0000000000
15310 2007 0 129-133 129

Submetrizability and Interpolations
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All topological spaces considered here are Tychonoff. For a topological space X, C(X)
is the Banach space of all bounded real-valued continuous functions with the sup norm:
| £l = sup{|f(z)| : = € X} for f € C(X). The space F(X x R) is the hyperspace
consisting of all finite subsets of the product space X x R. Of course, its topology is the
Vietoris topology. Let S(X) be the subspace of F(X x R) defined by

S(X) = {{(z,11),++, (@n,mn)} 1 2 # 75 for i#j}
For each n = 1,2, -, define F,,(X x R) and S,(X) by:
F.(X xR) ={D € F(X x R) : D has at most n points},

Sa(X) = 8(X) N Fa(X x R).

For a point D = {(z1,71), (Z2,72), "+, (Tn,Ta)} € S(X), & function fp in C(X) is called
an interpolation function for D if

fo(x1) =711, fo(ze) = 7oy -+ , fD(ZTn) = Ta

are satisfied. A map © : S(X) = C(X) is called interpolation (algorithm) if ©(D) = fp
is an interpolation function for each D € S(X). Further, if © satisfies the condition
that the restriction ©|s, (x)-s,,(x) is continuous for each n =1,2,..-, we call © to be a
weakly continuous interpolation. Let a topology 71 on a set X is stronger than a topology
o on the same set. If © is a weakly continuous interpolation on 73, then the same © is a
weakly continuous interpolation on 7;. Every metrizable space has a weakly continuous
interpolation, and hence every submetrizable space has a weakly continuous interpolation.
In (1), a weakly continuous interpolation on a metric space (X, d) is constructed as follows:
For any D = {(z1,71)," -, (Zn,Ta)} € S(X), let ‘

m = min{d(z;,z;) : ¢ # j}



and
0 if d(z,z;) > m/4 foreachi=1,---,n
fD(w) = 4r; 3 s
i — ¥d(r,z;) if d(z,z;) <m/4for somei=1,---,n.
Then the map © : S(X ) = C(X) defined by ©(D) = fp is weakly continuous. For this
interpolation, we can show the following. Here, for any distinct p, g € X D, denotes the

sample {(p, —1),(g,1)} in S2(X) — S:1(X).

Proposition 1 The weakly continuous interpolation © : S(X) — C(X) on a metric
space (X,d) constructed above satisfies the following condition: There exists a constant
M such that

| Duws = fDuy IS M max{|| fp., — fpoy sl fD.. — sy I}
for any z,y,z,w € X.

Proof. We can assume that metric function is bounded. Assume thatd(z,y) < 1 for
any z,y € X. It suffices to show that || wav I 1< &1 Do — fDay 1< € imply
| fDu. = fpay lI< Be.

Claim 1. Let 0 < a < }. If d(2,y) < ad(w,y), then || fp,, — fp.. [I< 9.

Since interpolation functions defined above are piecewise linear on the distance from
data points, || fp,, — fD.. || does not exceed the following 5 values:

(1) At' z? Iway(z) - waz (Z)! d(w,y) d(y7 z) < Zdwwy' = 4a’

(2) At ¥, |fDuy () — fpu. (¥)] = d(w,,)d(y,Z) < goslen < (1“_";‘(},‘;% da < 8a.
(3) When the distanse from y is 4% d(w Ty (A, z)+4ea) _(10__22) d(y .z + :({::gz)) <
8a+1— oM <8a+1- ;(%—z;<8a+l—m<9a

(4) When the distance from z is "—(M, d(w —5(d(y, 2) + _S.'f_’ul __("_’ﬁl) = (d(wig:;)z +1-—
dos) < o +1— Hegods) —a+1—1+i—ly" < 2a.

d(w, d(w,y) d(w,y)
(5) When the distance from w is %22 in case d(w, z) < d(w, ), d(w’y) (—(-'%ﬂ J’Z—‘l) =
1- a%w—,y% <1-¢ e zj”’ ﬁ;’{f‘% < a. dWhen the dlsi;ance from w isl—m’ﬂ in case
4 W, w, w w — -
d(w,y) < d(w’ 2), g (M52 - = - < 1-miihs = - me — s <o

Claim 2. Let 0 < e < 1. If || fp,, — fo.y II< &1 fD.. — fpuy lI< €, then d(y, 2) <
sd(w,y).

Since || fp., — fp., ||< €, estimating the value at x, we obtain d(z, w) 73— Twgy < € Hence
d(z,w) < §d(w,y). Similarly, the value of | fp,, — fp., | at z is d(y, 2 )m—; Hence it follows
that d(y, z) < %d(z,y). Then d(y,2) < 5(d(z,w) + d(w,y)) < §(§d(w,y) + d(w,y)) =
(($)? + §d(w,y) < §d(w,y).
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By claim 2, d(y,2) < §d(w,y). Then || fp,, — fp.. lI< 2¢ < 5¢ by claim 1. Hence
ll waz - fDmy ”S“ waz - way H + “ way - fDmy “< 5€+6 = 66'

Let us call a weakly continuous interpolation to be regular when the condition in the
proposition is satisfied. A sequence {G,} of open covers of X is called a G;-diagonal if
for any z # y € X, there exists n such that y ¢ st(z,G,). Further G4-diagonal sequence
{G.} is called regular if for G,G’ € G,.1, GN G’ # (@ implies that there exists G € G,
such that GUG’ C G . It is well known that a space X is submetrizable if and only if X
has a regular Gs-diagonal sequence(see[2]).

Theorem 1 The following are equivalent.
(1) X is submetrizable.
(2) X x (w+ 1) has a weakly continuous regular interpolation.

Proof. If X is submetrizable, then X x (w + 1) is also submetrizable. Hence it follows
that (1) implies (2) from the proposition above.

Assume that (2) is satisfied. We will show that X has a regular Gs-diagonal se-
quence. Let © : S(X X (w+ 1)) = C(X x (w + 1)) be a weakly continuous interpo-
lation which satisfies the regular condition. Let us recall the notation that D m)gn) =

{((p,m),-1),((g,n), 1)} € So(X x (w + 1)) — S1(X x (w + 1)) for any (p,m),(g,n) €
X x (w+1) and fp, .yqm = ©(Dpm)an))- Then there exists a constant M such that

Il f D(w,ty(z.k) — f D(z,i)(v.5) < M max{| f Diwy(v.g) ~ f D(z,1)(y.4) 1l £ Dz, i)(e,k) ~ f Dz i)(v.5) b

for any D(z,)y.1)» Diwi)(wd)» Dii)ek)s Dwiyak) € S2(X X (w+1)) = S1(X x (w+1)). It
can be also assumed that M > 1. '
Let G, be the family of all open subsets U which satisfies

1
” fD(z,i)(y,w) - fD("v‘)(Y"“’) ”< (2M)n

for any z,y,z',v € U and any i = 0,1, ,n.

Claim 1. G, is an open cover of X.

For any z € X, consider Dz i)(zw) for i =0,1,---,n. Since © is weakly continuous, for
each i =0,1,---,n there exists an open neighborhood U; of z such that
1

” fD(u,()(u,w) - fD(m;i)(-'cr“) ”< 2(2M)"

for any u,v € U;. Then U =NLU; € 'g,, is an open neighborhood of z in X.
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Claim 2. {G.} is a Gs-diagonal sequence of X.

Assume that {G,} is not a Gs-diagonal sequence. Then there exist two distinct point
o, Yo such that for each n, zo,yo € U, for some U, € G,. Let us take D(zow)(yow) =
{((zo,w), —1), (o, w), 1)} Then fp, y40u (Fo;w)) = —1. Let W be a neighborhood of
D(zo,w)(yo,w) in SQ(X X (w + 1)) - Sl(X X (UJ + 1)) such that Il fo— fD(zo.w)(vo,w) H< 1 for
any D € W. Then there exist n such that Dz, ow) € W for any i > n. Especially, for

such D(zq,i)(yow)> the value | fD(zo,i)(yo.w)((mo’w)) - fD(zolw)(yo’w)((mo,w))] < 1 at (zg,w), and
hence

fD(zo-i)(vo,w)((xo’w)) <0.

: _ _ ) 1

~ On the other hand, smcta Zo,yo € U; for i > n, || IDegowow IDag @0 i< MY and
fD(,o_‘.)(,o,w)((:co,w)) =1, it must be

fD(zo,l’)(vo.u) ((xO) UJ)) > 0.

This is a contradiction.
Claim 3. {G,} is regular.

Assume that Uy, U, € Gy satisfy Uy N Uz # 0. Then there exist p € Uy N Us.
For any z,y € Uy U Up, it is shown that || fo, 0w = fDenew 1< el for any
i =0,1,---n. In fact, in case z,y € U or z,y € U, it is obvious. In other case,
. 1 1 .
since || fo.pm ~ fPwaww 1< @7 | Ppogw = FPears < Grryr, it follows that
I D i) = FPpiroun IS F5izz DY the regularity condition of ©. Then fori=0,1,---,n
and for any z,y,z',y € Uy UUs,

“ fD(zri)(Vl“’) - fD(”'ni)(ﬂ’;W) ”:” fD("’")(Vi“’) - fD(P)‘)(Pl”) “ + ” fD(PI“)(P"") - fD("-")(U’v“’) ”

< 1 + 1 < 1
= Qn+lpfn C ontlpm T (2M)™
This shows that U; U U; € G,..

In the proof of the above theorem, we used the regularity condition on the interpolation
only to show the regularity of the Gs-diagonal sequence. Hence the following theorem is
also obtained.

Theorem 2 If X X (w+ 1) has a weakly continuous interpolation, then X has a Gs-
diagonal. In particular, for a paracompact space X, X x (w+1) has a weakly continuous
interpolation if and only if X has a G;-diagonal.
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Further, we used interpolation functions essentially for only D € S3(X x (w+ 1)) —
S1(X x (w+ 1)) to show the submetrizability of X in Theorem 1. Let us call a map
O, : $5(X) — §1(X) = C(X) to be a continuous S,-interpolation if it is continuous and
©,(D) is an interpolation function for every D € S5(X) — S1(X). Theorem 1 can be
rewitten as the following.

Theorem 3 The following are equivalent.
(1) X is submetrizable.
(2) X x (w+ 1) has a weakly continuous regular interpolation.
(8) X x (w+ 1) has a continuous regular S,-interpolation.

Remark. It may be generally shown that a space X has a weakly continuous interpolation
if and only if X has a continous S;-interpolation.
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