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The Gauss-Bonnet theorem for PL manifolds
~Banchoff’s theorem and Homma’s theorem~

SATG, Kenzi
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There is the Gauss-Bonnet theorem not only for smooth surfaces but also for polyhedra. It éan be
generalized to the theorem for higher dimensional PL mfds, in two methods of Banchoff’s and Homma'’s.

The purpose of this article is to consider the relation of them. First of all, the case of dimension 2 has to
be described. ‘

2-dim. Gauss’ Theorema egregium.
For the boundary 8P of a convex polyhedra P = P3 of R3, let
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See the figure below.
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The value x({v}) depends only 8P, so, for a general PL-mfd M = M?, we can define the curvature x by
(B) = (H).

This is an abstract and the details will be published elsewhere. The title in Japanese is “PL Z4%{%0D Gauss-Bonnet
DTEBE ~Banchoff D EH & &M D EF~,
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2-dim. Gauss-Bonnet theorem.
We have Z k({v}) = x(M).
F 24 =2=x(S?)
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To generalize them for the higher dimension, the inner and outer angles for vertices are confirmed by the
following figure.
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Gauss’ Theorema egregium.
For the boundary 8P of a convex polyhedra P = P™ of R", let

ss({e}) =, (1 + (-1)"a"({v}, P) ©)
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Then : ,
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So, for a general PL-mfd M = M™~1, let
veEQ
ra({v}) = Y (-1)9a°({v},Q). (B)
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Gauss-Bonnet theorem (Banchoff).

> ks({v}) = x(M).
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We have another generalization.

Gauss-Bonnet theorem (Homma).
For each face Q' of M, let
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Then
3 1)k (@) = x(M).

QEM

We also have to confirm the definition of angles for faces. See the figure below.

ot,Q) = o
Q) =5

Notice that o(Q’,Q) = a°(Q',Q) = § if |Q| — |Q'| = 1, and (Q,Q) = a*(Q,Q) = 1. The followmg is
the main result of this article.

Relation of Banchoff and Homma (S.).
For each v € M, we have
veEQ
ra({v}) = 3 (-1)9¥xx(Q) - a°({v}, Q).
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Remark that ) _ a°({v},Q) =1 for VQ c M.
veQ

a({vhQ) = 5~
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Extend xp for all faces (and extend kg and kg for P = P*) by

det > a(Q",Q) ~dgin-1 HQUEM

ka(Q") = M
(z° L
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where §(Q', Q) = 1;6(Q", Q) = 0if Q" G Q'; (", Q) =1ifQ" S @; B(Q", Q") = (-1)I¥I-19"l3@", @)
for B =a, a°, ¢, and §; and B(Q",Q') =0 if Q" € Q' for each 3.

Corollary.
From the generalization of the main result

p=Forn (e, ka(Q") = L &(Q",Q)ku(@))
Q .
and ‘
cox =6 (ie, 3 o(@",QIFQ,Q =5Q"Q),
QI
we have ' |

aoKp =Ky (i-e-, Y a(Q,Q)ks(Q) = NH(Q'))-
Q

The following content was not described in the presentation.

The theorem of Homma’s curvature.
Let
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Then, for a simplez Q™ and a face @' S Q,

1@, Q) = km18(@QY))
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where S@Q") = {{Fr=h € 8™ : 7 € Q, &' €Q"}, wm-1 = pm-1(S™Y), and the face Q" G Q is
such that the join of Q' and Q" is Q, and
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(@ Q) = { A
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Remark.

The function ¢* does not satisfy “ZT(Q", Q) =0if Q" € Q, so we cannot use the theorem above for
spherical simplices and convex cones (we can only use it for Euclidean simplices).
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Conjecture for Homma’s curvature.
For a polyhedra Q™ and a face Q' G Q, can we have

Q'NQ"=0
3 (-l @ +1-my (@)
oy — 959
T(Q ) Q) '?- Wm—1 ’

and 1 (-f 0)

ym= y

T(QvQ) T?' { 0 (zfm g 1)'

REFERENCES

[B] T. Banchoff, Critical points and curvature for embedded polyhedra, J. Differential Geom. 1 (1967), 245-256.
(H] T.Homma,, On PL total curvatures, Manifolds—Tokyo 1973 (Proc. Internat. Conf., Tokyo, 1973) (1975), 111~116.
(0] I, A AL, RS, H R R BT iv, 1076

[M] P. McMullen, Non-linear angle-sum relations for polyhedral cones and polytopes, Math. Proc. Cambridge Philos. Soc.
78 (1975), 247-261. _

[Sa] K. Satd, Spherical simplices and their polars, Quart. J. Math. 58 (2007), 107-126.

SATS, Kenzi
DEPARTMENT OF MATHEMATICS, FACULTY OF ENGINEERING, TAMAGAWA UNIVERSITY
6-1-1, TAMAGAWA-GAKUEN, MACHIDA, TOKYO 194-8610, JAPAN
E-mail address: kenzi@eng.tamagava.ac.jp



