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On the homomotopy equivalence of the subgroup complex

RLTRSEENER—K/FE AN (Ryousuke Fujita)
General Education, Wakayama National College of Technology

1 ECHIC

GZ 1 ODOFRELTD, BOBAELVIBIEIE. 1970 £4RIC K.Brown 28 G DIHH
BAZ2 p BB S, (G)| ICBT I FER AN Ry a—DERYRR LA LIZERT
5, FOHK. Quillen iX 1978 FEDOMIL [12] T. |S,(G)| PHE bE—HRIZEE LKRDOF
W@ L,

(G D p- BB S, (G)| BAMTHIIZL, GITIZFERRARER pMOBNEET S

ZIT 5(G) LiXGDHEHAR pRIBLEDCKETHY, BEMRATIRAELZEEL
TRS n ONFFIE n Bk L LTERO2—2 U v FEMICEDALZ LIcL Y. 5,(G)
(CHAERMEMEE AN bOTHD, EOBTENRBLE |S,(G)| LBLTWD, UT,
WHEDOED |S,(G)| % Sp(G) LT, MABHEHAEDOEL ITHRBERFELETHY,
EDEFR—Va VTRAEAR (FEKRE) LT GETTRATRMAMBE, 5C 26 @
OMEROKEMT] HY, TOFE~OHE (FREED 2 RER V—HER) L LTI
K.Brown 2iXU¥% & LT, Thévenaz, Webb HIZ L 3 FRBED 2 FEr V—SBEEND
5, —K. BaRMED PR o U—RHRIZIET ARF%8X 1980 4E4R X Y Stanley, Garsia,
Bjorner, Walker[3, 15, 19] 5 DA SEMARFIC L Ve b, BLDOFHEIZ, 8L
B RS AL U 72 APFE (order complex) 2F X T, £ZThRuP—2RMT3 L
DTHB, WICTRICET e DEBRBR SN,

FATHEBRT2 G-IAFFIR BT AT 2 SRR MBI BRI B D | B ORFFRICHEE L TE /=,
EDBEBOP T G-CW-BEM OBEMEMRIZH LT Lefschets I TEM &5 Lefschetz H
HEERL, TOMEEBERALE. Zhi TN, Sp(G) &FE b —FRHEIZ 2 5884
By(G) TR LT, EREADHER V—HD (REROFTTO) ZRMTERSNLD (BRI
b4 D) Lefschetz NBE Lo (B,(G)) &\ > H&H 5 (2005 EDMLKETH B A
SREAPSX TORMAROKFIMPEB N THoK), 2T, Bp(G) LIIRTERESND D
DTHB : By(G) = {G D pHIBEP | P = 0,(Na(P))}(05(G) it G DRADER p-#55>
BERT), BARLDTF4 ANy a r2E LT, 200 Lefschetz MBHISAITITIIER
CHOTHB LW MRERBDIZEoT, By(G) IXEDOEENOOHS & 312, Sylow p-#8
SHEEEITL 120 (G D pHIBD) MR (collection) THD, THEDS B,(G) iX
ARHOIAFER VR ERLRLOICBouciTL , KE F —FUEMEERD. S,(G)
EV/PAESVRIBIRL LTHASKE LD TH S, By(G) PHCH, X smbhi-imsakt
Bl LT Quillen IZ& % A,(G) = {P| P iZ3EE A2 G @ elementary abelian p-#4y8¢ }
BB, &5HIZ, Thévenaz & Webb i 1991 DML [18] T. Th b 3 DU BEM AN
FIEFRE PE—FUEIZ/RDZ L ZRLE, 5 W oSz 5 Lefschetz INBE
(T3 MARIZ L 2RI HREOCOKIMOBMRTH S, —F5, 2h b3 oDHHBK
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EO—AL (FEIR) . £ PR V—HMROBAL LTHEE LEVDIE Lucido IT& 5
INFFHIBEE] OBE[10] TH D, BEROMRIIFFRIBHAELBEIRL L.
Z DOEFEMRLFREIZ DWW TER LTE Y., Quillen DRERDOILIRIZARZ > TV B,

AR TITMOBEEORE U —REMICET 2L L BRFORRERBMNT 5,

2 cEEnEk

Def 2.1. A G-poset is a partially ordered set together with a G-action which preserve

the partial order(i.e. a < b implies ga < gb). G-poset X HHRD K 5 i G-MEL MR T

%: The n-simplices are the totally ordered subsets : z¢ < 21 < --- < z,,. We say that a

poset X is contractible if | X| is contractible. [1ZUIZ] (BB L7 S,(G), 4,(G) ik

$H{Z conjugation IZ & ¥ G EAMNE X bh, G-Iz %, ENFh. Brown complex,
'Quillen complex & HLFEEN TV 3,

Prop 2.2. If £, f’ are maps of posets such that for all z € X, f(z) < f'(z), then f ~ f'.

Def 2.3. We say a poset X is conically contractible if there exists a map of posets
f:X — X and an element zo € X such that for all z € X,z < f(z) > zo.

— FOEEMNLELIC [X 2 conically contractible 72 51X, X {X contractible T
%) ZEeBbhB (. Prop 2.2), ROEED X ELIhS:

Prop 2.4. If X is a poset with a greatest element 1(or a least element 0), then X is
contractible.

Let X be a poset. ED& & X, = {y€ X|y <z} LBL, AR, Xy Xz, X5z
*EBLTEL, Thdix X @ subposets TH B,

Prop 2.5. X<, X5 X contractible TH 3,

3 S,(G)DEKE hE—R{ilitE

Given a map f : X — Y of posets and an element y of Y, we define subposets of X
as follows:

fly={z € X| f(z) <y}
Wf={zeX|f(z) >y}

Rem 3.1. f/y=f"'(Yg), o\f=/f""(Yz))

Prop 8.2. (Quillen) %y € Y IZR LT, f/y (or y\f) #* contractible THD ¥ L. £
DEE, fiIXhE hEY—FMETH A,

Prop 38.3. A,(G) C S,(G) i1E  E—RIETH B
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Proof. i: Ap(G) = 8,(G) ZAEFMRET S, EBED P e Sp(G) ITHLT, i/P={P ¢
Ap(G)|i(P') < P} = Ap(P) THSHDT, nontrivial p-group P IZX LT, A,(P) 2%
contractible TH 5 Z & R LV, pBE P ITH L Tik. D4 Cp(P) DA p T
B PONB DT, 3 p THHMAE B C Cp(P) BEFET B (Cp(P) BT — BT
HHTZLIZEREL), ZOBEREST, f: A(P) = A (P);A— AB L EETS, =
DERD well-defined %2 F =y 7 LL 5, WRDIDITAB B A(P) DRICRBZETH
%, BCCp(P)IErb BaPThDH, £»T. ABIZPOELYBTHB, ¥z € AB
IEXLT, z=ab(a € A,b€ B) LH 1B, 2P = (ab)P = aPbP = 1 L RB DT, ERDFE
DUFIT1 T p THBD, EDIT, ye ABRL DL, y=cd(ce A, de B) L1} 3
»b, :
zy = (ab)(cd) = a(bc)d = a(cb)d = c(ab)d = cd(ad) = yz

7%, AEXY AB € Ap(P) THBEZ LNbhrok, A< AB> B THHHH A, (P)
tX contractible TH 3, a

Cor 3.4. G 2% nontrivial normal p- #8272 51E, S,(G) 1% contractible TH 3,
LR 2T, Ap(G) b contractible TH 3.

Proof. G @ nontrivial normal p-#Q8% N LT5, EDLE, £:5,(G) = S,(G); P
PN LE¥T5, PN iXG ORIBTHY, PN OIS\ Tit, |PN| = IPINT 4

|[PON]|
RO ALODD, pDRRITRBZENDISB, Thbb, PNIZGOpEAaRTHS, Lt

BoT, TOFRKIL well-defined THD, P < PN > N THEND S§,(G) i contractible
ThHB, |

Def 3.5. A subset S of a poset X will be called closed if 2’ < = € S implies 2/ € S.
Then we easily see that X is closed iff [z € § => X<, C S1.

Let X,Y be posets. Then we view the direct product X X Y as a poset by
(z,y) < (2,y) «=> Tz < 2’ and y < /).

Let Z be a closed subset of X X Y. p1: Z = X, pa: Z - Y % projection 2> LHMEh
% poset map &35, EbIXZ, ={yeY|(z,y) € Z} B,

|<

.

ENT, X=Y=R&LT, BEDIRFFTposet L& %73,

) PREDE Z LTB, ZDLx,
x (@WEZEEBE. XXV, C2

L7 T, ZiT X xY D closed set Th B,

Prop 3.6. %z € X IZX LT, Z, » contractible TH B2 5IE, p, : Z - X ITKE F
v—FETH B,



Proof. SEHADHNIT [Z, & z\p, BFE FE—FMEICARSZZ LR, z\p1 B contractible
2Bz hb. p:Z - X OFRE MC—FHEMEERSITD] 2L THD, u: Z; —
z\p1;y > (2,y), v:a\p1 = Zz; (2, y) =y ETHE, vu(y) =y, w(@,y) = (z,y) <
(', y)( 2\ = {(=",y) |pr(z',y) =2’ > z}) LEHBoT, Z,; & 2\p ZHE bE—FRIE
TH D, Z, M contractible THBH 5, z\p b contractible (2720, EHiZp;: Z =+ X
IR hE—FUETH B, O

Cor 3.7. %z € X,y € Y LR LT, Z,,Z, ? contractible THBH25iE, X,Y iIFE
FE—FETH D,

G-poset X DABRBEAITH LT, |X|C = |XC| LY =D,
Ap(G) ~D G‘avctiOn %Wgﬁa aﬁ@(:loribéo ZD c‘:.' %\

|A4p(G)|® # @ <= G %% nontrivial normal p-torus % %2

Prop 3.8. 4,(G) G FMAERTIE. ThIZTRTHS.

Proof. A,(G)G # 0 THBHb. |A(G)%] = |4(G)¢ # 0 TH%B, £>T. G 2*non-
" trivial normal p-torus H %%, ¥ ZIZ. G IT nontrivial p-subgroup NFFFERE T
b, Cor 3.4 &£V A,(G) RTFIEETH 5, _ o

Def 3.9. Let H be a p-subgroup of G. We let Sp,(G)>n be the subposet of S,(G)
consisting of subgroups > H. == Sp(G) = Sp(G)>{1}

Prop 8.10. S;(G)>y 1X Sp(Ng(H)/H) ¢ =€ FE—FRETH D

Proof. K H38UG D pRBIBLET S (DL ) RBABROTFERV 2 —DERLY
RMENTWB), Nx(H) = Nog(H)NK D HiZEER X, BEE®R . : Sp(Ng(H))>H =
Sp(G)sy LBMRr : Sp(G)su = Sp(Na(H))>u; K — Ng(H) IZX Y rov =1id, ur(K) <
KLRBDT, 1~ rThd, EbIZ. S,(Ng(H))>n = Sp(Ne(H)/H) ThENH,
Sp(G)>H 1% Sp(Ng(H)/H) L€ b —FHETH 5,

(E®) Sp(Ng(H))>u = {Nx(H) | K /X H 280 G O p BRI} THY, Ny n(H) =
Nx(H) Té B O

4 FKREAQADHN G O—DER

Let G be a finite group whose order is divisible by p, and let P be a Sylow p-subgroup
of G. We consider the restriction of the action of G on |S,(G)| given by conjugation to
the subgroup P. ‘

Def 4.1. S K T LT, ROKA K' BEEOREEMETLE, OB K' T K
OROMS (barycentric subdivision) &5 ;

K,={8,=(30,31,"' ,3k)|3i€K, SOC“‘Csk}

25
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G-BEKIINLT, EOELMES K' bE G- BT, RERBIE, o = (s0,81, - ,8k) €
K %xktdl, g = (950,951, ,95k) T\ #gs; € K Dgsg C -+ C gsy THBEDT
g e K' L7230 bTH B,

8Ngs 5%t (BUMAIDERRIZIEOBEDOHUETHB), Gy > gl LT,
(s,98) C g8 TH B, BEORUEDND (s,g5) 1TEL K OMMEIZRE, LENRoT, &
DR DOEBLY s C gs Eits D gs THD, WThOBAICYH s & gs BRAILKRE
THEIZLILERBTD L, s=gsB3b2B, 2%V, £&D G-H&E K 0ELMY K1
admissible TH 3 Z L B2 3, |K|=|K'| THBHILhb, Bk K ORTEHNETL
Z2 58I RS 5 K * admissible LRE LTIV,

Lem 4.2. |5,(G)| ® PERIC X B RRE (= {z € |S,(G)|| Pr # {e}}) iZ contractible
Th3,

Proof. |5,(G)| 2 DELMZ Y| TREMRRX S, |V| D P EAICLZ%RMAH con-
tractible TH 5 Z L R,

gm” = w’ﬂ =|Ur*|

Y =UYH LB, TTTHILS,(P) 285, Y' % contractible (2725 = & LA FRT,
Z ={(H,y) |y € YH} C Sp(P) x Y’ ix closed subset T3, & H € Sp(P),y € Y' iT
¥LT\ Zg=YH,2,=5,(P,)) icERE X, £ H € 5,(P),yc Y KHLT, Zy,2, »
contractible T2 Z & ZREIE. Cor3.6 £V S,(P) & Y/ KE b —@MlIZAR B, &
BIT, Sp(P) IR P 2RO L LDV AMTHIW X, YV bR 2o TIHEHIIMD
Do LENRST, T DI Zy,Z, M & biT contractible THBHZ &, TP, Y OEEH
5, EEBDy € Y IZ LT P, iZ nontrivial p-group. WX Z, = S,(P,) IZ contractible
ThHD, RIT, |Zp| = Y| =|S,(G)H| Th T, |S,(G)H| i conically contractible T
HL5H 5. contractible THD, («+— H € Sp(P) THY, Q< QH > H) O

Sp(G) X simplicial complex 75, £EDF A 77— x(S,(G)) BE{ELX LI B,
The 4.3. (Brown) x(|S;(G)[) = 1 mod the order of the Sylow group P
Proof. B Lem OREFE2EDEEM 5. |Y'| I contractible THBH b

x(1Sp(@)) = x(IY']) = 1+ x(IY'|, IY])

EBIT, [Y\|Y/| ~® P EAIZ free THBh 5, x(|Y],]Y’]) i the order of the Sylow
group P TH Y §lh 5, o

(BE) Brown @ [FRERIVANRIa—DOFEHE] OIERAIX. Quillen DHFIE & IXFIIC,
David Gluck, Tomoyuki Yoshida {Z & > THEB STV 5, # 5D 5#kiX Burnside ring
DREFLLN] 2IEATIHOTHS !

David Gluck, Idempotent formula for the Burnside algebra with application to the p-
subgroup simplical complez, lllinois J.Math 25 (1981), 63-67.

Tomoyuki Yoshida, /dempotent of Burnside Rings and Dress Induction Theorem, J.
Algebra 80(1983), 90-105.
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5 A—EYRBEAMI-DOL\T

AR posetP Iz LT, I(P) ={(z,y) e Px Plz <y} LB, &bz, #E I(P) 2
5 Q~DBIMK £ : I(P) » Q D&% Ag(P) TET. MK f,9 € Ag(P),a € QITH LT,
ff+geAg(P), AN 7 —fkaf € Ag(P) &
(f+9)(=,y) = f(z,9) + 9(z,y) ((z,9) € I(P))
(af)(z,y) = af(z,9) ((z,y) € I(P))
CEETD L, AQ(P) X Q EDRY FABMITRD, EHIT. ROE S CTHMEERTS.

()@Y = ), f(2,2)9(2y)

z<z<y

Prop 5.1. Ag(P) RBIZ2Y, ELIZTERD f,g € Ag(P),a € QITH LT, a(fg) =
(af)g = f(ag) THD, Tabb, Ag(P) IR Q LDBRERTH 5.

Proof. AQ(P) (BT BT #RDL D ICEET B;

6<z,y)={1 (=)

0 (z<y)
TDLE,
() (= 9) = Y f(z,2)8(zy) = f(z,y),
z<z<y
EN@y) =Y 8=,2f(zy) = f=y)
z<z<y .
THEINL f§ = 6f = f, Thbb, §iX Ag(P) PRIT3 (REICHT 2) Mz
3 a

Def 5.2. Ag(P) %# R poset P (Zf13 2 ML (adjoining algebra) &\,

Prop 5.3. BHERMK Ag(P) IR 57 f 2% Ag(P) DT (M3T) Th B b DLE+
RERMHFIZ. EEDz € PT f(z,2) #0 LB LTHD,

Proof. (LEt) BK fg=gf =6 MY g € QBIET D LEETHE. (f9)(z,2) =
f(z,2)g9(z,z) = b(z,2) = L 2HERD . € P TRY XD, W f(z,2) 0 TH D, (+5

%) EED z € P T, f(z,z) # 0 Thid. g € Ag(P) ZRWAIC

(i) 9(z,2) = f(z,2)"" (z € P)

i)z <y 2RE-N 9(z,y) = _f(x’x).—l E f (z,z)g(z,y)

z<zLy

TEXT B, THL, f(z,2)9(z,2) =6(z,z) =1 TH>T, &bz <yDELE,
(fo) @)= Y f (&,2)9(zv)

z<z<y
= f(z’x)g(zay) + Z f (zvz)g(z,y)
z<2<y
=0
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LR 5T, Ag(P) IKBWT fg =38 BRELT B, FERICL T, h e Ag(P) ZIRMAIC
@) h(y:y) = fB9)"! (y€P)
(i z<yDLZ, h(z,y) = - E hzzf(zy) fly, )™

z<z<yY.

CTEMT D, TBL, h(y,y)fy,y) =6@,y) =1 THoT, Ebilz <y &,
(hf)(zsy)= Z h(xaz)f(z’y)

z<z28y
D" h(z,2)f(2,9) +h(z,y) f(4,9)
<2<y

=0

LioT, Ag(P) KBWT hf = § RRLT S, BELD, fg=hf=6Th5B, &b
2. g=069=(hf)g=h(fg) = h6=h ThHB, £oT. fg=gf =6 BB, TRbb,
f € Ag(P) XTI T, g(= h) BEDHZTHS. O

Def 8.4. HR poset P NH—45 B8 (zeta function) L iX. XD (z,y) € I(P) iZxf
LT, {(z,y) =1 L2 BBRAK Ag(P) PIE( D L TH D,

Bx 55 Ceg) = T (@)= 5 1=f{zePlz<z<y)

z<z<y z<z<y

Ex 5.8. (3(z,y) = <E< (z,2) ()= L (X D=#{(zyw) ePXPlz<z<

r<z<5y z<w<ly
w < y} ,

= k>0 NEEDOLE, (F(z,y) = (BEkDEMMzr=20< 21 < <zt =yD
fE%%) ’

Ex 5.7. B (- 6€ Ag(P) 2825, — DL ¥k,

1 (z<y)

- 8)(z,y) =
(€ —6)(=,y) {0 z=y)

Thd, DL %, |
(C_6)2(z1y)= Z (C-‘S) (z,z)((—&)(z,y)

z<z<y
-y
r<z<y
=H{z€ Plz<z<y}

= k> 0BBEDOLE, ((-08)(z,y) = (Eék@ﬂx To<21 << Tp=yD
fa%%)

Def 5.8. &R poset P O¥—% ﬂﬂ&iﬁiﬁﬂj—t‘?béo EDHSEC B p=pp TEL.
P DA —E ) AMM (Mébius function) &V 5, SR u¢ =6 225 pu ZMWRRICERT
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(i) u(z,z)=1 (z€P)
()z<yDE&&E, plz,y)=- ¥ ulz,2)
<2<y
&2,
(FE1) [{) BROEIICLTHEY, z<yDEE, pu(z,y)=- X u(zy)

(E2) (), (i) ZEEHT, p2ROESCEEBLTHEV, 2<z<y
1 (z=y)
[l:($, Z) = I,I,(z, y) —_
’S"ZSU z§<_y {0 (z :,é y)

The 5.8. R poset P Xdbol &, PA=PU{0" 1"} BT, 04 & 17 PREER
XiDPN=z0<z1< < z;=1" DEK%E c; THRT., ZDL X,

ppa(0M 1) =co~—c1+eca—c3+ -+
BRILT B,
Proof. ¥7, =10, =1 THHZ LITERE L, p=("1 THINDL,

ppa(08,1%) = (6 + (¢ — 8))71 (0%, 1)
=@-K-8)+(—-8>*----)0"1Y)
= §(0%,1%) = (¢ - &) (0", 1%) + (¢ - 8)* (0", 1M) — - -+

THD, T, ((=8)(0M 1Y) 120N L 1N 2REERE i DY =20 <21 <+ < z; = 1"
DfEM c; L —ET 00, BLeXERS, O

Def 5.10. AR poset P DA —E) AP (Mobius number) i, ppa(07,1%) DT L
ThHd, Thiu(P) £2<,

Notation 5.11. HREA {1,2,--+ ,n} T. BEOIEF:2BLTHEOND poset &, n &
m, ¥, {1,2,--,n)} DR TOBIRAH L2 AMRMEA EIC, BEMRICK ZRF
2EZTHALNS poset . B, £2K, &bz, ENEMK n OFKLEIC, BREHKIC
EBRNEFYEZTRLNS poset . D, 03K, 2%V, i<j<=i|j THD,

Prop 5.12. JRFFSE4E 2 D n EOEMIL B, LIRFRIETH S,

Proof. 2 D n BOHEM%E P LB, LA PIZRTIEEDI (e1,e2, ,€a) IR LT,
Bn OF {i € [n]|e; = 2} ARESEBE@E 0 LT3, Thbb,

6:P — B, ; (e1,€2, - ,ep) — {i € [n]|e; =2}

k'g_bo ZDL¥E, (31,321"' 1en) < (6'1,6'2,”' ,e:‘) 3 R RN .7 € 0((31932"" :en)) 4
bi¥2=1¢; <€ &V, e, =2LR2DH5 0((e1,€2, " ,n)) C 6((e},€h, - ,€h)) TH
B, RiZOVBMKTHDZLERT, (61,63, ,n) # (€], €5, €L) ET DL, ej # ¢}

29
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ERBISR i BDHD. e, =16, =2LT B (¢ = 2,¢; =1 DHEHUTOHERITE
MTHD) TDOEE, jEO0((er1,€2, 0 ,€n)) THDNB, j€O((e),eh, - ,€))) L72DW
Z. 0((er €2, ,€n)) # 0((€), €5, ,€h)) THB, EHIT, 2D n BOHEM, B, DK«
OFEOEFITL HIZ 2" ThHhDH, LAEITEY ., 0iIXIEFEROLENTHS, WEFE O 1T,
2 (jes)
| G€S)
BEOIERTHSD, DL E, SCS eB, 20, 67 OEENDH 071(S) < 07Y(S") TH
%, Tiabb, #ER ! bIRFEHRD, Lo T, PL B, XRERETHS, O

Prop 5.18. up, (0", 1) = (-1)*, T72bbH, u(B,) = (-1)" Th 3,

' Proof, £MEFFRA 2 DALY AR u(1,1) = p(2,2) = 1 THBME, u(l,2) = -1
Thd, 20 nBOEMEP LB, 00 =(1,1,-+-,1),1" =(2,2,+++,2) THBZ LT
EELTHETS L,

S € B, KHLTe, = LEODHZEIED, (er,e0,-,en) € P RFES

n
1B, (0%,17%) = pp((1,1,-++,1),(2,2,---,2)) = ;"'1(1’ 2) - pu(1,2) - - pp(1, 2)‘ = (-1

THD, O

Prop 5.14. ¥¥n > 0 OREBIMERE n = plipy? - pP (KL, p1,p2, e ,ps 1
RSB T, Eni >0 ¢T3, ZOLED, iIn;+10n+1®---®n,+1 LK
FRTH 3,

me P= ny + 1®n2+1®...®n,+1 &H(o ﬁ%P‘CMfé’&toﬁ(tl,t%“' sts)
IR LT, Dy DT pit~Ipp 1. o phe~! RIS HBEMRE O LT3, Thbb,

6:P — Dn ' (t19t29' v ,na) "'")p?_lp;z_l ,_.pt’.—l

7%, ThiBMFZROSEN (BRTHHILL, [Pl =Dyl = (m+1): (nz +
1)« (na+1) THBZ L LYV OK) THY, F#EHRI1IZ. me D, TH LT . m|nkYm=
piiTipie=lo o gme=l (L &m; € 0+ 1) E—BRITHITBDT, (my, ma,-+- ,m,) €
m+1Qn;+1@:-@n, + 1 EHESEDIBERTH S, BALNIT ! bIEFER DT,
P& D, i3AFRETH S, O

Cor 5.15. ¥ n(> 0) S*EE25 s EORKEOMDO L &, D, X B, LIAFFAETHS,
Proof. %B¥in > 0 OREEIMETRE n=p1p2---p, (2L, p1,p2, ,p, ITHERR B
s ' .

P — .
) &L T5, ZokE, D, 22029 ---Q22 B, THB, O
Prop 5.16. B n(> 0) (X LT,

b (01,18) = (1) (n RS s BORBOMD & &)
0 (xof)
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Proof. ¥ n > 0 DREEIBRTE n = pipp? - p (I L. py,pa,-- -, p, ISAEE
ROIFPET, Bn, >0 ¢T3, ZDEEDIIP=n+1®n+1®---®@n,+1 £IE
FRETH -7, —fRIT, p DA—E BT, 1<i<j<nDEE,

1 (i=j0L&)
(i) =¢ -1 (i=j—-1DL¥)
0 (i<j-1oL¥)
Ths, 0" =(1,1,-+-,1),1" = (m + 1,m3 4+ 1, ,n, + 1) TH DM b,

(<1 (Fnri=10DL¥) A
0 (E D) '

ZIT Hn= 10L& Lik, n AHERD s EORKOME 2B L & A EET S, O
Prop 5.17. p,g€ D, (p<q) DL ¥,

1 (p =q®D & '3) .
BD. (2 q) = § (=1)° (g¢/p DAEEA2 B s EORIKLOMD & ¥)

s A
F‘Dn(ol\’ ]'A) = ;‘P(l’ ny + 1)/“'1’(1’ n2 + 1) ot '/‘P(ls ns + 15 = {

0 (& D)
Proof. D, DPAXM [p,q] = D,/, (AFRAM) THEWR. up,(»9) = pp,,(0",1%) TH

B, X2 T, BULEAEA/S, O

() 2D up, (p,q) PEBROL2EEMIZBITEA—EVZBETH S,
A—UEOUAR¥LE, ROXIICPXxPETHERLTEL,

u(z,y) ((z,y) € I(P))

0 ((=,y) € 1(P))

O ppyp EEDHT, PLEDA—ETABEKLE LTu 2L,

Prop 5.18. n=( -8 B L & u(z,y) = L (-1)*n*(z,y) (z,y € P) TH3. &
EL. =48 ¢7T35, ,kzo

Proof. Ag(P) IKEW\T, 6 IXMAITET, p=("1 ThHEML,

llPxP(:B,y) = {

1z, y) = ¢z, y)
=0+ (¢ -8) " (z,y)
=@-(=8)+(-8)*--)zy)
=8(z,y) - ({ = 8)(=z,y) + ({ - 8)*(z,y) — -
=1°(z,y) — 7' (z,y) + 7°(z,9) — - -
= (1) nk(z,y)

k20



Prop 5.19. HfRposet P (T LT, x(P)= Y wu(z,y) TH2,
z,yEP

Proof. ETIERHMGE P O k-MELIZES k O (chain) THBEZ L EREL, 1 =
C-0,BLE k> 1DEE pf(z,y) iT 2,y ERERES k OB OBEKI—KT 5,

n°(z,y) = 6(z,y) = (Kronecker DTNV F), 2¥ Y, é(2,y) = (1] Ew : y; THHEND,
z#y
> n°(z,y) X P OTHR (0-¥4F) OEEERT, o & k-MEOEKL TS, u(z,y) =

z'VGP

S (=1)*nk(z,y) (z,y € P) BRY LONE,
k>0

Y u@y)= Y (Z(-l)"n’“(m,y))
z,yEP z,yEP \ k>0
=) <n°(¢,y)+2(-1)’°n’°(z,y))

zy€EP k>0

=y (J(m,y)+2(—1)’°n’°(w,y))

z,y€P k>0

=) S=y+ Y, (Z(-l)"n"(z,y))

z,yEP z,y€P \k>0

=Y s+ ( > (—l)kn’“(z,y))

z.ﬂEP k>° E.UEP

=ao+ ) ( > (—1)knk(z,y))

k>0 \z,yeP

= a0+ Y (- 1)* ( ) n"(z,y))

k>0 z.yeP

=) (-1)*ax

k>0
= x(P)
-0
Prop 5.20. P B3B/hJt0 2 b0 &I x(P) = 1THB, LI x(P\{0}) = l—z%;u(z)
AR Y LD,

Proof. P D3B/PTE0 b DL XX PIIFIMEICRRZ DT, x(P)=1TH5, AiMELY,
x(P)= % _u(zy) THY,

z,y€
ST ouzy)= D w02+ Y. u(zy)

z,yEP 0<z€eP z,yeP\{0}
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roT. 1= ¥ w02+ ¥ uley). Ebi. x(P\{0}) =1- EPu(O,x) Lz
T€

0<zeP 2,y€P\{0}
0. (o) DEBICEY . X(P{0) =1~ T u(a) £%5. O

Prop 5.21. B/IT 0, BRI 1 HROIRFESE PITH LT, x(P\{O 1}) = 1= p(P) A
YLD, Thebb, x(P\{0,1}) = u(P) Th%. X it reduced Euler characteristic %
&7,

Proof. PN = PU{0,1}=P TH52, £2C, P=P* - {1} £ &<, RiEDOPIZP %
RALT, | _

X(P\{0}) =1- 3" u(z)
' zE_P-
ZZ T, P\{0} = P\{0,1} THBHhb..
X(P\{O’ 1}) -1=- Z/‘(O’m)

z€P

= - Z ©(0,z)

0<z<1,2€P
= upa(0,1)
= pu(P) 4
2B, ZZT, REBEDOEBIIPOA—VCYURAEDOERTH S, O

Rem 5.22. LOAMEET, (P\{0,1})" = P\{0,1}u{0,1} = P\{0} U {0,1} = P = P*
h b x(P\{0,1}) = u(P\{0,1}) £ b2} 3,

Notation 5.23. NEfFSEA P X&KL 1, BT o2bor &, P\{0,1} % P°or P &
<.

R BT, AP REREELRERO 1 SIIKOEERR Y Lo 5 Th S,

The 5.24. P,Q % P°, Q° ¥RE P —RMEIC22 K5 2 posets & T 5L &, u(P) =
WQ) THB. Tabb, u(P)# u(@Q) 25iE. PO, QOiXAE b —FMEIZZ SRR,

Cor 5.25. P2 PO Ru#TChHB L I poset LT B L&, u(P)=0Thd, T4bb,
p(P) # 072 51% PO iIXFIRETR2WY,

The 5.268. P,Q % P\{0}, Q\{0} 2% ht'—REIZ/25 & 572 posets &5 & &,
E u(z) = Z uly) TH%. TRbbL, E u(z) # Z uly) 2 bix, P\{O}, Q\{0}

H#%bt”ﬁﬁk&&&w

Cor 5.27. P % P\{0} ME#E & 25 poset L T5L &, T u(z) =0TH%D, Tabb,
z€P

2 p(z) # 0 2251, P\{0} RFMEIC2 572w,

KIZHREE G DESBMAESEE 2 & 5, $3 subgroup lattice S(G) IZ2V Tk, S(G) =
S(G)° = S(G) - {1,G) THBHD, EbI |



Cor 5.28. X(5(G)) = u(S(G))

Brown complex S,(G), Quillen complex 4,(G) DV Tit, 5,(G) ¥ 4,(G) TH%

oW

Cor 5.28. Y u(z)= Y uy)
N z€Sp(G) yEBy(G)

G # non-trivial 2TE#R p-MOBEZHTIE, S,(G) X contractible TH B0 5.
Prop 5.30. G 2% non-trivial 2IER p-BBABERTIE. Y u(z)=0Th3,
z€S5p(G)
6 REASHLLGIO—DOFREO—KIL
& T, NEFFHIK (order complex) P\{0} DA A ¥, ERDXLSIC1- T u(z) iz—

z€EP
15, TR2bb, x(P\{0}) =1- Y u(z) THD5, ZhicL Y, Brown ® homological
zeP

72 Sylow O E®RIX

|Glp | Z p(z) (|Glp ¥ G @ Sylow p-subgroup DAL¥K)
z€Sp(G)

LEMETH D, HBHWE, ARXEANWT

E p(z) =0 mod |G|,
z€5,(Q)

ERETED, UT. A—C VAWM T pse) PBRHKTH B, T72DH, subgroup lattice
S(G) ETCA—E O RMKEBL TS,

Def6.1. H<GOL ., u(H)=p(l,H), Bic H=G DL u(l,6) = u(SG)(=
S(G) DA—E VA ThB, ThZh, HOA—EHRM, GOA—EIRME NS,

Rem 6.2. H < GD L&, u(H) = pg)(L, H) (¢— A—ETRAREKOEE) &R, H
DA—VEDO R =S(H) DA—EVRE, GOA—E IR =5(G) DA—E I R¥KLWN
5k, ' '

Brown ® homological 72 Sylow DEEDO—{LL LT, ROBERMLI T3,
The 6.3. (Thévenaz 1887 [17]) n %, |G| 2F S EHETH L &,

Z #(X)=0 mod n
X<G 22 |X]|n

ThB, Wiz, n=|Gl, £BFiF Brown D homological 22 Sylow DEETH 5.,
EbIT, Thx—RIELEROEERMLNATWS,
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The 6.4. (Hawkes, Isaacs, Ozaydin 1989 [6]) H % G DE%8. n %. |G| 515
BRLTHLEX,

(IG|/INg(H) : H|) E u(H,X)=0 mod n
H<X<G 7> |X||n

¥z, H=1DX %X Thévenaz DEHRIZ—FT 5,

—BT, BOA—ETAEEHRTIORELY ., BHELBOA -V AKIIHATE
% [6].

Prop 8.5. p % 1 DORK LT3, KE p-# Cpn [T2VTILL
-1 (n=1)
Cpn) =
#(Cpn) {0 (n#1)

Prop 6.6. Let P be a p-group of order p*(n > 2). D& %,

(- 1)"p(g) (P #3 elementary abelian)
u(P) =
0 (others)

p(Cp) = u(1,Cp) = —p(1,1) = -1 THHZ L ITERL T, FIXE. G=C, x G DL
&, w(Cp x Cp) = p(1,Cp X Cp) = —(u(1, 1) + (p+ 1)p(1,Cp)) = p TH 3.

Prop 6.7. u(As) = —60, |Aut (As)]| = 120

7 BIBEEDOKRE FE—RIK

Def 7.1. Let P be a poset. P 3 z,y #%complements T2 & 13, {z,y} B PIZHN\T, £
REERTRELERNZEEND, ZDLE, oly &, ST L(s)={z € P|zls}
LH<, NEMEMEA P 2% antichain THB LIZYDRLD 20D HLUEBARAETHL L
W3,

Prop 7.2. (Homotopy complementation formula) [3] #/7E 0" & BRI 1" &b
DK (L, <) IE2WT, se T=L—-{0"1"} &+3 L&, L(s)iXantichain 229,

L~\/ > (0" 2)* (1Y)

rls
“=T. (ey)={zeLl|z<z<y} ThHB.

Prop 7.3. B, =B, — {0", 17} 2+ 5L & B, ixS" 2 L&AE b —FETH S, oY)
“:\ ﬂ(B—n) = (_l)ﬂ ?&65

HUFCiX, S(G) @ proper part # S(G) = S(G) — {0M 1"} LT RETH IR, S(G)
DEEFRAT 2.



n times
Prop 7.4. S % non-abelian simple group T. G=Sx Sx---x S &8, DL X,
S(G)Cixsr-2 LRE PE—FMETHD, XbIZ, u(S(G)%) =(-1)" ThH 3,

n times .
Prop 7.5. C, 2RI p DRERET. G=Cp, x Cp X -+ x Cp B, ZDLE, S(G)
it 572 0 p) BOT—r kT FE—FMETH B, SBIZ. u(S(G)) = (-1)"p®) ©
b5,

Proof. G RT—~ABETHBNS S(G)S = S(G) £2%, LT, Z0lattice it F,
D n R FIVZEMD non-zero WERSIZEM D lattice TH B, Lo T, FDKRE hE—
ik 72 0 p(3) BOT—4 LivE FE—FUETH B, O

8 A DBABMEDOKE FE—£RS

FEBDOp-BEPICHLTIZIP BHAPBRTITRDDT, Sp(P) iXv#E. T72bbH 5,(P) ~
{(x} 723, BICGBKE pFCn DEE, S,(G) =A™ THY, S(G)°=A"2 L7
n 48

36

%5, ¥, G A elementary abelian p 8 C, x C) XX Cy DL, S(GP ~Sm-2liz

5B TN, ,
FHERTIEEE G IR LT, Sp(G) DFE b E—FHEMEIZ DN TIIROEERH B ([11]),

The 8.1. (F.Francesco 2005 [5]) Let G be a finite solvable group and p an odd prime
number dividing the order of G. The Quillen complex of G at p is homotopy equivalent
to a wedge of spheres.

COEEXEEZ T, ROMERBRIZAET S,

MBE G BHRFETEBEOL &, Quillen complex A (G) IR ¥ A2 PE—BIE RO
N? ZIZT, plIEG ONEDH D RENKL T 5,

KBS, KBLTIE, MEDL Z B, A, (Sn)(or Sp(Sn)) PHEE FE—ETHMLNT
y\f‘r\,\o

RAIT, FT A DNy EREMRL D, As 12134 ROZREE A, 135 10,6, 4 D2

E&# Do, De, Dy, L3 5, 3, 2 DKEIRE Cs, C3, C,, & HALE {e} BDEIBWL LTEE
NTWBA, A; DEROELSBIZENLOLNANCHBTHE - LNMbR TV, B
DB H D G=As TR BERILEEY No(H) L BT L&,

Ng(C;) = Dy, Ng(Cs) = Dg
Ng(D4) = As, Ng(Cs) = Dyo

ThB, S(G)/G O Y ERITROEY THB, =T, S(G) kG DRIBLSEDRET,
G DIBIERIC LY GHBLRTWS, ¥k, (H),(K) € S(G)/GHLT, H=g"1Kg
Lizdge GREETDLETRY., (H) < (K) LE#T 3,
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Ag DRI 60 = 22 x 3 x 5 Th B3, Sylow-2 E4HE V(= Dy), Sylow-3 H4Y8 Cs,
Sylow-5 #8538 Cs 1T ZNEN 2k + 1,31+ 1,5m+ 1 f@H 5, As ZIE 20 mERE LTR
T, BOROEMKE. EOXNBHMWITIER LTHEXD L,

\/

5 [E] D3 R 3 B DXk 2 [E] 0D 0} it

V(=Dg) iX 58, C312 1018, Cs i 6 D5, BRAKC1X15@H D, V OEKLH
B2, C, DEK15 23 TR LMD, = S3(A4s) 1L 10 R, Ss(45) 1X6 R &>
TWB, Fi, S3(As) RUTOL 5721 KE#ET 5 wedge B 5HTE B,

i=1,2,3,4,5




—F. N%GODETCOEBRKERBOBEDA LV F—ravdd, FOLi,
N =1 <= G IiTEMBEOER

LEeBoT, GREMBOERTRTIII. N£12725, Z0LE X< XN>N
£ Y. S(G)° i% contractible (2725, HFlXIT. XKE p-BE Cpn 72 LiZ, HMBETIZRVD
N #£1¢729, 5(G)° iX contractible IZ72%, EHIT. ZDWAEIXS,(G) = S(G)°uU {1}
L2 o TNWBH 5 contractible EIZBA SN TH B, '

FEFTIRBBLRE A5 IZOVVTIL, p(As) = —60 Tholh b, S(As)° I contractible T2
WIZ ERIHND, Sp(4s)(p=2,3,5) IZ2WVTH, BEROWRITLY contractible Tiz i
WZ ERFND,
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