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Abstract

In this note we consider properties of lattices satisfying a special equa-
tion called Elkan’s formula (E) : (z Ay’) =y V (' Ay’). We show that,
for any lattice L with a unary operator ' and a greatest element 1, if it
satisfies (E) then L* = {z” |z € L} is a Boolean algebra.

1 Introduction

It is proved in (3] that each of de Morgan algebras and of orthomodular lattices
with the formula (zAy’)’ = yVv(2’Ay’) is a Boolean algebra. Since the equation is
presented in the theory of fuzzy logic by C.Elkan ([2]), we call it here the Elkan’s
formula and denote it by (E). The results obtained in [3] mean that Boolean
algebras are characterized by de Morgan algebras and orthomodular lattices
by use of this equation. It is also proved in [4] that every orthocomplemented
lattice with (E) is a Boolean algebra. In this note we give a more general result
than [4], that is, for any lattice with a greatest element 1, if it satisfies only the
condition '

(B) (=AY) =yv(ZAy),

then L* = {z” |z € L} is a Boolean algebra. This implies a new characterization
theorem of Boolean algebras.

2 Preliminaries

Let £ = (L,A,V,,0,1) be a bounded lattice with a unary operator ’. A unary
operator ' : L — L is called an orthocomplementation when it satisfies, for all

T,y € L,
1. zAZ =0
2. zva' =1;

3. z<y=y <z

4. 7/’ =z,
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By an orthcomplemented lattice, we mean the bounded lattices with an or-
thocomplementation. If an orthocomplemented lattice £ satisfies the following
conditions

(D) (zAy) =2' VY, (zVy) =2 AY
D2)zA(yv2)=(@Ay)V(zAz), zVyA)=(zVy A(zV=2)

then it is called a de Morgan algebra. An orthocomplemented lattice £ is called
an orthomodular lattice when it satisfies '

(D1) (zAy) =2’ VY, (zVvy) =2’ Ay
(OM) z<y=y=2zV (2’ Ay) (Orthomodular law)
It is proved in (3, 4] that

1. The only de Morgan algebras in which the law (E) (z A ¢')’ =
y V (2’ Ay') holds are those that are Boolean algebras.

2. Every orthomodular lattice satisfying (E) is a Boolean algebra.
3. Every orthocomplemented lattice with (E) is a Boolean algebra.

3 Stronger result

We give a stronger result than (3, 4] in this section. Let £ = (L; A, V,0,1) be a
bounded lattice with a unary operator ’ satisfying (E) (z Ay') =y V (=’ AY).
It is easy to prove the following results.

Proposition 1. For all z,y € L, we have
1. 0=1

1”7=1

zva =1

z <z

z<y ifandonlyif y<oz

ifr<ytheny <&

xl _ wlll

o NS &

(zvy) =2'Ay

Theorem 1. Let £L = (L;A,V,0,1) be a bounded lattice. If a unary operator’
satisfies only the following two conditions, then L is a Boolean algebra : For all
x,y €L,

(c1) I'=0
(E) (zAy) =yV(d'AY)
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Thus, the class of all bounded lattices with (c1) and (E) coincides with the
class of Boolean algebras.

Proof. In order to prove our statement, it is enough to verify that the unary
operator ’/ is an orthocomplementation. That is, we have to prove z Az’ = 0
and z” = z. At first we show that z”” = z. In the equation (E), if we take z =1
and y = z simultaneously, then we have

AAZ)Y =zv (1 AL).
Since 1Az’ =z’ and 1’ Az’ =0 Az’ =0 by (cl), it follows that
' =01AZ)Y=zv('Az)=2zVvO0==z.
We note from the above that
| 0'=1"=1.

Since1 =0 =(0AZ')Y =zVv (0 Az')=zVvZ,if wetake y =z in (E),‘then
(zAZ)Y =zVv(z'A2') =z Vv =1. It follows that

zAz =(xAZ)' =1 =0.

As to the condition (c1) we can show the next result.

Proposition 2. Let L be a bounded lattice with (E). Then the following state-
ments are equivalent:

1. =0
2.z=2z" forallz e L
8 zAx' =0 forallze L
4. ifr' <y, theny <z forallz,ye L
Proof. 1. = 2.: Suppose that 1’ = 0. For every element z € L, we have
' =01Qnz)Y=zv(l'AL)=2Vv(OAL)=2zVO0==.

2. = 3.: We suppose that z = z” for every x € L. We note that 0’ = 1 by
(E). Indeed, if we take z = 0 and y = z in the equation (E) then for all y € L
we have

0'=0Ay)Y=yVv(OAY)2v.

This means that 0’ = 1 and 1/ = 0” = 0. It follows from the above that
1=0=0Az)Y =2V AZ)=2V(1AZ)=2Vz' Thus we have

zAz =@ ALY =(zVv (@A) =(@ve)=1=0.
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3. = 4.: We assume that z Az’ =0 for every z € L and z’ < y. It follows
from the assumption that 1’ = 0. Then for all z € L, since 2"’ = (1 A 2’) =
zV(U'Az)=2V(O0AZ)=zVvO0=zand 2’ Ay =0 by z’ <y, we have

zAY =(@AY) =@V (@ AY)) =@V =y.

This means that ¥y’ < z.
4. = 1.: Assume that if '’ < y then y < z for all z,y € L. Since 2’ < 1
for every z € L, we have 1/ < z by the assumption. Thus we have 1’ = 0.
O

4 Substructure L*

For any lattice £ = (L; A, V) with a unary operator / and the Elkan’s formula
(E), we put L* = {¢” |z € L}. Since L* is a subset of L, it has a partial order
<* which is a restriction of < on L*. Thus, for all z,y € L* we have

z<*y & z<yinl
As to the order <*, we have a following result.

Proposition 3. £* = (L*,<*) is also a lattice with a unary operator ’, that is,
for all x,y € L*

infr«{z,y} =z Ay

supz.{z,y} = (z V)’
Proof. We only show the case of ”sup”. It is obvious that z,y < zVy < (zVy)".

For every u € L* such that z,y <* u, since r,y < u and zV y < u, we have
(z Vy)” <* v” = u. This means that sup;.{z,y} = (z vV y)". O

We use symbols M and U for ”inf” and ”sup” in L* respectively to avoid
confusions: For z,y € L™,
zMNy = infr.{z,y}
Uy =supp.{z,y}
We can show that the lattice L* satisfies the orthomodular law : ifa <* b
then b= a U (a’ N b).
Proposition 4. The lattice L* satisfies the orthomodular law : if a <* b then
b=alU(a’'Nb).
Proof. Suppose that a <* b for a,b € L*. Since b =b" and ¥ <* da/, we have
| b=1b"= (bt Aa)
={¥ Aad)}Y ={aVv (' Ad)}
={av(®Aad) =au(bAa’)
=al (a’'Nd).
Thus, the lattice L* satisfies the orthomodular law. a

-
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Next we consider a case of L having a greatest element 1. We see that 1’ is
the least element in L*. Moreover we have the following result.

Proposition 5. Let L be a lattice with a unary operator’ satisfying the Elkan’s
formula (E). If there is a greatest element 1 in L, then we have for allz € L
(1) 1=1";
(2) zvz' =1;
(8) €’ Az =1".
Proof. Suppose that L is a lattice with a unary operator ’ satisfying (E) and a

greatest element 1.
(1) If we take z =y = 1 in (E), then we have

1"=(1A1)=1V(Q'AL)> 1
(2) Take z = 1',y = z. We get that
1=1"=QUAz)Y =2zv(Ql"AZ)=2zv(IAZ)=zV
(3) It is trivial that 2’ A2” = (z v ') =1'. a

For any lattice L with meeting the orthomodular law, an element z € L is
said to be commutative with y (denoted by zCv) if z = (z Ay)V(z AY'). Asto
the commutativity, it is obvious that (1) if < y then zCy and (2) if Cy then
zCy'.

A set {z,y, z} of elements of L is called distributive triple if zCy and zCZz.
It is well-known ([1]) that if {z,y, 2} is distributive triple then the sublattice
generated by {z,y, 2} is a ditributive lattice (Foulis-Holland theorem), thus the
following holds :

gAYyVvz)=(@Ay)V(EAz)
yn(zvz)=(yAz)V(yAz)
2A(zVY)=(zAZ)V(zAY)
(zAy)Vz=(xVv2)A(yVz)
yAz)vz=(yvz)A(2VZ)
(zAzZ)Vy=(2Vy)A(zVYy).

From the fact above, we can conclude that

Lemma 1. For any a,b € L*, we have aCb, that is,
a=(anbu(an?).

Hence L* is a distributive lattice.
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Proof. Since the orthomodular law holds in the lattice L* and a M b <* a, we
have

a=(anb)uU{(and’) La}
=(anb)u[{bu(a’Nd)}ual.
The fact that o’ N <* o', implies that (a’ M &' )Ca’ and (o’ NY)CYH. Hence
we get (o' MY)Ca and (o’ NY)Cb by a = a” and b’ = b for a,b € L*. This

means that a set {a, b, a’ M b’} is distributive triple. From the Foulis-Holland
theorem, it follows that

an{bu(@nd)}=(andb)uand Nd')
=(aNb)u(1’Mb)
=(anb)u 1’
= anb,
because 1’ is the least element in L*. This implies that
a=(an?)u(anb).

That is, for all elements a,b € L*, we have aCb. Thus L* is a distributive
lattice. |

Moreover, we see that each element a € L* has a complement o’ € L* from
the proposition.above.

Theorem 2. If a lattice L has a greatest element 1 and satisfies the Elkan’s
formula, then the lattice £* = (L*,n,u,,1%,1) is a mazimal Boolean algebra
included in L. -

Proof. We only show its maximality. If L* C B for some Boolean algebra
included in L, then there is an element x € B such that x ¢ L*. Since B is
the Boolean algebra, we have z = 2’ and thus z € L*. This is a contradiction.
Hence L* is the maximal Boolean algebra included in L. O
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