Ao(t)l|fllBre (f € BP°, —00 <t < 00)
ThHY,
IT1+iefllBmo < Ai()[|fllz= (f € L®(R"), —00 <t < 00).-
TIZTA) G=0,1) 1% f LMITHY, (x) BT, THLE VIwith0< <1

Xt LT,

ITsfllemor < Asllfllse (f € BP).

120 50, 4512 4;(8) (G =0,1), po & 8 k= depend.

Do

=L,

Wi

Theorem 21. 1 <py<p; <00 &L, {T,} (2 € S) I analytic family of bounded linear
operators from B to CMOP® T Y, F7- admissible £ 35, £L T,
Tt fllcmoro < Ao(@)lIfllsm (f € B™, —00 <t < 00)
Thh,
| T11iefllomon < Ar(@)||fllee (f € BP*, —00 <t < 00).

TIT, A(t) (G=0,1) it f ESITHY, (x) ZWET. TOLE VOwith0< <1
RLT,

| Tsfllcmor < Asllflip» (f € B?).
1-6

tﬁu%= - +§1me%aAm%mu=mnaeud@m¢
0 1

B&Z, ZAMEOBMTH S, C. Fefferman and E. M. Stein ® H!(R™) & LP(R™) @
M DO#EMIER (Corollary 4) D analog ® Theorem 1 version %, Theorem 18 %A\ \TRY..
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Theorem 22. 1 < p; < 00 & L, {T,} (z € S) I% family of bounded linear operators

' 1 1
from HAP to A" Tdh Y, analytic, i.e. f € HAP, g € BP* where o + " =1{I/LT,
1 M

2= | (T.f)(z)g9(z)dz
Rr

7313 anallytic in Sy, continuous in S, ¥ 7= admissible, i.e. f € HAP!, g € BP' where
—+—=1KHLT,
2 5]

Ja < 7 such that sup e~ ™ Jog
2€S

< 00

| @p@sE)s

L35, LT,
[ Tefllze < Ae@)lfllmn (f € HY, —00 <t < 00)
THhY,
[ Trtiefllar < Ar(D)l|fllan (f € A™, —00 <t < 00).
DI A(t) (j=0,1) W f LB THY,

(%) 3b < w such that sup e ®fllog 4;(t) < oo (j=0,1).
—00<t<00

TDLE,VOWith0 <0< 1IZHLT,
WTofllar < Aslifllmar (f € HAP).
0

R 1
T:tb,5=1—0+p— THY, A 1T A;(t) ( =0,1), p1 & 8T depend.
1

Proof. Corollary 4 DFEFRIZ similar (see [FS]).
V2e SITHLT, S, # Tz D adjoint &35 &,

fm (T.f)(@)g(z)dz = | J@)Sz)@)dz (f e HA™ g€ By,

ZDr %, {S,} (z € S) i analytic family of bounded linear operators from Bt to
CMOP' T Y, admissible. Dk, g € BM' where 51- + ;1—, —1orx,
' 1 D1

£ [ F@)Suao)@)ds
IX bounded linear functional on AP T3 Y, APt - BP' duality I2 &k ¥, Sy € B &
29, ,

_ 1514391l o < A1(t)llgll gov -

¥£,9€ L®R*) DL &,

£ [ 1@)(Sun)@)da
{¥ bounded linear functional on H! T Y, H! - BMO duality {2 & Y, Syg € BMO &
7Y,

ISitgllBMo < Ao(D)|lg]lL=-
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& o T, Theorem 18 25 &, V8 with 0 < ¢ <1 IZX LT, ;— = 1;10 LT,
1
ISegllomor < Aellgllpe (g9 € Bp’)-
B, 0=1—0 LB &, VOwith0<f<1iHLT, *4tclie tu1-0+2
. 4 P D1
& LT,
|Tofllar < Asllfllaar (f € HAP).
O

Remark. Theorem 22 iZ8V\ T,
1. bl log A; (t) log Ao(2)
= = -0 .
Ag = Cp, 9 xp [2 sinm(1 - 6) /_oo {cosh 7t — cosm(1l — 6) + cosh 7t + cosm(1 — 6) at
L, 0<0< 1.

X B1Z, Theorem 22 DHEHH & BIERIC LT; Theorem 19 ~ Theorem 21 Z £ ETh A
WAL, RO3IHO>OBRERE2BIIENTES.

Theorem 23. 1 <py<p; <00 &L, {T;} (z € S) i analytic family of bounded linear
operators from HAP! to AP* TH Y, admissible £ 4%. £#L T,

“T;tf”APo < Ao(t)”f”HAPo (f € HAPO, —-x0<t< OO)
THY,

[T14ief || ar < AL(@)[|fllam (f € A", —00 <t < 00). :
T A (G=0,1) 1k f LMITHY, (x) BWET. ZOLE VIwith0<f<1
XL T,

| Tof||lar < Ao||fllaar (f € HA?).
1-6 6

| :
kL, -= +— THY, Ag 1 A(t), p; ( =0,1) & 6 IT depend.
p Do 41

Theorem 24. 1 < p; < 0 & U, {T,} (2 € S) I analytic family of bounded linear
operators from HAP! to AP* T# Y, admissible &3 5. £L T,

1 Tiefllze < Ao fllen (f € HY, —o0 < t < 00)
ThY, .
[Tisiefllar < A@)fl|mam (f € HA™, —00 <t < 00).

ZIT, At) (G=0,1) W f LI THY, (x) 2T, ZOLE, VOwith0< <1
X LT,

ITofllar < Asl|fllaar (f € HAP).
f:ffb, ';“ =1- 9+1—)'0‘ ThY , Ao [ A_,(t) (J = 0, ]_)’ D e8Iz depend‘
1
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Theorem 25. 1 <py<p; <o &L, {T,} (z € S) & analytic family of bounded linear
operators from HAP to A”* T& Y, admissible &3 5. £ LT,

”T%tfHApo < A“_f”HAPo (f € HAPO, -0 << OO)
Thh,
NTitiefllam < Al|fllgars (f € HAP, —00 <t < 00).
ZIT, AR ((=0,1) 1 f EMEITHY, (+) BT, T0LE Vwith0< o<1
WX LT,
5 | Tof|lar < Aol fllzar (f € HAP).
1—

=L, ! = + s THY, Ag 1T Ai(t), p; (j=0,1) & 0 I depend.
p Do D
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