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On Separable Extensions of Noncommutative Rings
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Okyama University

In [2], K. Hirata and K. Sugano generalized the notion of separable algebras defining
separable extensions of a ring. A ring extension 7'/S is called a separable extension,
if the T-T-homomorphism of T ®s T onto T defined by a ® b — ab splits, and T'/S
is called an H-separable extension, if T ®¢ T is T-T-isomorphic to a direct summand
of a finite direct sum of copies of T'. As is well known every H-separable extension is
a separable extension.

Throughout this paper, B will mean a ring with identity 1, p an automorphism
of B, and Z the center of B. Let B[X; p] be the skew polynomial ring in which the
multiplication is given by bX = Xp(b) (b € B). A monic polynomial f in B[X; p]
with fB[X; p] = B[X; p|f is called a separable (resp. H-separable) polynomial if the
factor ring B[X; p]/fB|[X; p) is a separable (resp. H-separable) extension of B.

Separable polynomials in skew polynomial rings are extensively studied by Kishi-
moto, Nagahara, Miyashita, Szeto, Xue and the author (see References). In [21, 22],
Kishimoto studied some special type of separable polynomials in skew polynomial
rings. In [27], Nagahara gave a thorough investigation of separable polynomial of
degree 2. Miyashita [26] studied systematically separable polynomials and Frobenius
polynomials. He give a characterization of a separable polynomial.

The following is a theorem of Y. Miyashita which characterizes separability of
X" —u in B[Xj p].

Proposition 1. ([26, Theorem 3.1]) Let f = X™—wu be in B[X; p|. Then the following
conditions are equivalent:
(1) f is a separable polynomial in B[X; p].
(2) (a) p(u) =u, and au = up™(a) for all a € B,
(b) u is invertible in U(BP?), and there exists an element z € Z such that
z2+p2)+-- 4+ p"2) =1.

Remark 0.1. The condition (2)(a) in the Proposition 1 is equivalent to (X™—u)B[X; p] =
B[X; pl(X™ — u).

In [9, 10, 11], the author has studied H-separable pokynomials in skew polynomial
rings. If the coefficient ring is commutative, the existence of H-separable polynomials
in skew polynomial rings has been characterized in terms of Azumaya algebras and
Galois extensions. In [10], the author proved that B[X;p] contains an H-separable
polynomial of prime degree if and only if the center Z of B is a Galois extension over
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Z*. In [19], G. Szeto and L. Xue has succeeded in general degree case. The following
is their theorem.

Proposition 2. ([19, Theorem 3.6]) Let f = X™—u be in B[X; p|. Then the following
conditions are equivalent:
(1) f 4s an H-separable polynomial in B[X; p].
(2) (a) p(u) =u, and ou = up™(a) for all a € B,
(b) u is tnvertible in U(B*), and Z/Z? is a G-Galois extension, where G is
the group generated by p|Z of degree n.

The pourpose of this paper is to generalize these results to the skew polynomial
rings in several variables. We need some notations as in K. Kishimoto [21], S. Ikehata
(5] and S. A. Amitsur and D. Saltman [1].

Let p; (1 £ i £ e) be automorphisms of a ring B, and let u;; (1 £ 4,5 < e) be
invertible elements in B such that

(1) w; =uj', and uy =1,

(1)  pipspr oy " = (wag)e(ugg')r,

(i)  wiip;(wr)use = pi(use)uinpr(uiy)-

Then the set of all polynomials in e indeterminates
{Z X;IX? U X:‘bvwz"-ve ' byyva--ve € B,vx 2 0}

forms an associative ring if we define the multiplication by the distributive law and
the rules

aX,- = Xip,-(a) (a € B) and Xin ES X,-Xiu,-,- (1 é Z,J é 6).

This ring is denoted by R. = B[Xy, X3, , Xe; p1,P2,++ ; Pe; {uij}] and is called
a skew polynomial ring of automorphism type. Moreover, by Ry (0 £ k < e), we
denote the skew polynomial ring B[X;, Xa, - , Xk; p1,P2,"** » Pk; {uij}] which is a
subring of R,, where Ry = B. :

Remark 0.2. For a permutation 7 of {1,2,--- ,k} (k < €), we have a B-ring automor-

phism Ry = B[Xra), Xr(2),"** > Xr(k) Pr()s Pr(@)r **  Pr(k); {r(im(5)}] which maps
Xi to X,r(f;) (1 é 1 é k)

Remark 0.3. px41 can be extended to an automorphism p},, of Ry by pi,,(X;) =
Xjiusr1 (1S j S k)and ph|B = pry1. Moreover there holds Ry = Ri[Xk41; prial-
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Now, assume further that there exist elements u; (1 £ < €) in B such that
(iv)  bu; = up(b) (b€ B)
and
(V) pi(wsyugipi(uss) - - p7 " (ugs) =wi (1 SiLe).
Then we have,
a(X{™ — uw;) = (X — w)p;*(a) (a € B)
and _
Xi(X™ —wi) = (X — w) Xjugipi(uz) - - p " (uge) (14,5 Se).

This means (X;™ — u;) Ry is a two-sided ideal of Ry for 1 £ k £ e. The mapping
pi : R. — R, defined by

ﬁt(ZXfl ng L X:Gbx/n/z'"l/e) = Z(Xlul,-)”l (qum-)” R (Xeue{)l"p.i(bylw...ye)

is an automorphism of R, which is an extension of p;.
We put here

B; = B[Xy, + , Xic1, Xig1, 0+ s Xes P10 1 Pim1, Pig1y 5 Pes {is }]-
Naturally, we have ’
R, = B‘i[X‘i; ﬁi]z and
BX™ —w) = (X7 —w)p(B) (B € Bi) and pi(w) = u,

where p; means p;|B;.

Let M = (X7 —uy, X572, -+ , X —u,) be the two sided ideal of R, generated by
{XT" —uy, X3?,- -+ , XM —u.}. Then the factor ring R./M is a free ring extension
over B with a basis :

{z’zy? -2 |0S vs <my,1 £i S e}, where z;,=X; + M € R./M.

Under the above notations, we shall state the following theorem which is a gener-
alization of Proposition 1.

Theorem 3. The following are equivalent.
(1) R./M is a separable extension of B.
2) (a) ucU(B*) (1site).
(b) There exists an element z € Z such that

e

S 3T drepepe(z)=1

i=1 0Syy<my

83 )((,")" — Uy lz]s( gpse):parablé 1‘10<lyn)omz'al in By[X;; ps] for each i (1 £iZe).
a) u; € ¢ Si15 e).
(b) There exist elements c; € ZP1F2 Pi-1Pit1rPe gych that

¢+ pifc) ++ M a) =1
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To state the result concerning H-sesparable extensions, we need some more nota-
tions.

So =B and 8; = B[Xi;p1]/(XT — u1) B[X3; p1).

For 1 £k <e Weput here Sy = Sk_1[Xx;Px)/(X5* — ur)Sk-1[Xk; Pr)-
Naturally, we have

R/ M=8.D8.1D---281D8=B.
Under the above notations, we have the following:

Theorem 4. The following are equivalent.

(1) R./M is an H-separable extension of B, and the centralizers of B in R./M,
Vie/(B) = Z.
(2) X™ —uy is an H-separable polynomial in Si_1(Xx; px) for each k (1 S k £ e).
3) (2) meU(B”) (1Sile)
(b) The order of (p;i|Z) =m; (1 £iSe), theset{p:|]Z |1 S i < e} generates
an abelian group < p1|Z > X < p3|Z > X +++ X < pe|Z >= G, and Z/Z®
i8 a G-Galois extension.
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