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Bundle Theorem for measure preserving homeomorphisms
in 2-Manifolds
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(Kyoto Institute of Technology)

In this report we discuss some bundle theorems for measure preserving homeomorphisms
in 2-manifolds and investigate a homotopical relation between the group of measure pre-
serving homeomorphisms and the group of ones with compact support on a noncompact
n-manifold. '

1. GROUPS OF MEASURE-PRESERVING HOMEOMORPHISMS

Suppose M is a connected n-manifold without boundary. By H(M) we denote the group
of homeomorphisms of M equipped with the compact-open topology. Below we consider
some subgroups of H(M). For any subgroup G of H(M) the notation G, denotes the
connected component of idys in G.

A Radon measure on M is a Borel measure u on M such that ,u(K‘) < oo for any
compact subset K of M. A Radon measure 1 on M is said to be good if u(p) = 0 for any
point p € M and p(U) > 0 for any nonempty open subset U of M. Let B(M) denote the
o-algebra of Borel sets in M and let My(M),, denote the space of good Radon measure
on M equipped with the weak topology.

For p € My(M), and h € H(M) the induced measure h,pu € My(M),, is defined by
(hew)(B) = u(h™*(B)) (B € B(M)). We say that |

(i) h is p-preserving if hupu = p (ie., u(h(B)) = u(B) (B € B(M))),
(ii) h is p-regular if h.u and p have same null sets
(i.e., u(h(B)) =0 iff u(B) =0 (B € B(M))).
By H(M; u) and H(M; u-reg) we denote the subgroups of H(M) consisting of u-preserving
homeomorphisms and p-regular homeomorphisms of M resp. The group H(M) acts contin-
uously on My(M),, by h-p = h.u and the subgroup H(M; i) coincides with the stabilizer
of u € My(M),, under this action.
When M is compact, in [3] it is shown that

(1) H(M; ) is a SDR (strong deformation retract ) of H(M, u-reg),
(2) H(M, p-reg) is WHD (weak homotopy dense) in H(M),
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(3) the inclusion H(M; u) C H(M) is a WHE (weak homotopy equivalence).
(4) If n=1,2, then (H(M), H(M;u) are £,-manifolds)

(a) H(M, p-reg) is HD (homotopy dense) in H(M),

(b) H(M;p) is a SDR of H(M).

Here, a subspace A of a space X is said to be homotopy dense in X if there exists a
homotopy h: : X — X (¢ € [0, 1]) such that ko = idy and ky(X) C A (t € (0,1)).

When M is noncompact, we need to introduce some notions related to ends of M. We
denote by E = E); the space of ends of M and by M = M U E), the end compactification
of M. An end e € E) is said to be u-finite if e has a neighborhood U in M with
#(U N M) < co. The symbol E%, denotes the set of u-finite ends of M. It is seen that
M is a compact connected metrizable space, M is a dense open subspace of M, E) is a
0-dim compact subspace of M and E}, is an open subset of E),.

Every h € H(M) has a canonical extension k € H(M). If h € H(M)y, then h|g,, =
tdg,,. We say that

(iil) A is p-end-regular if h is p-regular and h(E%,) = Ek,.

Let H(M; u-end-reg) denote the subgroup of H(M) consisting of u-end-regular homeomor-
phisms of M. Note that H(M; u-reg)o = H(M; p-end-reg)o.
Consider the following subset of M (M):
Mg(M;p) = {v € My(M) | p and v have same total mass, null sets and finite ends }

'This space is equipped with the finite-end weak topology ew. This is the weakest topology
such that

O My(M;u) —R: Qf(u)=A4de

is continuous for any continuous function f: M U E}, — R with compact support.

The group H(M; u-end-reg) acts continuously on Mg(M;u)ey by h-v = h,v and the
subgroup H(M; u) coincides with the stabilizer of pu € Mg(M; ), under this action.

In [2, 3] it is shown that '

(1); the orbit map = : H(M; p-end-reg) —> My(M;u)ew : h — hou has a continu-
ous section o : Mg(M; u)ery — H(M; u-end-reg)o.

(1)2 (i) H(M;p-end-reg) = H(M;u) x Mg(M; p)ew
(i) H(M;p) is a SDR of H(M; u-end-reg).

In [9] we have shown that

(2) ifn=2,then (H(M)oand H(M;pu)o are £,-manifolds)
(a) H(M, pu-reg)o is HD in H(M)o, (b) H(M;u)o is a SDR of H(M),.
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Let H°(M; p) denote the subgroup of H(M; u) consisting of - preserving homeomor-

phisms of M with compact support. Let H*(M;u)} = {h € H(M;u) | (x)} :
(*) 3 a path (an isotopy) h: € HS(M;pu) (t €[0,1]) from hy = idpy to hy = h with
a common compact support
To investigate the relation between H(M;u) and H(M;u), we use a sort of mass flow
homomorphism J : Hg(M; u) — V,(M).

The homomorphism J is defined as follows: Let Hg(M;u) = {h € H(M;p) | hlg,, =
idg,, } and B.(M) = {C € B(M) | Fr C : compact}. For each h € Hg(M; 1) we can define
a function J, by

Jn:B(M) — R : Jy(C) = u(C - h(C)) — u(h(C) = C) (C € Be(M)).
The quantity J,(C) measures the total amount of mass transfered into C by k. The func-
tion Ji belongs to the topological vector space V,(M) defined as follows :

V(M) = {a: Bo(M) = R | (*)1, (¥)2, (¥)3, (), }
(*)1 f C, D € B.(M) and cl(C — D), cl(D — C) are compact, then a(C) = a(D).
(¥)2 fC,D € B.(M) and CN D =0, then a(C U D) = a(C) + a(D).
()3 a(M) = 0.
(¥), If C € B,(M) and p(C) < oo, then a(C) = 0.
V.(M) is equipped with the product topology.

The space V,(M) is canonically isomorphic to the space of charges on Ejs ([1]). The
mass flow homomorphism J : Hg(M,u) — V,(M) : h — J, is a continuous group
homomorphism and H¢(M; u) C Ker J. In [10] we have shown that

(3)1 J has a continuous (non homomorphic) section o : V(M) — H(M, p)o,
(3)2 (i) He(M;u) = KerJ* x V,(M),
(ii) Ker J is a SDR of Hg(M; ).
Let Jo : H(M, u)o — V(M) denote the restriction of J into H(M, u)o. Since Imo C
H(M, p)o, the homomorphism Jy also has the similar properties.
In summary, in n = 2 we have obtained the following sequence of groups :

n=2: H(M) D HMureglo D H(M;uo D Kerdy D H(M;pu).
. HD SDR SDR
It remains to study the relation between the groups Ker Jy and H°(M; u);. In [7, 8] we
have shown that H(M), is an ANR and H¢(M)} is HD in H(M), for any noncompact
connected 2-manifold M. One of main tools in our argument in [7, 8] is a bundle theorem
for H(M) obtained in [6]. To apply the same argument to the groups Ker Jo and H(M; )},
we need a bundle theorem for Ker Jo. In the next section we discuss this problem.
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2. BUNDLE THEOREM FOR MEASURE PRESERVING HOMEOMORPHISMS
IN 2-MANIFOLDS

We begin with a general frame work. Suppose a topological group G acts continuously
on a space X. For any point zo € X we have the orbit Gz, C X, the stabilizer G, of z
and the orbit map 7 : G — Gzg : g — gzo.

We are concerned with the problems :

(#)1 Determine whether the orbit map n : G — G, is a principal G,,-bundle or not.
(#)2 Identify the orbit Gz, as a subspace of X (without using the G-action if possible).
It is seen that 7 is a principal bundle iff 7 admits a local section around z, (i.e., there

exists a neighborhood U of zy in Gzy and a map s : U — G with 7s = incy). If Ims
is contained in a normal subgroup H of G, then we can expect that Gzy = Hz,. This

situation is described by the next diagram: H g G
g |
U C Gl‘o

This general description can be applied to our situation as follows. Suppose M is a
connected n-manifold without boundary and X is a compact subpolyhedron of M. Let
E(X, M) denote the space of embeddings of X into M equipped with the compact open
topology and let £(X, M), denote the connected component of the inclusion ix : X — M
in £(X, M). The group H(M) acts continuously on £(X, M) by the left composition and
the orbit map for the inclusion ix is exactly the restriction map

T:H(M) — H(M)ix C E(X,M) : h— hlx.

More generally, for any subgroup G of H(M) we obtain the orbit map 7 : G — Gix
: h — h|x. Bundle theorem for G is the assertion that the orbit map 7 : G — Gix is
a principal G;,-bundle. This assertion is equivalent to the existence of a local section ¢
around tx

G

el [ elx=1 (reu).
ix€ U C Gix

The map ¢ : U — H assigns to each embedding f € Gix close to ix its extension to a
homeomorphism ¢(f) € H.

In the smooth case it is well known that if X is a closed codim 1 submanifold of a smooth
manifold M, then the restriction map 7 : Dif M — Emb(X, M) is a pr1nc1pa1 bundle
over its image (R. Palais (1960)).
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In the C%case, the corresponding result is still unknown for n > 3. Below we restrict
ourselves to the cases in n = 2.

Suppose M is a connected 2-manifold without boundary and X is a compact subpoly-
hedron of M. For a subset A of M let Hy(M) = {h € H(M) | h|la = ida}.

In [6] we have shown that

Theorem 2.1.

(1) The restriction map = : H(M) — E(X, M) admits a local section ¢ : Y —
H¢(M)} on a neighborhood U of ix in £(X, M).

(2) The restriction maps = : H(M) — Im7n and = : H(M), — E(X, M), are
principal bundles.

The proof of the assertion (1) is based on the conformal mapping theorem in the complex
function theory.

Now we return to the study of groups of measure preserving homeomorphisms. Suppose
t is a good Radon measure on M. Below we discuss bundle theorems for the groups

H(M, p-reg) D H(M;u) O KerJ* D H(M;p).

2.1. Bundle Theorem for H(M, u-reg).

Let £(X, M; p-reg) denote the subspace of £(X, M) consisting of u-regular embeddings.
The group H(M; p-reg) acts on £(X, M; u-reg) by the left composition. Since conformal
maps are regular with respect to the Lebesgue measure on the complex plane, a slight
modification of the argument used in Theorem 2.1 yields the following conclusion.

Theorem 2.2. For any f € £(X, M) and any neighborhood U of f(X) in M there exists
a neighborhood U of f in £(X, M) and a map ¢ : Y — Hps—y (M), such that

(1) elg)f=g (gei), o(f) = idm

(2) o(g): M- f(X) = M~g(X) is u-regular (g €U)

Hu-v(M)o C  H(M)
T T l ms  wp(h) =hf
fedu c E(X, M)
Restriction of the map ¢ to £(X, M; u-reg) implies the next result.
Theorem 2.2'. For any f € £(X, M; pu-reg) and any neighborhood U of f(X) in M there

exists a neighborhood V of f in £(X, M; py-reg) and a map ¢ : V — Hpyr_y(M; p-reg)o
such that o(g9)f =g (9 € V) and ¢(f) = idy.
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Hu-v(M;preglo € H(M; p-reg)
ol L
fe3y C &(X,M;pu-reg)
Corollary 2.1.
(1) Therestriction map = : H(M; p-reg) — H(M; p-reg)ix is a principal Hx(M; u-reg)-
bundle.

(2) The restriction map = : H(M; u-reg)y — E(X, M; u-reg), is a principal G-bundle
for G = H(M; p-reg)o N Hx(M).

2.2. Bundle Theorem for H(M, p).
Let £(X, M; 1) denote the subspace of £(X, M) consisting of u-preserving embeddings.
The group H(M; p1) acts on E(X, M; u) by the left composition.

Theorem 2.3. The restriction map 7 : H(M; p) — H(M;u)ix admits a local section
¢V — H(M; p)o on a neighborhood V of ix in H(M;p)ix.

H(M;u)o C  H(M;p)
o L7
ix € 3V C H(M;u)ix

Corollary 2.2. The restriction map 7 : H(M; u) — H(M; p)ix is a principal Hx (M; p)-
bundle. ' :

2.3. Bundle Theorem for KerJ D> H¢(M, p).
The condition “f € (Ker J)ix” means the vanishing of obstruction for extension of f
to a p-preserving homeomorphism with compact support.

Theorem 2.4. For any f € (KerJ)ix and any neighborhood U of f(X) in M (which
satisfies some additional minor condition) there exists a neighborhood V of f in (Ker J) ix
and amap ¢ : V — H$,_y(M; 1)o such that o(g)f =g (g € V) and ¢(f) = idp.

v—v(M;u)o C Ker J¥

Y L

fedy C (KerJ#)ix

Corollary 2.3. For any subgroup G with KerJ D G O H(M;u); the restriction map
7 : G — Gix is a principal G;,-bundle and Gix = (’H°(M; B)})ix.
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As an application of this corollary we obtain the following conclusion.

Theorem 2.5. H¢(M; u); is HD in Ker Jj.

REFERENCES

(1] S. R. Alpern and V. S. Prasad, Typical dynamics of volume-preserving homeomorphisms, Cambridge
Tracts in Mathematics, Cambridge University Press, (2001).

[2] R. Berlanga, Groups of measure-preserving homeomorphisms as deformation retracts, J. London
Math. Soc. (2) 68 (2003) 241 - 254.

[3] A. Fathi, Structures of the group of homeomorphisms preserving a good measure on a compact
manifold, Ann. scient. Ec. Norm. Sup. (4) 13 (1980) 45 - 93.

[4] R.Luke and W. K. Mason, The space of homeomorphisms on a compact two - manifold is an absolute
neighborhood retract, Trans. Amer. Math. Soc., 164 (1972), 275 - 285.

[5] J. Oxtoby and S. Ulam, Measure preserving homeomorphisms and metrical transitivity, Ann. of
Math., 42 (1941) 874 - 920.

[6] T. Yagasaki, Spaces of embeddings of compact polyhedra into 2-manifolds, Topology Appl., 108 (2000)
107 - 122,

[7] T. Yagasaki, Homotopy types of homeomorphism groups of noncompact 2-manifolds, Topology Appl.,
108 (2000) 123 - 136.

(8] T. Yagasaki, The groups of PL and Lipschitz homeomorphisms of noncompact 2-manifolds, Bulletin
of the Polish Academy of Sciences, Mathematics, 51(4) (2003), 445 - 466.

[9] T. Yagasaki, Groups of measure-preserving homeomorphisms of noncompact 2-manifolds, Topology
Appl.,154 (2007) 1521 - 1531.

[10] T. Yagasaki, Measure-preserving homeomorphisms of noncompact manifolds and mass flow toward
ends, arXiv math.GT/0512231.

[11] T. Yagasaki, Bundle theorem for measure-preserving homeomorphisms in 2-manifolds, manuscript.

Tatsuhiko Yagasaki

Division of Mathematics,

Department of Comprehensive Science,
Faculty of Engineering and Design,

Kyoto Institute of Technology,

Matsugasaki, Sakyoku, Kyoto 606-8585, Japan

yagasaki@kit.ac.jp



