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N-Fractional Calculus of Some Algebraic Functions
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Abstract

In this article, N-fractional calculus for the functions
1 z + otb
and 2
22+ (a+b)z+abd 224+ (a+b)z+ab

where 22 + (a + b)z + ab # 0 are discussed.

1 Introduction (Deflnition of Fractional Calculus)

(I) Definition. ( by K. Nishimoto, [1] Vol. 1) ’

Let D ={D_,D.},C = {C_,C.}, C_ be a curve along the cut joining
two points z and —oo + iIm(z), C+ be a curve along the cut joining two
points z and oo + iIm(z), D_ be a domain surrounded by C_ , D, be a
domain surrounded by C,. ( Here D contains the points over the curve C ).

Moreover, let f = f(z) be a regular function in D(z € D) ,

fo = (hv=clflv

Tw+1 d _
= A [ e, (1)
()-m = lim () (m e 2%), 8

where
—m<arg((—z)<m for C-, 0<Larg((—2)<2r for C,

(#2z z€C, veR, T; Gamma function,



then (f), is the fractional differintegration of arbitrary order v ( derivatives
of order v for v > 0, and integrals of order —v for v < 0 ), with respect to
z , of the function f , if |(f).| < oo.

(IT) On the fractional calculus operator N” [ 3 ]

Theorem A. Let fractional calculus operator ( Nishimoto’s Operator )
NY be

y _JTw+1) d¢ _
N = (=g [ ) WEZ0), (Refertolt) (3
with :
N™ = VErgm NY (meZt), (4)
and define the binary operation o as
NP o N°f = N®Nef = N®(N®f) (a,$ € R), (5)
then the set :
{N*} = {N"|v € R} (6)

is an Abelian product group ( having continuous index v ) which has the
inverse transform operator (N”)~! = N~V to the fractional calculus operator
NV, for the function f such that f € F = {f;0 # |f,| < 0o, € R}, where
f=f(z)and z2€ C. (vis. —co<v< o).

( For our convenience, we call N o N® as product of N? and N% . )

Theorem B. ” F.O.G. {N*}) ” is an ” Action product group which
has continuous index v ” for the set of F . ( F.O.G. ; Fractional calculus
operator group )

Theorem C. Let
S:={xN"}uU{0} ={N"IU{-N"}Uu {0} (v €R). (7

Then the set S is a commutative ring for the function f € F, when the
identity
N® 4+ N8 = N7 (N®, NP ,N”ebS) (8)

holds. [ 5]

(TIT) Lemma. We have [ 1 ]
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()
(2= ¢)P)a = “”arl(,?‘ mﬁ (2 - e (lrl(f(‘ ﬁ)ﬂ )| < co)
(i)
(log(z - €))a = ™™ T(a)(z =)™ (I[(a)| < o)
(i)

(=)0 =~ s log(z = o), ()] < o)

where z—c# 0 in (i), and 2 — c # 0,1 in (ii) and (iii) ,
(iv)

i D(a+1) u
< FD(a+1- k) = %

(u-v)q = (u = u(2),v = v(2))

2 Preliminary

The following theorem has been reported by K. Nishimoto [12].
Theorem D. We have

()

(((Z—b)ﬁ—C)a)q = ™ (z—b)*F~7 i [—a]]gﬁlf“((g: : 273)‘*‘ ) ( 7 _cb)ﬂ e

(1)
I'(Bk —aB+1)
and '
(ii)
(2= 1) =) = (~1)"(z — b)aﬂ-"g_:o Lol (=)
L @)
(n € Z¢, |‘(;:-5)-,§| <1),
where

Ae=AA+1)--A+k—1)=TA+k)/T(\) with No=1,
(Pochhammer’s Notation).

We apply this theorem to have some theorems for some algebraic functions.
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3 Some Theorems and Identities

a+b
We descrive some results for the functions ?ma—im and ;ﬁ% by
applying the theorem in §2.

Theorem 1. We have

@

1 —iny (22+a+Db —2—-7

(z2+(a+b)z+ab),’ = ("‘—‘5—")
O [IWL@k+2+7) [, a—-b ,\*
" kz--% kIT(2k + 2) ((2z+a+b)2> (1)
(IT(2k + 2+ 7)| < 00)
and

(i)

1 n2Z2+a+b _o .
(22+(a+b)z+ab)n = (=1 2 )~

> a—b k
x kzzg[zk +2, ((m)2) . mezh) @

where 22+ (a+b)z+ab#0, |(a—0b)/(2z+a+b)| <1
Proof of (i). Setting p = —(a + b)/2, ¢ = (%42)% — ab, we have
2+ (@+bz+ab=(z-p)? —gq, (3)

hence

(Frerorsm), =@ -0™

224+ (a+b)z+ab
—— 2y o= [UkT(2k +2+7) g \*
=z -p) 754) kk!F(2k+2) ((z-p)2) “)

by Theorem D, (i), and we can rewrite this equation immediately to (1).
Proof of (ii). We have the result by setting v = n in the equation (1).

Theorem 2. We have
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(i)

( 1 ) — omimY I'(v+1) ( 1 _ 1 )
722+ (a+b)z+ab/, b—a \(z+a)* (z+b)lt7

(5)

(T +7)| < o0)

and
(ii)
1 n Nl 1 1
(22 + (a+b)z + ab)n =(-1) b—a ((z +a)ltr T (z+ b)l'“‘)(

_ 6)

(n € Z)

where b—a#0, 2°+(a+b)z+ab#0.
Proof of (i). According to Lemma (i), we have
1 1 1 1

(z2+(a+b)z+ab)7=b—a(z+a_z+b),, (7)
= G+ - (E+5™)y) ®)
=B GGy, @)

This is the result.
Proof of (ii). We have the result by setting v = n in the equation (5).

{Note } When a+b = 0, we obtain the following case from this theorem,
1 11 1. s s
(zz—a2),,_2a(z-a+z+a),, (¢"—a”#0).

Theorem 3. We have the identities
()

(2z+a+b)-2-7°°[1],,r(2k+2+7) (( a-b )2)’=
2 ~= KT(2k+2) 2z+a+b |

_T(y+1) 1 1 |
- b-a ((Z+a)1+7—(z+b)1+7) - (10

(IT@2k+2+79) <00, |T(y+1)|<o0)

and



(i1)
() S (52225) )

k=0

n! 1 1
“b—a ((z+a)1+ﬂ - (z+b)1+") (11)

(n € Zg)
a— b 2 :
where {m[ <1, b—-a#0, z°+(a+bz+ab#0.
Proof. It is valid from Theorem 1 and Theorem 2.
Theorem 4. We have

(¥

b
ks S R T
22+ (a+b)z +ab » 2z2+a+b

o)

(IT2m + 1+ 7)| < o0)
and

(ii)

z+£}b‘ —_ (___1)n( 2 )1+ﬂ
22+ (a+b)z+ab) 2z+a+b

ol a—-b m
X Eo[2m + 1], ((m)z) (13)

(ne Zf)
where 22+ (a+b)z+ab#0, |(a—b)/(2z+a+b)|<1.
Proof of (i). Setting p = —(a +b)/2, ¢ = (%42)? — ab, we bave

22+ (a+b)z+ab=(z-p)’~q, (14)

T@m+1+7) [, _a=b ,\™
xngo I'2m+1) ((2z+a+b)2) (12) |
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hence we obtain
£y ot
22+ (a+b)z+ab

) = (((z —p)2—g)l (2 ——p))’y (15)

1
E k,;ﬁ;” (= = sz =P (16)

by Lemma (iv). According to Theorem D, (i) and Lemma (1), we have

(z=p)* - ‘I)_l)'r p = e TR (5 — p)-2-7

mT@Cm+2+~y—k) g \m
mz,:o Tem+d  G-pp (17)
(lg/(z—p)’| <1, [T(2m+2+v—k)| <o)
and Ik — 1)
(z —p)y = e™* s )(z p)t*. (18)
So we have
_ in I'(2m + 2 o m
(=9 =0 =9) =S P -7 ()
C(2m+1+7) i g \™
_'sz_o T(em +2) (z—p) ' 7((2 p)z) } (19)
i 1w o= 2m+1)T(2m + 1 +7) q m
= e " (z —p)~! ’Yng_:o T@Em T 2) ((z-—-p)2) (20)
i a+b_»_ T@em+1+7) ((&£2)?2 —ab\™
e+ 507 5 N ((z2+%9>2) A

Therefore we have (12) from (21) clearly under the conditions stated before.
Proof of (ii). We have the result by setting v = n in the equation (12).
Corollary 1. We have

(i)
(2m),~ ()7 £ St (0)) e

m=0

(IT@2m + 1+ v)| < 00)

and



(id)

(7%=) v (%) S 2m 1) ((g)z)m (23)

m=0

(n € Z),

where 22 — a2 # 0, |—:—l <1

Proof. It is clear from Theorem 4, by setting a + b = 0.
Theorem 5. We have

(i)
2+ of _ iy [(1+7) 1 1
(z2+(a+bz)z+ab)7 =e T {(z+a)1+'7 + (z+b)1+7}
(24)
(T +9)| < o0)
and
(ii)
z+ &2 an! 1 1
(z2 + (a+bz)z+ab)n = (-1) _2—{(z+a)1+n + (z+b)1+ﬂ} (25)
(n € ZF)
a+b

where 22+ (a+b)z+ab#0, z+ 2 # 0.

Proof of (i). We have

atb 1 1
et =1 (ot ) (26)
224+ (a+bz+ab 2\z+a z+Db

hence, based on Lemma (i) we have the followings under the conditions,

1/ 1 1
LHS of (4) = (z et b)7 @27)
1 1 1 :
= 2 ((z+a)7+ (z+b)7) - (28)
1 . 1 1
=30 (Gt G @
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Proof of (ii). We have the result by setting v = n in (i).

Theorem 6. We have the identities

()
2 1 Dem+1+7) - \A\™
(22 +a+ b) 2im=0 ?m+17 ((2;«—«& ) )

= I‘(’),2-'-1) ((z+c¢1)1+’7 + iz+515’¢‘7) (30)
(I0@2m + 1 + )| < o) |
and
(ii)
2 Itn & a-b \?\"
(2z+a+b) mz___o[zm_}-l]" ((2z+a+b) )
n! 1 1
=3 ((z+a)1+” + (z+b)1+") (31)
(n € 2¢)
~b 2 .
where 12 Ta +b| <1, z4+(a+b)/2#0, z*+(a+b)z+ab#0.

Proof. It is valid from Theorem 4 and Theorem 5.

4 Semi Derivatives and Integrals

In this section we give semi derivatives and integrals from Theorems 1, 4,
5 and Corollary.
(I) From Theorem 1, (i), we have

(@)

b

( 1 ) __z<2z+a+b) z:[1 xT(2k + 2) (( a—
22+ (a+b)z+ab %— kKT(2k+2) \'2z2+a+b

(1)

(semi derivative)
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(i)

1 (224 a+b\"F & [T(2k+ D) a-b k
(z2+(a+b)z+ab)_%_z( 2 ) Ig k!l‘(2k+22) ((2z+a+b)2)

(2)
(semi integral)
where
22+ (a+b)z+ab#0 and |(a —-b)/(2z+a+0b)| < 1.
(II) From Theorem 4, (i), we have
(i)
1+3‘L ( )3 ZI‘(2m+2)( a—>b )2)’"
z2+(a+b)z+ab 2z+a+b r'em+1) 2z+a+b
3)
(semi derivative)
and
(i)
1+ %2 _.(( 2 )2)m°° I‘(2m+%)(( a—b )2)"‘
22+ (a+b)z +ab _1—2 2z+a+b L= T(2m+1) \"2z+a+b
2
(4)
(semi integral)
where

22+ (a+b)z+ab#0 and |(a—b)/(2z+a+Db)| <1

(III) From Corollary 1, (i), we have
(i)

(#),-=(0) S B (9" ©

(semi derivative)



(i
), S @7 e

(semi integral)

where
22 ~a?#0 and l|a/z| < 1.

(IV) From Theorem 5, (i), we have

@)
2+ & _ /T { 1 1 .
Zrarbrrab), T2 \Graem T (z+b)<s/2>} (M
2
(semi derivative)
and
(ii) -
z+ &2 __iﬁ{ 1,1 } @®
22 + (a +b)z + ab 3 T2 \VzFa  Vz+b
(semi integral)
where

22+ (a+b)z+ab#0 and |z+ (a+b)/2| #0.

5 Examples of Theorem 3, (ii)

We illustrate some examples of Theorem 3 in cases of which the order of

derivative are integers n = 0, 1, 2.
(I) When n = 0, from Theorem 3 the left-hand side of (11) in §3 is

derived as follows,

(?.i:“_;_‘t_b) 2k + 200 ((ﬁ%f)k

k=0



2 oo ] b 2\ k
- (2z+a+b) kZ% k! ((22+a+b)) (1)
2\ —1
- 2z+a+b (1 2z+a+b>) @
1
- (z+a)(z+b)' )
And we derive the followings from the right-hand side of (11),
1 ( 11 )_ 1 @
b—a\z+a z+b) (z+a)(z+0b)
Then (11) holds true for n = 0.
(IT) When n = 1, the LHS of (11) is
22 +a+b\3& a-b \2\*
( 2 ) §[2k+2]1((2z+a+b))
_ 2 & [ a—b \%\*
= (z7em) ,c{%%?(z’“”)((maw) ®
_ ( 2 )3 (a—-b)2(22+a+b)2+ (22 + a + b)? ©)
~ \22+4a+b 8(z + a)2(z + b)?2 2(z+a)(z+b)
2z4+a+b
= 7
(z+a)?(z+ b2’ 0

since

koo . k
E[ ((52%:«1%)2) =,§1(k[%—]k1)! ((2z+aib)2) ®)

k=0
. _ k
- (22:(:-—(_11:- b)zz [?c}'k ((2zi—a:—b)2) ©)

k=0
a-b \? a-b \2\7°
- (555 (- ) 1o
_ (a—b)*(2z+a+b)? (11)

4%2(z + a)2(z + b)?
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and .
S (= VL (22 )
ok \\22+a+b - 2z+a+b) (12)
_ (2z2+a+b)? :
" 4(z+a)(z+b) (13)
Furthermore from RHS of (11) in §3, we have
1 ( 11 )_ 2 +a+b 14
b-—a\(z+a)? z+b)2) (z+a)2(z+b)? (14)
Then for n = 1, section 3.(11) holds.
(III) When n = 2, setting '
a-b 2
T_(2z+a+b> ’ (15)
we have
. 2 ‘& k
LHS of section 3.(11) = (m) k{%@k + 2)[2k + 3}, T" (16)
2 4 kL 0N | k
- (2z = b) 23Kk + hT* +23 (26 + 3T (1)
2 4 (57-72 3-T
= <2z+a+b) 2((1-1’)3 + (1—T)2) (18)
2 dre6+2r
- (2z+a+b) ((1—T)3) (19)
622 +62(a+b) +2(a® +ab+ ) (20)
- (z +a)3(z + b)3 '
On the other hand we obtain the following from the right side of (11),
. 2 11,
RHS of section 3.(11) = ZTard ((z sl pors b‘)%l)
_ 62%(b— a) + 62(b* — a®) +2(b® — a®) 22)
- (b — a)(z + a)3(z + b)3
_ 622 +62(a +b) + 2(a® + ab + b?) (23)
- (2 +a)3(z +b)3 '
Therefore (11) in §3 holds for the case of n = 2.

And so on.

{ Note } Examples for Theorem 6 (ii) shall be shown in another paper.
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6 Appendix

In this section, we give some remarks on the infinite series. We have used

these results in the previous section.
We have

gk[2k+3 1 T = Z(k )'[2k+3]1T"

i 121 C(20k+1)+ 3)T*

2TZ[ "kT"+5TZ ’°T’°
lc—~0 k=0
_ o2 = [2lk+1 ok -2
= 2T ;) =T +5T(1 - T)
22T22[ ’°T’°+5T(1 —T)2
k=0
=4T%(1 - T)~% + 5T(1 - T) 2
_ 5T -T2
T -7

and

Sk +3pT* =3 Ble 5+ gyr*

k=0 k=0

_220 o kT"+3Z[

k=0
= 2TZO i LTk 3(1-1)"

= 2r1-T)"2+31-T)!
3-T
1-T7)%
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