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Twisting operations in Lyubich-Minsky laminations
associated with bifurcations of quadratic maps

Tomoki Kawahira (JI[¥ K#)
Graduate School of Mathematics
Nagoya University

Abstract

This note gives a brief introduction to Lyubich and Minsky’s hyperbolic 3-
laminations associated with hyperbolic and parabolic quadratic maps. We will
see that a twisting operation naturally appears when a quadratic map bifurcates.
This note is based on my talk at RIMS, Kyoto, on 7 December 2006.

1 Introduction: Sullivan’s dictionary
1.1 Complex Dynamics

Iteration theory of rational functions. Let f : C — C be a rational map of
deg f > 2. For z, € C, we consider its orbit

Eazor—f—-)zli—-[—),zzr—-‘t—w-
When we perturb the initial value 2, a little, the orbit may change slightly (stably), or
drastically (unstably). To distinguish the properties of orbits, we define the Fatou set:

Fy := (The maximal open set where {f"}, .y is normal);

which is the domain of stability. (Where f* is the n times iteration of f). Indeed, we
can replace “normal” by “equicontinuous” in the definition. Thus the orbits starting
at the Fatou set are stable under perturbation. Its complement J; := C — Fj gives
the unstable orbits. We call J; the Julia set, which is the chaotic locus. Note that Fy
and J; are invariant sets of f*!.

Example. f(z) =22 = J;=S!and Fy = C—S8!. In fact, f* — 0 or co compact
uniformly on Fy as n — 0. By taking a semiconjugacy of f by w = ¢(2) = z + 271,
one can check that g(w) = w? — 2 has [—2,2] as its Julia set.
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1.2 Sullivan’s Dictionary

In early 80’s, D.Sullivan introduced a dictionary between (finitely generated) Kleinian
groups and complex dynamics (iteration theory of rational maps). Here are some of
the entries:

fg. Kleinian gr. ' ~ C Rational map f ~ C
Domain of disconti. Qp Fatou set Fy
Limit set Ay Julia set Jy
Fixed points dense in Ar | Periodic points dense in Jf
Ahlfors finiteness thm. | No wandering domain thm.

Sullivan gave proofs of the two theorems below in the table by using a similar method
of the quasiconformal Teichmiiller theory. Now our slogan is: Share methods in both
theories! However, there still are missing entries:

Structurally stable = expanding ? (<= is known.)
No invariant line field on Ay ?
Poincaré ext. I' ~ H? No conformal ext. f ~ H3
Hyperbolic 3-manifold Mr 777

The first two “?”s are affirmatively conjectured and they imply a big result on density
of hyperbolic rational maps. To get a new insight for these conjectures, it would be
nice for complex dynamics to have a geometric realization like Mr of a Kleinian group
I'. So far, the only candidate for “???” below is Lyubich and Minsky’s hyperbolic 3-
lamination M; introduced in [LM]. They proved a rigidity theorem of a certain class
of rational maps by an analogous argument to Mostow’s rigidity theorem and Marden’s
isomorphism theorem.

Outline of this note. In Section 2, we roughly summerize properties of quadratic
maps with connected Julia sets. Section 3 is devoted for a rough sketch of the con-
struction of Lyubich-Minsky laminations. Section 4 gives a worked out example of the
Lyubich-Minsky hyperbolic 3-laminations and their degeneration. This note is based
on some fundamental facts on complex dynamics. Readers may refer [Mi].

Acknowledgement. This research is partially supported by Inamori Foundation
and JSPS.

2 Dynamics of quadratic maps

2.1 Quadratic dynamics and the Mandelbrot set

Let us consider quadratic maps of the form f(2) = f.(2) = 22+ ¢ (c € C). Thisis
enough general, since any quadratic function is affinely conjugate to one of such f.’s.
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Basin at infinity. Since f(2) = 2%(1 +¢/2%) & 2? near 00, 0o attracts nearby points.
We define the basin at infinity by

By == {z€C: f*(2) >0} C Fy

which is an open neighborhood of co. Note that By is completely invariant, i.e.,
f1(By) = By. Here is a classical result on By and J;:

Theorem 2.1 (Fatou, Julia) For any f = f., the boundary of By coincide with Jy.
Moreover, either

1. By =D <= Jyis conneéted; or
2. B 2D <= J; is a Cantor set.
We define the Mandelbrot set by
M = {ceC: Bf=D}
Now suppose that By = D <= ¢ € M. Then it is known that there exists a

Figure 1: The Mandelbrot set with its boundary emphasized.

unique conformal conjugacy ®; : By, — By between the actions fo ~ By, and f ~ By
satisfying ®4(2)/z — 1 (2 — o0) (Figure 2). In other words, the dynamics f ~ By we
observe is the image of the dynamics of fo : z — 2? acting on Bj, = C — D through
a “conformal lens” ®;. This is a conformal deformation of the dynamics fo ~ By,
which gives a quite similar situation to Bers’ simultaneous uniformization.

Here is another entry of the dictionary:

[ The Mandelbrot set M | A Bers slice of QF |

Where QF is the quasi-Fuchsian space, a deformation space of a hyperbolic surface
group.
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Figure 2: Conformal deformation of the dynamics in Bg,.

2.2 Degeneration v.s. Bifurcation

Let us change the parameter cof f = f.: 2> 22 +cfromc =0 (small white circle
below) as in the curve of Figure 3. It is convenient to define the filled Julia set by

Figure 3: Rabbits

K := C — By. Note that 8K; = J;. In Figure 3, the three triangles indicate the
parameter ¢ with their filled Julia sets (with some “equipotential curves”) drawn on
the right. The first one from below, say f := f,, has an attracting fixed point and its
Julia set Jy, is a Jordan curve. The interior of the filled Julia set K7, is colored in gray.
The next one, say g = f,, has a fixed point 8 with multiplicity in the following sense:
It is a simple root of the equation g(z) = z, but it is a multiple root of ¢g3(2) = z (in
general this equation gives periodic points of period 3) with multiplicity 4. Hence any
perturbation of this g causes a bifurcation of this multiple periodic points. The Julia
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set J, is no more a Jordan curve, and K has countably many connected components.
The third one, say f; = f.,, has periodic points of period three that attract nearby
points (the attracting cycle). It is known that Jy, is homeomorphic to J,.

The key to describe the difference between f3, g3, f32 is the degeneration and
bifurcation process with respect to 8. f; has periodic points of period 3 that repel
nearby points (a repelling cycle). As the parameter ¢ moves from c; to o, the repelling
cycle and the attracting cycle of f; merge into one point, 5. As the parameter moves
from o to c, the degenerated periodic points bifurcate again to be the attracting cycle
and the repelling fixed point. Figure 4 shows this process with their nearby dynamics.

\N Qe L LI
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Figure 4: Dynamics of f3, g%, f3

Let us make the terminology more precise: For a periodic point z of period [, we
say (f!)(2) is the multiplier of z. We also say that z is attracting if |(f')'(2)] < 1,
repelling if |(f')'(2)] > 1, and indifferent if |(f')’(z)] = 1. In particular, we say 2 is
parabolic if (f')'(2) is a root of unity, or equivalently, z is & multiple root of f*(z) = z
for some n. The map f.(2) = 2% + ¢ (or the parameter c) is called hyperbolic/parabolic
(parameter) if f, has an attracting/parabolic cycle.

By the Douady-Hubbard theory [DH], hyperbolic parameters are determined by
the “combinatorics ” of the attracting cycles and its multiplier valued in . Indeed,
each connected component of the set of hyperbolic parameters H C M° is isomorphic
to D. The boundaries of two of such components may share at most one parabolic
parameter. When ¢ moves from one component of H to another, a pair of degeneration
and bifurcation process as in Figure 3 happens with various multiplicity of periodic
points depending on the parabolic parameter between the two components.

In the following, we try to observe this hyperbolic-to-parabolic degeneration process
and parabolic-to-hyperbolic bifurcation process in terms of Lyubich-Minsky laminations.
Now let us go to the definition of the Lyubich-Minsky laminations.
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3 Lyubich-Minsky laminations

Here we roughly sketch the construction of the Lyubich-Minsky laminations associated
with hyperbolic and quadratic maps. Assume: f = f, : z — 22 + ¢, hyperbolic or
parabolic. The construction breaks into four steps:

Stepl. To get an invertible dynamics, we construct the inverse limit Ay = lim(f, C) of
f ~ C with lifted action f ~ N.

Step2. Take an analytically well behaved part Ay C N which is a Riemann surface
(C-)lamination.

Step3. Take an R.-bundle H; of Ay, ‘the HP-lamination. Then the action f~ A
extends to f ~ H;y.

Step4. The extended action fZAH ¢ is properly discontinuous. Take My := Hy/ f.

Here is the dictionary:

I'~ 6 f N .Af
I’ ~ H® prop. distonti. | f ~ H; prop. distonti.
MF=H3/F Mf‘-:H?/f

3.1 Construction of laminatvions
Interested readers may refer [LM], [L], and [Ka3, §2]

Stepl: Natural extension. First we consider all possible backward orbits in our
dynamics. That is, take a point z, € C, then choose one of its preimage 2_;, and
choose one of its preimage z_2, and so on:

6920 <'L'1 2.1 4-—f—i 22 4Li 2_3 <..'f_4

We gather all of such backward orbits and consider it a subset of CxCxCx:--. The
natural extension of f is

Ny = {2= (20, 2-1,-.-) eT . 20 € C, z_n«f-az_n_l}

There is a big merit to consider the inverse limit: We get an invertible dynamics like
Kleninan groups. We define f : Ny — N as follows:

f : (Zo,z_l, 22y ) —_ (f(Zo),f(Z_1),f(Z_2), .o )
= (f(ZO):zO) Z-1y-- )

Fli (20,221,222, ..) — (2-1,2-2,2-3,...)
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One can easily check that f : NV, ¢ — Ny is a homeomorphism. Note that the projection
77(2) := 2o semiconjugates f and f:

R N N; AN Ny =L
| P
o A, L, T Lo ...

Examples.

o f(2) = 2%+ c fixes co. Thus 6o := (00, 00,00, ...) € N satisfies fE(0) = &

e Let {a1,...,;} be the attracting or parabolic cycle of f, with f(ax) = x4
taking subscript modulo I. Then & := (ak, %—1,...) € Ny satisfies f¥1(ay) =

Opt1.

o If 2 = (20,2-1,...) € Ny — {0,44,...,8} then z_, accumulates on Jy. For ex-
ample, for any point z ¢ {0, 00}, any backward orbit by fo(z) = 2% accumulates
on Jy, =S

Remark on Hénon maps. Though it seems the natural extension is an abstract
object, it naturally appears in 2-dimensional settings. In [HO], Hubbard and Oberste-
Vorth proved that for hyperbolic f(z) = 22+c, the action f ~ Ny—{co} is topologically
conjugate to F, . ~ J~, where Fy. : (z,w) — (22 + ¢ — bw, 2) is a complex Hénon map
on C? with |b| <« 1, and J- is the backward Julia set of Fp.

Step 2: Affine lamination. Set A; := N; — {0, 84,...,&}. Note that Ay is an
f-invariant set. Moreover, the following properties are known:

1. Ay is a Riemann surface lamination with leaves isomorphic to C.

2. The action f ~ Ay is a leafwise (complex affine) isomorphism.
3. Every leaf of Ay is dense in N5.
We call Ay the affine lamination of f.

Step 3: H3-lamination. Since each leaf L of Ay has an complex affine structure
isomorphic to C, one can consider a hyperbolic space H3 attached on L. In fact, there
exists a natural R-bundle H; of Ay, which is a 3-lamination with leaves isomorphic
to H3. (See Figure 5.) The construction is one of the most technical part. Roughly
put, H; is given as a quotient space of the tangent bundle of Ay (up to rotation of
tangent vectors). Here we omit the details.

Step 4: Quotient lamination with boundary. An important fact is: The leafwise
isomorphic (complez affine) action f ~ A; eztends to a leafwise isometry f ~ H;.
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Figure 5: A 1-dimension down caricature of H; and Ay

This corresponds to the Poincaré extention. Moreover, the cyclic group f" ~ H; acts
properly discontinuously. Thus My := Hy/ f is a Hausdorff space which inherits the
hyperbolic 3-laminar structure of Hs. We call M the quotient lamination which corre-
sponds to Mr of Kleinian group I'. As hyperbolic 3-manifolds, the quotient laminations
may have “conformal boundary” in the following sense: Set Fy := (m¢|4,) ' (Fy) and
J# := (m¢|a,)(Jg). These sets give a natural Fatou-Julia decomposition Ay = Fy U Jy:

ey = Fy U Jf
L7 Lmy L my
E = Ff L Jf

It is known that f acts on Fy properly discontinuously and F/ f is a Riemann surface
lamination. Set My := Fy/f, the conformal boundary of Mjy.
Here are additional entries to the dictionary:

I' ~ Qr prop. distonti. | f ~ F 7 prop. distonti.
OMr = Qp/T OM; = Fy/f

Example. Actually f(z) = fo(z) = 2% (and its perturbation) had been the only
well-investigated example(s). In this case F} is divided into two parts, the basin at
infinity By = C — D and the basin at zero, D. By := (m¢|4,)7(By) is invariant under
the action of f, and Sp := B/ f is called Sullivan’s solenoidal lamination. There is
a mirror image Sy of Sy corresponding to (7f|4,)” (D). Indeed, M; has a product
structure & Sp X (0,1) that extends to the conformal boundanes That is, we have
M;UOM; ~ Sy x [0,1]. In [LM] Lyubich and Minsky showed the following:

Proposition 3.1 If f.(z) = 2% + ¢ has an attracting cycle (thus c is contained in the
largest cardioid of M) then Mj, UMy, ~ S x [0,1].
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MpUOM; = S x [0,1]

Figure 6: The case of f = fj.

Deformation of f;. Let us return to a general f = f, with hyperbolic or parabolic
parameter ¢ € M. Set Dy := K; = C — By U Jy so that F; = By U Dy. Set
By = (m¢|la,)7'(By) and Dy := (mf|a4,)"*(Dys). Then we have the corresponding
decomposition F;y = By LIDys. Note that via ®; : By, — By, By, and By are
conformally identified and so are Sy = By, /f and B/ f. This means that if ¢ of f = f,
moves within M, the structure of B/ f is conformally preserved. Hence we also denote
Bf/f by So, and call it the upper end of My = Hf/f.

On the other hand, the dynamics f ~ Dy is not preserved by the motion of ¢; even
the topology of Dy changes. In fact, the orbits in Dy are attracted by the attracting or
parabolic cycles and the topology of Dy reflects the location and multipliers of these
cycles. See Figure 3. The quotient space S ¢ :=Dyg/ f upstairs forms a Riemann surface
lamination which may have different topology from Sy. We call this end the lower end

of M; = H;/f.
Now we have some more entries!:
Fuchsian group I of S = H/I fo(z) = 2%
MrU(@Qr/T)~Sx[0,1] | M;UBM; =Sy x[0,1]
Deformation of I’ Deformation of fy(2) = 22

4 A worked out example (Douady’s rabbit)

In this section we mainly deal with fi, g, f2 in Section 2 to describe a typical change of
the laminations associated with degenerations and bifurcations of hyperbolic quadratic
maps. Let us recall the parameters indicated by the two white dots and the three
triangles in Figure 3. From bottom to top,

e fo(2) = 22, hyperbolic with f,(0) = 0.

n general a family of rational maps called Blashcke product corresponds to the family of Fuchsian
group.
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o fi(z) = 2% + ¢, hyperbolic with an attracting fixed point of multiplier r;e?"%/3
for some 0 < r; < 1.

o g(z) = 2% + o, parabolic with parabolic fixed point of multiplier e*™/3.

e f2(z) = 22 + ¢, hyperbolic with an attracting cycle of period three whose multi-
plieris 0 < ry < 1.

o f3(2) = 2% + Crab, hyperbolic with f§(0) = 0. (Its Julia set is called “Douady’s
rabbit”.)

One may expect some topological difference between My, and My, but there had
been no investigations before the author’s work [Ka2] and [Ka3]. Here we describe the
difference along the arguments of these papers.

Stability of hyperbolics. First we consider the difference between the laminations
of fo and f; (or fo and f3). It is known that they have quasi-conformally the same
dynamics near the Julia sets but the whole dynamics are different. The Lyubich-Minsky
laminations have a similar property to the Julia sets. We have:

Theorem 4.1 ([Ka3)) The dynamics fo ~ Agp UHy and fi ~ Ay U Hy are
conjugate. Indeed, we can take a conjugacy which is leafwise guasiconformal on the
affine laminations and leafwise quasi-isometry on the hyperbolic laminations. More-
over, My, U OMy, is homeomorphic to My U OMy,. The same holds for f, and
f3

So it is enough to compare f;, g, and f.

4.1 Degeneration of rabbits

First we describe the difference between the dynamics downstairs. If r; and r; tend to
1, f1 and f> tends to g. They are two distinct process of degeneration. It is convenient
to use external rays to describe these process. Since the dynamics of By,, By, and By,
(the basins at infinity) are conformally the same as By,, we can pull-back the foliation
on By, by the radial rays (which is invariant under the dynamics of f;) to each basin at
infinity. In general, when K is connected, we define the external ray of angle 6 € R/Z
by .
R;(8) = ®s({re*™™® : r > 1}).

Then we have f(Rys(0)) = Rs(26).

From f; to g. It is known that the parabolic fixed point 3 of g is the landing point of
the external rays of angles 1/7,2/7 and 4/7. For fi, the landing points of the external
rays of angle angles 1/7,2/7 and 4/7 are all distinct and form a repelling periodic cycle.
As f, tends to g, the attracting fixed point of f; and the repelling cycle degenerate
into one parabolic fixed point 8. See Figure 4, from the left to the middle.
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In this case, we can find an fi-invariant graph that joins the central attracting fixed
point and the repelling cycle. we denote it by I; (Figure 7).

From f, to g. In the case of f2, the external rays of angles 1/7,2/7 and 4/7 land
at the same repelling fixed point. As f, tends to g, the repelling fixed point and three
attracting periodic point degenerate into one parabolic fixed point 8. See Figure 4,
from the right to the middle. '

We can also find an fo-invariant graph that joins the central repelling fixed point
and the attracting cycle. we denote it by I, (Figure 7).

fl g fz"
PN N

~y I1
Figure 7: The invariant arcs I; and I.
Now we set Iy, :=J fi™(I;) for i = 1,2, and I := |Jg~"({B8}). Figure 8 shows the

filled Julia sets of Ky, with Iy, drawn in. As we will justify in Theorem 4.3, we may
consider that the dynamics of g is given by just pinching I, to I,.

Figure 8: The external rays of angles {1/7,2/7,1/7} and {1/28,23/28,25/28} are also
drawn in.

Tessellation. The dynamics on By (the basin at infinity, “outside” the Julia sets)
is perfectly organized by the external rays and their relation f(R;(f)) = Rf(26). On

the other hand, dynamics on Dy (“inside” the Julia sets) are or perfectly organized by
tiles. '

Theorem 4.2 ([Ka2]) Fori = 1,2, Dy, — Iy, and Dy = Dy — I, are tessellated by
tiles of the from To(6, m, %) witho = f; or g, 6 € Q/Z, m € Z, » = + or — satisfying
the following.
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e FEach tile has a topological disk as its interior.
o fi maps Ty, (6, m, £) to Tx (20, m + 1, £) homeomorphically.
e g maps Ty(6, m, =) to Ty(26, m + 1,%) homeomorphically.

o T1,(8,m,x) and Ty, (6',m/, ') share their boundary points iff so do T,(8, m,*) and
T, (0, m/,+). '

Figure 9 shows the tessellations for f; and f;. It is difficult to draw a nice picture
of the tessellation for g because moire appears. But one can imagine it by pinching I§,.

Figure 9: The tessellations for f, and fa.

Actually the parameters 6 of tiles are closely related to the angles of external rays
but here we omit the details. Interested readers may refer [Ka2).

Pinching semiconjugacies. By using tessellations, we have:

Theorem 4.3 ([Ka2]) For i = 1,2, there exists a continuous and surjective map
h; : C — C such that:

1. h; is a semiconjugacy. That is, f; oh,: = h;og.

2. h; sends I, onto I,. In particular, if card hi*(y) > 2 then y € I,

8. h; sends Ty,(6,m, %) to Ty(6, m,£) homeomorphically.

4. hi|g, = @40 @;l and it ;:onfomally conjugates f; ~ By, to g ~ By.
5. h; sends Jy, onto Jg. Moreover, it is a conjugacy when i = 2.

6. hy —»id as f;—g.

So we can describe the dynamics of g downstairs by that of f; by means of the
semiconjugacies. We can lift the semiconjugacies to the objects (laminations) upstairs.
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4.2 Degeneration of laminations

First we roughly describe the degeneration of the affine laminations. By lifting the
semiconjugacy h; (i = 1,2) to the affine laminations Ay, and 4,, we can precisely
describe the difference. The lift is explicitly given by:

hi: (20, 2-1,...) — (hs(20), hi(z-1), - . .).

It is convenient to consider the principal and non-principal part of the affine lami-
nations. The principal part As and A of Af, and A, are the sets of backward orbits
accumulating on f;-invariant arc I; and the parabolic fixed point 3 respectively. The
rest is called the non-principal part.

Affine laminations: Non-principal part. The lifted semiconjugacy Ay (t=1,2)
sends the non-principal part of Ay, to the non-principal part of 4,. Since h; just
pinches Iy, to I, its natural lift h; on the non-principal parts pinches the backward
orbits within Iy, to those within I;. As in Figure 10, such a pinching does not change
the structure of leaves so the non-principal part have no significant difference.

Figure 10: Pinching map in the non-principal part

Affine laminations: Principal part. In the principal parts we have a difference
of topologies. Figure 11 shows the dynamics near I; (¢ = 1,2) and B, and their
corresponding principal parts.

The principal part Ay, consists of the three cyclic leaves corresponding to the re-
pelling periodic points of period three. One can regard the action on these leaves as
hyperbolic affine maps by taking suitable uniformizations of leaves.

The principal part A, also consists of the three cyclic leaves corresponding to the
repelling directions of the parabolic fixed point. One can regard the action on these
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Figure 11: The principal part and corresponding dynamics downstairs.

leaves as parabolic affine maps (translations) by taking suitable uniformizations of
leaves. Recall that the backward orbit 3 = (3,8, 5, .. .) is irregular so we can not find
it in the affine lamination.

The principal part Ay, consists of one invariant leaf corresponding to the repelling
fixed point. One can also regard the action on this leaf as a hyperbolic affine map by
taking a suitable uniformization.

The thickened curves in the leaves shows the lift of f;-invariant graph I;. By the -
lift h; of the pinching map h;, the thickend curves are pinched to the irregular point
(3. (Observers in the affine laminations may say that the curves are just pushed away
to infinity.) This causes the topological or dynamical difference between the principal
parts of the affine laminations. See Section 5 of [Ka3] for more details.

H3-laminations. Next we consider the H3-laminations. Since the H3-lamination is
an R, -bundle of the affine laminations, we can extend the pinching map ha.

As in the affine laminations, the 3-dimensional extension of the non-principal parts
have no significant difference. The difference of the 3-dimensional extension of the
principal parts are described in a similar way (Figure 12). See Section 6 of {Ka3] for
more details. Here we just note that the action of f; (resp. §) on the 3-dimensional
extension A}, (resp. AD) of Ay, (resp. Ay) is loxodromic (resp. parabolic).

Quotient laminations. Finally let us consider the quotient laminations. For
My, (i = 1,2) and My, we define their principal parts by the quotient of 3-dimensional
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Figure 12: Pinching H3-leaves.

extensions of the principal parts by the dynamics. Then we have solid tori £;, C My,
associated with f; ~ A% (i = 1,2) and a rank one cusp £, C M, associated with
g~ A}g1 as the principal parts (leaves) of the quotient laminations.

Since h; on the 3-dimensional extensions of the non-principal parts is a semiconju-
gacy, we have:

Theorem 4.4 (Non-principal part) My — 4;,, Mg — £, and My, — €5, are all
homeomorphic.

Figure 13: Non-principal parts of the quotient laminations

So the main difference may appear in the principal part. Note that a solid torus
and a rank one cusp have topologically the same interior. Moreover, the upper ends of
the principal leaves come from conformally the same dynamics in the basins at infinity.
Thus the topological difference is given by the lower ends in the principal leaves.

By investigating the structures of the lower ends by lifting tiles downstairs, we can
describe the difference of the lower ends as follows (Figure 14.):
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e The lower end of ¢, is an annulus with the lift of I;,. There is a simple closed
curve that corresponds to the backward orbits remained on I;.

o As Iy, is pinched to I, the lower end changes its topology. The lower end of ¢,
has countably many components with only two cuspidal parts.

e The lower end of ¢4, also has countably many components with only one annular
~ component. There is also the lift of I;,. There is a simple closed curve on the
annular component that corresponds to the backward orbits remained on Is.

e In particular, compared with the lower end of ¢y, that of £, is (combinatorially)
1/3-twisted along the simple closed curve corresponding to I;. Here “1/3-twisted”
means that there are three tiles along the curve and the connection of tiles are
twisted by the amount of one tile.

Figure 14: Principal parts of the quotient laminations

Remarks.

1. The case we dealt vwith is the case when the parameter ¢ of f = f. moves from
0 to the center of the 1/3-limb of the Mandelbrot set. More generally, when it
moves into p/q-limb, the lower end is (combinatorially) p/g-twisted with pp =1
mod gq.

2. By similar observations, when the parameter ¢ continuously moves from 0 to
other components of M° via parabolic parameters, the interior of the quotient
lamination is topologically preserved. After infinitely many degenerations and
bifurcations, the parameter will converges to a parameter that gives so-called
an infinitely renormalizable quadratic map. It seems natural to expect that the
quotient lamination of such a map has topologically the same interior as that
of fo, but its lower end is totally degenerate. Here is an interesting question:
Can one define the “end invariants” to distinguish the quotient laminations of
infinitely renormalizable maps?
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