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Topics from Competitive Game Theory
"o F (MinonSakaguch)

Some pf the recent works 17) the Prfﬁ-ng Auther av# giyen
(n the tws parts E«] and [B] A Dot of fn‘i’?r{s?‘;nj opor Frol:pﬂ}n;

are mentioned.

@ 2- AND 3- PLAYER GAMES OF SCORE SHOWDOWN
1 3-Player Games of Score Showdown .(L _[Z 3 J..I 2) be the j-th rv.
observed by Player i. Assume that { Xg} are i.i.d d with Ugy ;) distribution. Each
player i first observes X;;=%;; and chooses A/R If A(R) is chosen, theXis
accepted ( rejected and the second rv X -, is observed). Playeri’s score is
S.(X: X . A accepted.
We cc(ans:;le‘:tzxe ch‘f(x” %) f Xiy=> ! . i rejected & Xi:. is obsepved.
b (Xe Xe2) = Xiz, X, 1(x27 Xi) (X 4% (XX, 2 1) (Xu4X%)
(Keep-or-Exchange, Risky-Exchange, Showcase-Showdown,CompetingAverage resp)
Player who gets the highest score is the winner. Each player wants Pr( he wins)->max
Also we consider the two versions of the games;

Simultanious-move version ~—— Players’/d,.qg%ade indep. and are not known to his
rivals. 0((eS

_Sequential- move version Players move sequentially, ji.e.,l at first, II at
second,and III at third. After I's move, II and III are informed of X,=2%, andI's
choice of A/ﬁ After II’'s move, III is informed of 'Xz, = %and II’s choice of AR

All players are intelligent, and each player should prepare for that any subsequent

player must employ their optimal strategies.

In the present article, we use r = game, C=common, EQ=equilibrium, S=strategy,
V= value, D= draw. Players 1,2,3 are sometimes written by LII, III, resp.

2. Solutions to the Games, It is shown that games of F@SS and rmRE have

.

the same solution Q{EF[S 1)Some other results are given below ( Ref(1,2,3)
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@ Solutxon to )‘("kE (simult.-move): CEQS is “Choose A(R) if his first observ.is )(( )

j_"({?~ i) = 0.618, i.e., a unique root in(0, /) of the equation ¢%+a= |”

CEQV- o) In Pm KE, the a, the equation and CEQV change to a*;’

0.691, 2d%= [-a+x*—a3 and & resp. .

@ Solution to ["‘L)RE (simult.-move).; CEQS is “Choose A(R), if his first observ. is 7(<)
a¥-§0.544,_i_.g., a unique root in (0,|) of the equation a?*. ata= l.'” P(D) = -‘4‘ ¥4 =
0.022, PW) = PW,) =‘2"(1—P(D)):'j. 0.489. In [’B)RE & the equation and the
other result change to a"= 0.656, 2a‘*+a"—l-a+4‘_ 4. P(D) = é—c\*‘ = 0.010,P(W,)
=P(W,) = P(W) = 4{( |- pp)) = 0330.

@ Solution tof‘(’;'RE ( seq. -move ); I’soptstr.is “ChooseA R X, =x,ifx; >L) %,
where x ( 0.570) is a unique root in (["' i, 1) of x4 21(/-31") II’s opt.str. is

“ChOOSCA(R)X.N_Xg_ 1fx2>(<) 13(' ) 7 'h smt{{((:f’lz'/;% ’

where y (x) = (r.,)r(;,sr,,)_,_ “X"Zz) o~
PW) = oon 0.477, 0.512, resp. (x>0 21 We obtan P@P(WD
9 Solution to/*®)CA (seq.-move ): I’s opt. str. is “Choose A(R)X-x ifx > (<)7= w’\fu

x°(=0.549) is a unique root m(-L ) of %")‘ fZ—:Z [_95/2)7‘+ x> I sopt.
str, is “ChooseA(R))S Xifx, ><) { i state {( Xa|%, A)
Jo(2) ("% R) .

where 3, () 272~ T 1(n<4 o5 mY Iﬁzg)“"’ obun POV ) = 1=~ (V) 2
0 490,

@ Solution tp I'EKE( seg~mcve) ¢ Tt is toocomplicale 1o write here, We found
that  P(W)), Pi2), P(w;lgls 032307 233270, 0, 3492/& me The sum s L.
0] O

é_lp__formanon Types in 2 layer amw We consider the rmation types,
under which players declde thexr choxces of A / R.
1'"!"" means that I chooses X, = x, II chooses X, , = x,and each player informs
of his observed value to his opponent.
1°~!" " means that I observes Xj) =%, Il observes X5, =x, and I informs his x,
to Il,and II doesn’t inform his x ztol
Itisclear that I/%®) s the information type discussed in Section 2.
Some results are given as follows ( Ref[4).
v Solution tof‘&) RE under 1//-1! : In state -, there exists a unique

saddle point at R-A, R-R, A-R, if x,V XzV(ri 1 )= %2 r'_) X, resp.

"
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We obtain  P(D) = (7 Q" < 0.007,P(W,) =P(Wp =5(-P(D)) =049%.

® Solution to P@‘kE under 1% 5 1 opt. str. is “Choose A(R) X, =x,
’
ifx,>(<) a=3s  =06124" 1I’s Opt. str.in state x — x,is given by

Condition II’s opt. Choice

1,<n” AR), if 22 >(<) %%
S R A
x4 AV, R

We obtain P((W,) = [— P(w2)=:§'+ a2 04964

4. 2-Player game of Continue-or-Stop. Player i observes ( X; I, 3(”_ ) A

Rk, DIOWE

sequentially one-by-one, and facing each Xy ] chooses Cont/ Stop, If Stop is chosen

). €X g is accepted by player i and his play ends. If Cont. is chosen, Xy is rejected and

the next X, j+ is observed and the game continues. Assume that f Xov }are iid. with
72

UEC l:‘distribution. Score is
s/ X stop at X
Si{Xit, v, X )= z , .(} p ot tu
xc,fH u )(‘2 5 xy aré re) ecf'(’J and 5"‘0[’ ai')c_ fpl
Consider the situation where player i has n—~| decxsnon thresholds ( | >) a;”> at 2 >. ?Ql n—y
(7 O) so thai ; chooses Stop (Cont. ) if XL) K)a i Player who gets the higher
score than his opponent is the winner. Each player an'ns Pr ( he wins ) ~» max.
4 Solution when n =3 (Ref[5); The common optimal thresholds are(l,? b°) = (0743,
oésq)where (Iof, L; is a unique root in (U | )* of
b+ by —( b ~1+ )= 0
b’-+(|+b )y, — 1 =0
P(W)=Rw ==,
S.Remark.  There are many open problems of interest around the topic~ games
of score showdown. Three among them are given below.
(1)- Let (X, Yi), (=2, )=l 2 areiid. with joint p.df. )
fxy)=1+ a’(l—u)(!—ls Yy Y(yy)elo, ],

with [YI< | Inthe game [ (simult.-move ), the score is

(X YD , accepted
v xS B o acpte
L(X”;Y"’XLZ' 2 (Xiz Yea) ’ ML(XH)YH) 'S{Mj“fu '



149

Define that ( x, y ) is higher than f_lower than, intermediate to:) (x7y),if (x,y).
> [ <, otherwise] (X, y"). Player with score (x,y ) gets 1 [~1,0 ], Solve this

Zero-sum game.

(2). Sequential-move games PO RE and PB)CA Yemain unsofved.

(3). 3"P9£‘;9)4" games U;;\der various informatios {yPes are of fh"‘-(rest?_
rOke PRe and s CA, unger THHI-NIE To0-l1o-111

e e —

[//0-0l-(o]_etc. remain unsolved. The last one 110-011-/01, for example, means
that each player observes his own X, = x, and,in addition, I knows x, , II
knows x;, and Ill knows . x.

REFERENCES
(1,2,3 7 M.Sakaguchi, SCMJ ,60(2004), 411-421; 61(2005), 335-344,; 61(2005), 145-

151, resp.
(45] . Game Th. Appl. 10(2005), 148-160 ; To appear in 11(2006), resp.

_ B , MULTISTAGE OPTIMAL STOPPING GAMES
1. Each Player has his Priority. Player I, I, and III observe X,*’ Xz"« WXp withiid. Uf" 1)

distribution sequentially one-by-one. They have their previously given pxiorities( ﬁ, k2, P3>
Facing X;each player chooses R/ A, independently of his rivals.

If only one player chooses A, he gets X;with his priority, dropping out from the game
thereafter, and the remaining two players continue their two-player game with the
“revised” priorities. If two players choose A, one player selected according to the
“revised” priorities gets X;, drops out from the game thereafter, and the remaining two
players continue their 2-player game with the “revised” priorities. If the choices are A-A-
A playeri gets X; with prob. p; dropping out from the gaxﬁe, and the remaining two
players continue their 2-player game with the revised” priorities. If the choices are R-R-
R then X;is rejected, the next X j+\is observed and the subsequent 3-player game
continues. Each player aims to maximize the ENV he can get (N in ENV means net, j.e.
no-observation-cost and no-discounting ),

Let W, (Vn) be CEQV, for 3-player ( 2-player ) equal-priority game. Then the Opt. Eq.is
(Wn, Wa, W,Q:E[eq,val.M,(_X)J (n> 1, W=V =0 )
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Rby1 AbymL A
W, W, w V,x, V

.\ Ryl
/L”Pm/ My )= 1 1
M, ()= AbyQ * V.V | 3G +V), 56+V), V

\% v, V, x v, %'(x+V). %(H.V).
Mh’h =

' 1
-;—(x +W),V, -;-(x +V), -;—(x +2V), %(x +2V), s(x +2V),
[W(V) is Wn-t (Vh..|)]

. =& A
/Y = RV, Vo Unay. *
(\/ﬂ’ \/ﬂ) E{VQQ AE::_'.}'_‘; U:_: Jz'(x-l-qu) z’{x“ﬁ}
shere U, =20+U5) (a2, U209
Common opf str. for cacd player isderived and CEQV S compulid s
Un= Y2, 01417 08344 08191, fur n=l 4§ 12, yesp

Vn= b, 044b8 01182, 09361 Lhid -
Wa= Yo 0550k 0186 gnase  phid '

The cases Cp,_ p, {1,072 and {p,, P, P3)= (% ‘:n:(’z;‘,a{,‘;glsg solved (Ref{j~ %))
Player with low priority stands at disadvantage, since he remains late in the game, and
faces less offers.

The cases where player’s aim is Pr. ( he gets a r.v. better than opponent )—»max. are
solved in Ref[i , ), In the 2-player No-Information case, for example, let us

Define state (i,) to mean that (1) both players remain in the game, and (2) players
currently face the r.v. Y; = y. Let V(i,y) be the value of the game in state (%,9), for the
n-problem. Note that n is fixed throughout, players should choose A-A in state (n,y) and
hence draw of the game cannot occur.

Then t he Opt. Eq. in state (i,y ) /5

R A
R [ Fi I-4(c, ) ]
AL JED (p-Flstn+F |
Jar VEESnel Vingy=pe ) Vyefy 3o 03
wheve f"(—rl:(c-rl\ 3[ V(c+), ,/)1 and
<

V(Y )= Vaf,{

90, 4) =P {&th has absolee vank 3, v statz (09D ]
= (- =()(}) =), &),
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The Soa‘ﬂ"on ’s O\-:E sYr, pair in state (¢, 3) is
R-%, R-A, A-R, 04505y, f‘n\<3(°ﬂ<)‘ L<qeogcl resp

T))e w:‘nn'»ng PV‘DB -[‘of Nn=|0 gre wmpuw ddwnwasd 'n £ u»‘h[ﬁ?aMll}J
M= V(I]') We obtain

(Iwms) 05"79 0.619, for p=3, |, Yesp.

3. Commitee’s Selection I and II observe (XJ Yy )i=L""",mn, ii.d.with Uca M
X0 gnstnbutmn sequentially one-by-one, and each player chooses R/A Xy (Yp)isD’s
ar 5) evaluation of j-th applicant’s ability ( Ref[9). The Opt. Eq. is

R A

(“n'\fn) = E%*““'\(Y)Y)]Q an(za .'/) = R ( Un—1,Vn-1 Pln-1 + I_’f,Pvn—l + ﬁy)

A\ pz + pun-1,py + PVn-1 z,y
=y).
T chooses P\(R\ it 22(<) Yna, TrARP. of y |
3.0‘\00665 A (F) ){' Y 7/(<) V., m&eY of o,

The solution is : In state ( X =X Y

where
4 =L{Pu2 4B (4D U] msame with oo F and wess

ey Shownr Hat Unf Uep, \;"\ 1t ‘U'“-’th (Qqe V,é;) 5 a (,m:%ue yosl m -
(o N* of

_ JIFpr Ji—pu )
- =

Convergence is quick:

"‘:o— 0.6592, 0.6861, 0.1530, O.gbI1, fyr P= 05 a6 og lo, "’F

= 06592, 0.6331, 0.5188, )2, hid
Up= 2/, 0bf4b, 0N443 1, ihid.
V= 23, 06403, 05999, ‘2 ibid

Various interesting open problems arise. @If X; (Yj )isthe ability of management
(foreign language ) , then X; and Yjare not mdependent @1" he case where players aim

ENV of ( X ‘ j2a )—pmax, ( Ref.[l 1Y)} (3®3-player game where ( XY Z j.) is
observed,
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.,gf,., }_‘!L‘j}\ff'\qhﬂ-\\h‘h 3 PGk(’ Y,

We first consit:'ler a s:imple n-round poker. Each of two players I and II receives a hand
z and y, res.pectlve.ly, in [0,1], according to a uniform distribution, and chooses one of
two alternatives Reject or Accept. If choice-pair is R~-R, the game proceeds to the next
round and both players are dealt new hands = and y. If the choice-pair is A-A showdown
olcc§1rs a.nd the ga.rfae ends with I's reward sgn(z—y). If players choose different choices, then
;;;nt;aht'mn comes in, and forces them to take the same choices as I's (II's) with probability p

5). This zero~sum game is played in n-rounds, and player I(II) aims t imize(minimi

the expected reward to I. yor (1) ima o mm‘mlze(mmlme)

Let ¢ (z)(¥n(y)) be the probability that player I-(II) chooses A on the hand z (y). Also
let v, be the value (for I) of the n-round game. Then we have

Vp = g:a(,:g ‘Ib!'l‘x(rl) E,.v [(5,,(3:), ¢n($))Mn(3: y)(‘l;n(y)a ¢n(y))T]

where
R A
R V1 Psgn(z — y) + pvn-1
Mn(z,y) = 4 ( psgn(z — y) + Pn—-1 sgn(z - y) ) -

The solution is ‘
¥, : ¥ - - -
Pa)=I(om), o= 192a), %=20 "1
where {ahisdeterminedby 4, =4, "'Jf (l’a-,,"—-F k) (nl, a,=%).
Weobtain g, T 4 :W/({F-rf?), v, 4 2 4oo-| -_—.({Tp..ff)/(/p.fj‘f ).
The bilateral-move version, when p = i/,  has an interesting solution. Letw, be

the value of the n-stage game. Wwj, < O, since I must move first and inevitably gives
some information about his true hand. We find that w J. Voo = = ("‘J? ) /(H'JE )‘5- -

where g =‘;' - ) = 0.618, the golden bisection number. = 0.h47
Aler Wl tind that d’i‘saA\)t\n"“"sgﬂ disnppeans when Pz 1L,
wr =0, ¥yl (Ref.lioD). .
3-‘1&_&72 r Hi%—\*wd"\h}{hs Poker’ unden ;i'mpze-mad:vvity pula

amd with bd B20, i's_onA»o an Inte Mf‘h'ng open I7vo pLem.

in the three-player two-choice games there

_4, Odd-Man-Wins and Qdd:-Man-Out.
' e reasonable partition among players

often appear Odd-Man and Even-Men. What is th

of each X; ?
Let v, (Wy

sgptrices  Mn (X)) are

) be CEQV of n-stage 0dd-Man-Wins ( 0dd-Man-Out ). Then the payoff
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R by III A by III
Rbyl RbyIl|vn1,Un_1,¥1] 0, 0, =z
AbyII[ 0, z, 0 z, 0, 0 i
R by 111 A by I "yl V=% >
AbyI~RbyII[ 20, 0 0, =z 0
AbyIl| 0, 0, =« z/3, z/3, z/3
R by II AbyIIl
RbyI RbyI|wn j we ywny [2/2, 2/2, O
AbyIl}| z/2, 0, z/2 0, z/2, x/2
R by 11 A by 11T " w=L
A by RbyIl{ 0, =z/2, =z/2 z/2, 0, z/2 ’ 4
AbyIl| z/2, z/2, O z/3, z/3, z/3

for 04d-Man—Wins , Odd-Man-Out, resp.

Each player must think about : (1) He wants to become the odd-man (an even-man), w hen
the game is Odd-Man-Wins (Odd-Man-Out), especially when he faces a very large X;, and
(2) Since Xj is a random variable, he can expect a larger one may come up in the future.

v, = 0205and w,} w2 0.160. Somulti-stage

oo

It is shown that ( Ref[67 ), v, ¢

play yields each player a merit of size V_s_.-;--_-;- U039 and ademerit of size -£~ -
- =008b4.
The extension to the many-player two-choice simple-majority games is an interesting
open problem.
The case where the odd-man has priority p, and the even-men has priority T’/z
solved in Ref[7) Whenp=)3, CEQV=4pn , where {k, } isthe Moser’s
sequence. When p = 0 ( 1), the game reduces to 0dd-Man-Out ( Odd-Man-Wins ),

is
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