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In this report we discuss some bundle theorems for measure preserving homeomorphisms
in 2-manifolds and investigate a homotopical relation between the group of measure pre-
serving homeomorphisms and the group of ones with compact support on a noncompact
n-manifold.

1. GROUPS OF MEASURE-PRESERVING HOMEOMORPHISMS

Suppose $M$ is a connected n-manifold without boundary. By $\mathcal{H}(M)$ we denote the group
of homeomorphisms of $M$ equipped with the compact-open topology. Below we consider
some subgroups of $\mathcal{H}(M)$ . For any subgroup $\mathcal{G}$ of $\mathcal{H}(M)$ the notation $\mathcal{G}_{0}$ denotes the
connected component of $id_{M}$ in $\mathcal{G}$ .

A Radon measure on $M$ is a Borel measure $\mu$ on $M$ such that $\mu(K)<\infty$ for any
compact subset $K$ of $M$ . A Radon measure $\mu$ on $M$ is said to be good if $\mu(p)=0$ for any
point $p\in M$ and $\mu(U)>0$ for any nonempty open subset $U$ of $M$ . Let $\mathcal{B}(M)$ denote the
$\sigma$-algebra of Borel sets in $M$ and let $\mathcal{M}_{9}(M)_{w}$ denote the space of good Radon measure
on $M$ equipped with the weak topology.

For $\mu\in \mathcal{M}_{g}(M)_{w}$ and $h\in \mathcal{H}(M)$ the induced measure $h_{*}\mu\in \mathcal{M}_{g}(M)_{w}$ is defined by
$(h_{*}\mu)(B)=\mu(h^{-1}(B))(B\in \mathcal{B}(M))$ . We say that

(i) $h$ is $\mu$-preserving if $h_{*}\mu=\mu$ (i.e., $\mu(h(B))=\mu(B)(B\in \mathcal{B}(M))$ ),
(ii) $h$ is $\mu$-regular if $h_{*}\mu$ and $\mu$ have same null sets

(i.e., $\mu(h(B))=0$ iff $\mu(B)=0(B\in \mathcal{B}(M))$).

By $\mathcal{H}(M;\mu)$ and $\mathcal{H}$ ( $M;\mu$-reg) we denote the subgroups of $\mathcal{H}(M)$ consisting of $\mu$-preserving
homeomorphisms and $\mu$-regular homeomorphisms of $M$ resp. The group $\mathcal{H}(M)$ acts contin-
uously on $\mathcal{M}_{g}(M)_{w}$ by $h\cdot\mu=h_{*}\mu$ and the subgroup $\mathcal{H}(M;\mu)$ coincides with the stabilizer
of $\mu\in \mathcal{M}_{9}(M)_{w}$ under this action.

When $M$ is compact, in [3] it is shown that
(1) $\mathcal{H}(M|\mu)$ is a SDR (strong deformation retract) of $\mathcal{H}$ ( $M,$ $\mu$-reg),
(2) $\mathcal{H}$($M,$ $\mu$-reg) is WHD (weak homotopy dense) in $\mathcal{H}(M)$ ,
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(3) the inclusion $\mathcal{H}(M;\mu)\subset \mathcal{H}(M)$ is a WHE (weak homotopy equivalence).
(4) If $n=1,2$ , then $(\mathcal{H}(M), \mathcal{H}(M;\mu)$ are $\ell_{2}$-manifolds)

(a) $\mathcal{H}$ ( $M,$ $\mu$-reg) is HD (homotopy dense) in $\mathcal{H}(M)$ ,
(b) $\mathcal{H}(M;\mu)$ is a SDR of $\mathcal{H}(M)$ .

Here, a subspace $A$ of a space $X$ is said to be homotopy dense in $X$ if there exists a
homotopy $h_{t}$ : $Xarrow X(t\in[0,1])$ such that $h_{0}=id_{M}$ and $h_{t}(X)\subset A(t\in(O, 1$]).

When $M$ is noncompact, we need to introduce some notions related to ends of $M$ . We
denote by $E=E_{M}$ the space of ends of $M$ and by $\overline{M}=M\cup E_{M}$ the end compactiflcation
of $M$ . An end $e\in E_{M}$ is said to be $\mu- finite$ if $e$ has a neighborhood $U$ in $\overline{M}$ with
$\mu(U\cap M)<\infty$ . The symbol $E_{M}^{\mu}$ denotes the set of $\mu- finite$ ends of $M$ . It is seen that
$\overline{M}$ is a compact connected metrizable space, $M$ is a dense open subspace of $\overline{M},$ $E_{M}$ is a
O-dim compact subspace of $\overline{M}$ and $E_{M}^{\mu}$ is an open subset of $E_{M}$ .

Every $h\in \mathcal{H}(M)$ has a canonical extension $\overline{h}\in \mathcal{H}(\overline{M})$ . If $h\in \mathcal{H}(M)_{0}$ , then $\overline{h}|_{E_{M}}=$

$id_{E_{M}}$ . We say that

(iii) $h$ is $\mu$-end-regular if $h$ is $\mu$-regular and $\overline{h}(E_{M}^{\mu})=E_{M}^{\mu}$ .
Let $\mathcal{H}$ ( $M,$ $\mu$-end-reg) denote the subgroup of $\mathcal{H}(M)$ consisting of $\mu$-end-regular homeomor-
phisms of $M$ . Note that $\mathcal{H}(M;\mu- reg)_{0}=\mathcal{H}(M;\mu- end- reg)_{0}$ .

Consider the following subset of $\mathcal{M}_{g}(M)$ :
$\mathcal{M}_{g}(M;\mu)=$ { $\nu\in \mathcal{M}_{g}(M)|\mu$ and $\nu$ have same total mass, null sets and finite ends}

This space is equipped with the finite-end weak topology $ew$ . This is the weakest topology
such that

$\Phi_{f}$ : $\mathcal{M}_{g}(M;\mu)arrow \mathbb{R}$ : $\Phi_{f}(\nu)=\int_{M}fd\nu$

is continuous for any continuous function $f$ : $M\cup E_{M}^{\mu}arrow \mathbb{R}$ with compact support.
The group $\mathcal{H}$ ( $M;$ $\mu$-end-reg) acts continuously on $\mathcal{M}_{g}(M;\mu)_{ew}$ by $h\cdot\nu=h_{*}\nu$ and the

subgroup $\mathcal{H}(M;\mu)$ coincides with the stabilizer of $\mu\in \mathcal{M}_{g}(M;\mu)_{\epsilon w}$ under this action.
In $[2, 3]$ it is shown that

(1) the orbit map $\pi$ : $\mathcal{H}(M;\mu- end- reg)arrow \mathcal{M}_{g}(M;\mu)_{ew}$ : $h-h_{*}\mu$ has a continu-
ous section $\sigma$ : $\mathcal{M}_{g}(M;\mu)_{ew}arrow \mathcal{H}(M;\mu- end- reg)_{0}$ .

(1) (i) $\mathcal{H}$ ( $M;$ $\mu$-end-reg) $\cong \mathcal{H}(M;\mu)\cross \mathcal{M}_{g}(M;\mu)_{ew}$

(ii) $\mathcal{H}(M;\mu)$ is a SDR of $\mathcal{H}$ ( $M;$ $\mu$-end-reg).

In [9] we have shown that

(2) if $n=2$ , then ($\mathcal{H}(M)_{0}$ and $\mathcal{H}(M;\mu)_{0}$ are $\ell_{2}$-manifolds)
(a) $\mathcal{H}(M, \mu- reg)_{0}$ is HD in $\mathcal{H}(M)_{0}$ , (b) $\mathcal{H}(M;\mu)_{0}$ is a SDR of $\mathcal{H}(M)_{0}$ .
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Let $\mathcal{H}^{c}(M;\mu)$ denote the subgroup of $\mathcal{H}(M;\mu)$ consisting of $\mu$ -preserving homeomor-
phisms of $M$ with compact support. Let $\mathcal{H}^{c}(M;\mu)_{1}^{*}=\{h\in \mathcal{H}^{c}(M;\mu)|(*)\}$ :

$(*)\exists$ a path (an isotopy) $h_{t}\in \mathcal{H}^{c}(M;\mu)(t\in[0,1])$ from $h_{0}=id_{M}$ to $h_{1}=h$ with
a common compact support

To investigate the relation between $\mathcal{H}(M;\mu)$ and $\mathcal{H}^{c}(M;\mu)$ , we use a sort of mass flow
homomorphism $J:\mathcal{H}_{E}(M;\mu)arrow V_{\mu}(M)$ .

The homomorphism $J$ is defined as follows: Let $\mathcal{H}_{E}(M;\mu)=\{h\in \mathcal{H}(M;\mu)|\overline{h}|_{E_{M}}=$

$id_{E}.\}$ and $\mathcal{B}_{c}(M)=$ { $C\in \mathcal{B}(M)|$ Fr $C$ : compact}. For each $h\in \mathcal{H}_{E}(M;\mu)$ we can define
a function $J_{h}$ by

$J_{h}$ : $\mathcal{B}_{c}(M)arrow \mathbb{R}$ : $J_{h}(C)=\mu(C-h(C))-\mu(h(C)-C)$ $(C\in \mathcal{B}_{c}(M))$ .
The quantity $J_{h}(C)$ measures the total amount of mass transfered into $C$ by $h$ . The func-
tion $J_{h}$ belongs to the topological vector space $V_{\mu}(M)$ deflned as follows:

$V_{\mu}(M)=\{a : \mathcal{B}_{c}(M)arrow \mathbb{R}|(*)_{1}, (*)_{2}, (*)_{3}, (*)_{\mu}\}$

$(*)_{1}$ If $C,$ $D\in \mathcal{B}_{c}(M)$ and $cl(C-D),$ $cl(D-C)$ are compact, then $a(C)=a(D)$ .
$(*)_{2}$ If $C,$ $D\in \mathcal{B}_{c}(M)$ and $C\cap D=\emptyset$ , then $a(C\cup D)=a(C)+a(D)$ .
$(*)_{3}a(M)=0$ .
$(*)_{\mu}$ If $C\in \mathcal{B}_{c}(M)$ and $\mu(C)<\infty$ , then $a(C)=0$.

$V_{\mu}(M)$ is equipped with the product topology.

The space $V_{\mu}(M)$ is canonically isomorphic to the space of charges on $E_{M}$ ([1]). The
mass flow homomorphism $J$ : $\mathcal{H}_{E}(M, \mu)arrow V_{\mu}(M)$ : $h\mapsto J_{h}$ is a continuous group
homomorphism and $\mathcal{H}^{c}(M;\mu)\subset KerJ$ . In [10] we have shown that

(3)1 $J$ has a continuous (non homomorphic) section $\sigma$ : $V_{\mu}(M)arrow \mathcal{H}(M, \mu)_{0}$ ,
(3) (i) $\mathcal{H}_{E}(M;\mu)\cong$ Ker $J^{\mu}\cross V_{\mu}(M)$ ,

(ii) Ker $J$ is a SDR of $\mathcal{H}_{B}(M;\mu)$ .
Let $J_{0}$ : $\mathcal{H}(M, \mu)_{0}arrow V_{\mu}(M)$ denote the restriction of $J$ into $\mathcal{H}(M, \mu)_{0}$ . Since ${\rm Im}\sigma\subset$

$\mathcal{H}(M, \mu)_{0}$ , the homomorphism $J_{0}$ also has the similar properties.
In summary, in $n=2$ we have obtained the following sequence of groups :

$n=2$ : $\mathcal{H}(M)_{0}$ $\supset$ $\mathcal{H}(M, \mu- reg)_{0}$ $\supset$ $\mathcal{H}(M;\mu)_{0}$ $\supset$ Ker $J_{0}$ $\supset$ $\mathcal{H}^{c}(M;\mu)_{1}^{*}$ .
HD SDR SDR

It remains to study the relation between the groups Ker $J_{0}$ and $\mathcal{H}^{c}(M;\mu);$ . In $[7, 8]$ we
have shown that $\mathcal{H}(M)_{0}$ is an ANR and $\mathcal{H}^{c}(M)_{1}^{*}$ is HD in $\mathcal{H}(M)_{0}$ for any noncompact
connected 2-manifold $M$ . One of main tools in our argument in $[7, 8]$ is a bundle theorem
for $\mathcal{H}(M)$ obtained in [6]. To apply the same argument to the groups Ker $J_{0}$ and $\mathcal{H}^{c}(M;\mu)_{1}^{*}$ ,
we need a bundle theorem for Ker $J_{0}$ . In the next section we discuss this problem.
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2. BUNDLE THEOREM FOR MEASURE PRESERVING HOMEOMORPHISMS

IN 2-MANIFOLDS

We begin with a general frame work. Suppose a topological group $G$ acts continuously
on a space $X$ . For any point $x_{0}\in X$ we have the orbit $Gx_{0}\subset X$ , the stabilizer $G_{x0}$ of $x_{0}$

and the orbit map $\pi$ : $Garrow Gx_{0}$ : $g\mapsto gx_{0}$ .
We are concerned with the problems :

$(\#)_{1}$ Determine whether the orbit map $\pi$ : $Garrow Gx_{0}$ is a principal $G_{x_{0}}$-bundle or not.
$(\#)_{2}$ Identify the orbit $Gx_{0}$ as a subspace of $X$ (without using the G-action if possible).

It is seen that $\pi$ is a principal bundle iff $\pi$ admits a local section around $x_{0}$ (I.e., there
exists a neighborhood $U$ of $x_{0}$ in $Gx_{0}$ and a map $s$ : $Uarrow G$ with $\pi s=$ inc$U$ ). If ${\rm Im} s$

is contained in a normal subgroup $H$ of $G$ , then we can expect that $Gx_{0}=Hx_{0}$ . This
situation is described by the next diagram:

$s\uparrow HU$
$\subset\triangleleft$ $Gx_{0}G\downarrow\pi$

This general description can be applied to our situation as follows. Suppose $M$ is a
connected n-manifold without boundary and $X$ is a compact subpolyhedron of $M$ . Let
$\mathcal{E}(X, M)$ denote the space of embeddings of $X$ into $M$ equipped with the compact open
topology and let $\mathcal{E}(X, M)_{0}$ denote the connected component of the inclusion $i_{X}$ : $Xarrow M$

in $\mathcal{E}(X, M)$ . The group $\mathcal{H}(M)$ acts continuously on $\mathcal{E}(X, M)$ by the left composition and
the orbit map for the inclusion $i_{X}$ is exactly the restriction map

$\pi$ : $\mathcal{H}(M)arrow \mathcal{H}(M)i_{X}\subset \mathcal{E}(X, M)$ : $h\mapsto h|_{X}$ .
More generally, for any subgroup $\mathcal{G}$ of $\mathcal{H}(M)$ we obtain the orbit map $\pi$ : $\mathcal{G}arrow \mathcal{G}i_{X}$

: $h\mapsto h|_{X}$ . Bundle theorem for $\mathcal{G}$ is the assertion that the orbit map $\pi$ : $\mathcal{G}arrow \mathcal{G}i_{X}$ is
a principal $\mathcal{G}_{i_{X}}$ -bundle. This assertion is equivalent to the existence of a local section $\varphi$

around $i_{X}$ :

$\varphi\uparrow \mathcal{H}$

$\subset$

$\mathcal{G}\downarrow\pi$

$\varphi(f)|x=f$ $(f\in \mathcal{U})$ .
$i_{X}\in$ $\mathcal{U}$

$\subset$ $g_{i_{X}}$

The map $\varphi$ : $\mathcal{U}arrow \mathcal{H}$ assigns to each embedding $f\in \mathcal{G}i_{X}$ close to $i_{X}$ its extension to a
homeomorphism $\varphi(f)\in \mathcal{H}$ .

In the smooth case it is well known that if $X$ is a closed codim 1 submanifold of a smooth
manifold $M$ , then the restriction map $\pi$ : Diff $Marrow Emb(X, M)$ is a principal bundle
over its image (R. Palais (1960)).
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In the $C^{0}$-case, the corresponding result \’is still unknown for $n\geq 3$ . Below we restrict
ourselves to the cases in $n=2$ .

Suppose $M$ is a connected 2-manifold without boundary and $X$ is a compact subpoly-
hedron of $M$ . For a subset $A$ of $M$ let $\mathcal{H}_{A}(M)=\{h\in \mathcal{H}(M)|h|_{A}=id_{A}\}$ .

In [6] we have shown that

Theorem 2.1.

(1) The restriction map $\pi$ : $\mathcal{H}(M)arrow \mathcal{E}(X, M)$ admits a local section $\varphi$ : $\mathcal{U}arrow$

$\mathcal{H}^{c}(M)_{1}^{*}$ on a neighborhood $\mathcal{U}$ of $i_{X}$ in $\mathcal{E}(X, M)$ .
(2) The restriction maps $\pi$ : $\mathcal{H}(M)arrow{\rm Im}\pi$ and $\pi$ : $\mathcal{H}(M)_{0}arrow \mathcal{E}(X, M)_{0}$ are

principal bundles.

The proof of the assertion (1) is based on the conformal mapping theorem in the complex
function theory.

Now we return to the study of groups of measure preserving homeomorphisms. Suppose
$\mu$ is a good Radon measure on $M$ . Below we discuss bundle theorems for the groups

$\mathcal{H}$ ( $M,$ $\mu$-reg) $\supset \mathcal{H}(M;\mu)\supset KerJ^{\mu}\supset \mathcal{H}^{c}(M;\mu)$ .

2.1. Bundle Theorem for $\mathcal{H}$ ( $M,\mu$-reg).
Let $\mathcal{E}$ ( $X,$ $M;\mu$-reg) denote the subspace of $\mathcal{E}(X, M)$ consisting of $\mu$-regular embeddings.

The group $\mathcal{H}$ ( $M;\mu$-reg) acts on $\mathcal{E}$ ($X,$ $M;\mu$-reg) by the left composition. Since conformal
maps are regular with respect to the Lebesgue measure on the complex plane, a slight
modification of the argument used in Theorem 2.1 yields the following conclusion.

Theorem 2.2. For any $f\in \mathcal{E}(X, M)$ and any neighborhood $U$ of $f(X)$ in $M$ there exists
a neighborhood $\mathcal{U}$ of $f$ in $\mathcal{E}(X, M)$ and a map $\varphi$ : $\mathcal{U}arrow \mathcal{H}_{M-U}(M)_{0}$ such that

(1) $\varphi(g)f=g$ $(g\in \mathcal{U})$ , $\varphi(f)=id_{M}$

(2) $\varphi(g)$ : $M-f(X)\cong M-g(X)$ is $\mu$-regular $(g\in \mathcal{U})$

$\mathcal{H}_{M-U}(M)_{0}$ $\subset$ $\mathcal{H}(M)$

$f$

$\in \mathcal{U}\exists_{\varphi|}\exists$

$\subset \mathcal{E}(X, M)\downarrow\pi_{f}$

$\pi_{f}(h)=hf$

Restriction of the map $\varphi$ to $\mathcal{E}$ ($X,$ $M;\mu$-reg) implies the next result.

Theorem 2.2’. For any $f\in \mathcal{E}$ ($X,$ $M;\mu$-reg) and any neighborhood $U$ of $f(X)$ in $M$ there
exists a neighborhood $\mathcal{V}$ of $f$ in $\mathcal{E}$ ($X,$ $M;\mu$-reg) and a map $\varphi$ : $\mathcal{V}arrow \mathcal{H}_{M-U}(M;\mu- reg)_{0}$

such that $\varphi(g)f=g(g\in \mathcal{V})$ and $\varphi(f)=id_{M}$ .
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$\mathcal{H}_{M-U}(M;\mu- reg)_{0}$ $\subset$ $\mathcal{H}(M;\mu- reg)$

ヨ
$\varphi\uparrow$ $\downarrow\pi_{f}$

$f\in\exists_{\mathcal{V}}$ $\subset$ $\mathcal{E}(X, M;\mu- reg)$

Corollary 2.1.
(1) The restriction map $\pi$ : $\mathcal{H}(M;\mu- reg)arrow \mathcal{H}(M;\mu- reg)i_{X}$ is aprincipal $\mathcal{H}_{X}(M;\mu- reg)-$

bundle.
(2) The restriction map $\pi$ : $\mathcal{H}(M;\mu- reg)_{0}arrow \mathcal{E}(X, M;\mu- reg)_{0}$ is a principal $\mathcal{G}$-bundle

for $\mathcal{G}=\mathcal{H}(M;\mu- reg)_{0}\cap \mathcal{H}_{X}(M)$ .
2.2. Bundle Theorem for $\mathcal{H}(M, \mu)$ .

Let $\mathcal{E}(X, M;\mu)$ denote the subspace of $\mathcal{E}(X, M)$ consisting of $\mu$-preserving embeddings.
The group $\mathcal{H}(M;\mu)$ acts on $\mathcal{E}(X, M;\mu)$ by the left composition.

Theorem 2.3. The restriction map $\pi$ : $\mathcal{H}(M;\mu)arrow \mathcal{H}(M;\mu)i_{X}$ admits a local section
$\varphi$ : $\mathcal{V}arrow \mathcal{H}(M;\mu)_{0}$ on a neighborhood $\mathcal{V}$ of $i_{X}$ in $\mathcal{H}(M;\mu)i_{X}$ .

$\mathcal{H}(M;\mu)_{0}$ $\subset$ $\mathcal{H}(M;\mu)$

$i_{X}\in \mathcal{V}\exists_{\varphi\uparrow}\exists$

$\subset$

$\mathcal{H}(M;\mu)i_{X}\downarrow\pi$

Corollary 2.2. The restriction map $\pi$ : $\mathcal{H}(M;\mu)arrow \mathcal{H}(M;\mu)i_{X}$ is a principal $\mathcal{H}_{X}(M,\cdot\mu)-$

bundle.

2.3. Bundle Theorem for Ker $J\supset \mathcal{H}^{c}(M, \mu)$ .
The condition “$f\in(KerJ)i_{X})$ means the vanishing of obstruction for extension of $f$

to a $\mu$-preserving homeomorphism with compact support.

Theorem 2.4. For any $f\in(KerJ)i_{X}$ and any neighborhood $U$ of $f(X)$ in $M$ (which
satisfies some additional minor condition) there exists a neighborhood $\mathcal{V}$ of $f$ in $(KerJ)i_{X}$

and a map $\varphi$ : $\mathcal{V}arrow \mathcal{H}_{M-U}^{c}(M;\mu)_{0}$ such that $\varphi(g)f=g(g\in \mathcal{V})$ and $\varphi(f)=id_{M}$ .

$\mathcal{H}_{M-U}^{c}(M;\mu)_{0}$ $\subset$ $KerJ^{\mu}$

ヨ
$\varphi\uparrow$ $\downarrow\pi_{f}$

$f\in\exists_{\mathcal{V}}$ $\subset$ $(KerJ^{\mu})i_{X}$

Corollary 2.3. For any subgroup $\mathcal{G}$ with Ker $J\supset \mathcal{G}\supset \mathcal{H}^{c}(M;\mu)_{1}^{*}$ the restriction map
$\pi$ : $\mathcal{G}arrow \mathcal{G}i_{X}$ is a principal $\mathcal{G}_{i_{X}}$-bundle and $\mathcal{G}i_{X}=(\mathcal{H}^{c}(M;\mu)_{1}^{*})i_{X}$ .
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As an application of this corollary we obtain the following conclusion.

Theorem 2.5. $\mathcal{H}^{c}(M;\mu)_{1}^{*}$ is HD in Ker $J_{0}$ .
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