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The vaccination program against avian influenza:
A mathematical approach

Shingo Iwami *, Yasuhiro Takeuchi
Graduate School of Science and Technology, Shizuoka University, Japan

Abstract

It was reported that a vaccination program against avian influenza executed in
China eradicated a dominant avian flu virus but led to a prevalence of predominant
avian flu virus. Interestingly, the change of the prevalence could occur in other
countries where the vaccination program was not executed. The mechanism for the
emergence and prevalence of predominant virus is still unknown. In this study, we
construct and analyze a mathematical model to investigate the mechanism.

1 Introduction

In China, despite a compulsory program for the vaccination of all poultry commencing,
H5N1 influenza virus has caused outbreaks in poultry in 12 provinces. Epidemiological
analysis showed that H5N1 influenza viruses were continued to be perpetuated in poultry
in each of the provinces tested, mainly in domestic duck and geese. Interestingly, genetic
analysis revealed that an H5N1 influenza variant (Fujian-like) had emerged and become
prevalent variant in each of the provinces, replacing those previously established multiple
sublineages in different regions of southern China. Some data indicate that seroconversion
rates are still low and that poultry are poorly immunized against FJ-like viruses, which
suggests that the poultry vaccine currently used in China may only generate very low
neutralizing antibodies to FJ-like viruses in comparison to other previously cocirculating
H5N1 sublineages ([9]). This situation can help to select for the FJ-like sublineage in
poultry. To investigate the change of prevalent strain we propose the following simple
mathematical model:

Xi=(1=plc—(b+e)X1 — (w1 + ¢121) X1,
Vi=pc—(b+e)Vi — 0121V,

Y] =wuV1X; — (b+my)Yi,

Zy = $1 20 (X1 + oW)) — (b+m,) Z;.

(1)
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In the model, X, V4, Y1 and Z; denote susceptible birds, vaccinated birds against domi-
nant strain, infected birds with dominant avian flu strain and infected bird with predom-
inant avian flu strain, respectively. The parameter c is the rates at which new birds are
born. At the beginning of vaccination program, X, directly moves to V; by the vaccina-
tion to susceptible birds. However, after some vaccinated period, the direct movement
may vanish because almost all birds are vaccinated. Thereafter, the vaccination is only
administered to the new born birds. In order to simplify the vaccination program we
consider only the vaccination to the new born birds because the direct movement by the
vaccination program can be expressed by some choice of initial value. The new born birds
are vaccinated at the rate 0 < p < 1 and the vaccinated individuals can completely pro-
tect from the dominant strain and partial protect from the predominant strain at the rate
0 <1—-0 <1 (for example, 0 = 0 represents complete cross immunity against dominant
and predominant strains). The parameter b is the natural death rate and e is the dispersal
or export rate. We consider that only susceptible and vaccinated birds can be dispersed
or exported because the avian flu viruses can cause severe illness and high mortality in
poultry.” Further m, and m, are the additional death rate mediated by avian flu. The
parameters w; and ¢, are the transmission rate of dominant and predominant avian flu
strains, respectively. For instance, we can consider that the dominant avian flu strain
represents current vaccine strain in poultry and the predominant avian flu strain repre-
sents FJ-like viruses which has emerged and are selected when the vaccination program
is executed ([9)).

Further the FJ-like viruses have already transmitted to Hong Kong, Laos, Malaysia
and Thailand, resulting in a new transmission and outbreak wave in Southeast Asia. It
is strange that the FJ-like viruses become prevalent strain in no-vaccinated area because
the dominant strain prevailed before the initiation of the vaccination program executed
in other areas. The mechanism for the emergence and prevalence of the FJ-like virus over
a large geographical region within a short period is still unknown. It is said that one
possibility is an effect of carrier wild birds: Origins could be traced by using probes of
various regions of the new isolates and this analysis indicated many contained regions that
traced back to wild bird isolates in Hong Kong in 2003, or isolates from northern China
in 2003. These data indicate wild birds are responsible for the transport and transmission
of the evolving H5N1. However, in this paper, we investigate the another possibility of
the emergence and prevalence by a mathematical model. Based on concerns about highly
pathogenic avian influenza H5N1 virus and its potential to cause illness in humans, CDC
and the U.S. Department of Agriculture have taken steps to prevent importation of birds
and unprocessed bird products from countries with the virus in domestic poultry ([4]).
However it is impossible for government to control the importation completely because
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Figure 1: Model schematic showing the vaccination program and the illegal trade or dispersal
in poultry from Area 1 to Area 2

of some smuggler. For example, in some outbreaks, the tendency to hide or smuggle
especially valuable birds, such as fighting cocks, can also help maintain the virus in the
environment or contribute to its further geographical spread ([10]). Therefore, we have
to consider the effect of the export or dispersal of domestic poultry. Remember that only
susceptible and vaccinated birds can be dispersed or exported because the avian flu viruses
can cause severe illness and high mortality in poultry. We assume that the vaccination
program is executed in Area 1 (such as China) but the program is not executed in Area
2 (such as Malaysia, Vietnam and Thailand) and both susceptible and vaccinated birds
export or disperse from Area 1 to Area 2 (see Fig. 1). These assumptions lead to the
following mathematical model:

Xi=({0-plc—(b+e)X1— (w¥1 + $1Z1) X1,

Vi=pc—(b+e)Vi — 012, 4,

Y] =wiY1X; - (b+my)Y3,

Z) = $1Z1(Xy + oV1) — (b+m,) 2,

Xz =c+eX) —bXy — (w2Ya + $222) X,

Vy = eVi = bV; — 0¢2 2,3,

Y] = wYsXs — (b+my)Ya,

Zy = $225(X2 + oVa) — (b+ m,) 2.
In the model, X;, V;, Y; and Z; denote susceptible birds, vaccinated birds against dominant
strain, infected birds with dominant avian flu strain and infected bird with predominant
avian flu strain in Area i (i = 1,2), respectively. The parameters w; and ¢; are the

transmission rate of dominant and predominant avian flu strains in Area 4, respectively.
Further the meaning of the other parameters is the same as (1). For more detailed

(2)
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discussion of this model, see [8].

2 Mathematical properties

In order to investigate the change of prevalence strain in Area 1 and 2 by the vaccination
program we have to demonstrate the mathematical properties of model (2). We remark
that the dynamics in Area 1 are independent of those in Area 2. Therefore we can obtain
the dynamical properties in Area 1 from only model (1). Once we obtain the properties
in Area 1, we can easily understand those in Area 2 by a similar method in Theoremn A.1
of [5].

2.1 The disease transmission in Area 1

To understand the dynamics of the disease transmission in Area 1 we firstly analyze model
(1) and divide the analysis into three situations concerned with the vaccination rate as
follows;

(a) No vaccination program: p =0 in Area 1
If the vaccination rate p = 0 (No vaccination program), then model (1) is

X| = c= (b+e)Xi — (Vi + 120X,
Vi=—(b+e)V; —o0$1Z: W,

Y] = w1 Xy - (b+my)Y,

2] = $1Z1(X1 + oVi) — (b+m,) 21

(3)

It is clear that lim; .« V4(t) = 0 and this system has the following three possible equilibria:

n c
EM™ = (X7°,0,0,0), where X}°= o
n n n b+my " C—(b-{—e)X"’d.
E} =(X74,0,Y,0), where XM= — Y = e .
b - np
ETP,___ (XI‘P’O’O,Z?P), where Xilp= +mz’ ZI‘p= ¢ ( ;sz),xl i
¢1 ¢1 1

Note that model (3) is typical competitive system for multiple infectious strains which
leads to competitive exclusion ([1]-[3], [7]). The dynamics of (3) are completely determined
by the so-called basic reproductive number of the dominant and predominant strains,
respectively ([7]):

wy (o
xp®, RP=Ll_xm,

nd _
R T b+my b+m,
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Clearly ETO always exists, ET¢ exists iff Rf¢ > 1 and E}? exists iff R}? > 1. Further, to
simply understand a concept of competition between the strains we introduce the another
basic reproductive numbers ([6]):

wy = &
X, RP=

Fnd _
Rl _b+my b+mz

X

We remark that R4 (R{”) represents an average number of the infected birds with the
dominant (predominant) avian flu by a single infected bird with the dominant (predomi-
nant) strain under the condition that all birds are susceptible, but RBP4 (R}P) is the basic .
reproduction number after a spread of predominant (dominant) strain in the bird world.
Note that RP4R® = 1. Further these basic reproductive numbers have the following
relations:

Remark 2.1. R}® > R{? (R{? > R}?) is equivalent to R7 <1 (R < 1) and RM¥ <1
(R < 1) is equivalent to RY? > 1 (R} > 1).
The dynamical properties of model (3) are given by the following theorem:

Theorem 2.1. (i) If R® < 1 and R® < 1, then EM® is globally asymptotically sta-
ble (GAS) which means that the orbit converges to the equilibrium as t — oo for
arbitrary initial point.

(i) If RY® > 1 and RP < 1, then EM is GAS.
(i) If RY? > 1 and R} < 1, then E® is GAS.
The proofs of this Theorem are given in [7] (see its Theorem 3.1.).
(b) Complete vaccination program: p =1 in Area 1
If the vaccination rate p = 1 (Complete vaccination program), then model (1) is

X;=—(b+e)X, — (wiYs + $:121) X1,
Vi =c—(b+e)Vi - 041 Z1VA,

Y] = w1 X1 — (b+my)Y1,

Zi =91 Z)(Xy +oWy) — (b+m,)Z;.

(4)

It is clear that lim;_,o X1(t) = 0 and lim;_.o, Y1(t) = 0 and this system has the following
two equilibria:
c .
b+e’
b+m, Z% — c— (b+e)‘/lcp_
opy ' o Vy”

E® = (0,V?,0,0), where V=

EP =(0,V{?,0,Z%), where V|* =
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This system (4) is essentially 2-dimensional and the dynamics is clear ([5]). The basic
reproductive number of predominant strain is given by

- o1
b+m v

R? =
Clearly E® always exists and E exists iff Rf" > 1. The dynamical properties of model
(4) are given by the following theorem:
Theorem 2.2. (i) If R < 1, then E{ is GAS.

(ii) If R > 1, then E¥ is GAS.

The proofs of this Theorem are given in [5] (see its Theorems 3.1.).

(c) Incomplete vaccination program: 0 < p <1 in Area 1
If the vaccination rate 0 < p < 1 (Incomplete vaccination program), then we have to
consider system (1) directly. This system has the following four possible equilibria:

E® = (X v 0,0), where X¥ = c —p)c, v =

b+e b + e’ ’
S i
= (X V¢ Y4 0), where X{¢= M’ Vi = b+ -, Y= (1 P)Cwl)gd"' )X} :
EP = (X/P,Vi? 0,2), where X = E&%%, ViP = T f_’;blz{.;
and Z{" is the unique root of the following equation:
¢r(l—ple  _ obpc  _ b+m,: (5)

b+e+dZy b+et+ohz;

= (X{H VN, Z1), where X7 =

1 = —

b+my, V,-+__l(b+m, b+my)

o ¢1 w1
; 1 {(—=p)c— (b+e)Xi" ; } i+ pc—(b+e)Vit
1+ — — - - Zi+ i ZO+ = d
Y W { X+ 412 1 op Vit

We also introduce the two basic reproductive numbers of dominant and predominant
strains;

i0 iwp_ N ods
b+myX1’ Ry = b+m X b+ Vl’

Bid _ _ W1 yip  pip_ _ 91 X'd od1 i
R b+m,,X" R =5m b+m V
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The meaning of these numbers is the same as R}, R{?, R?¥ and R7? in (a). It is clear that

E® always exists and Ei¢ exists iff Ri > 1. From equation (5), the existence condition

of EP? is given by

$1(1 — p)c+ apipc
b+e

Further, let F' be the following function of X;:

b+m, < <= 1< RP.

F(Xy) = (b+e)é (1 - %) X3- {(b +e)(b+m,) (1 - ?‘1;) + ¢1c} X1+(1—p)c(b+mz)'.

Then we obtain the following existence condition of E}*;

b+m,
Y

Since 0 < F(0), 0 > F(%’f‘i) and F”(X,) < 0, we can obtain the following relation;

b+m;, pco :
- < X <
N b+e 1

, 0 < F(XTY).

b+m,
o)

where X7 is the larger root of F(X;) = 0. From straightforward but tedious calculations,
we can evaluate X} = XP. This implies that

b+m,_ pco
¢1 b+€

b+m, _ peo

<Xi+
1< b bte

, 0 < F(X{*) <= max {0, } <Xt < X3

b+m,  pco i+ » Rid Fip
ma.x{O, ™ b+e}-<X1 <X{ <> 1< R{, 1<R/.

In this way, we can conclude the existence conditions of these equilibria in the following

lemma.

Lemma 2.1. (i) EP® always ezists in RY.
(ii) Ei exzists in RS iff 1 < R,

(iti) EY exists in RS iff 1 < RY.

(iv) Ei* exists in RY iff 1 < R and 1 < RYF.

Here we have to note the relation between the basic reproductive numbers in the
following Lemma 2.2.

Lemma 2.2. R <1 < R and R? <1 < R¥ can not hold simultaneously.

Remark 2.2. Lemma 2.2 can be proved directly by tedious and complez analysis but it
will be clear in Theorem 2.8.

The dynamical properties of model (1) are given by the following theorem:
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Theorem 2.3. (i) If R <1 and R? < 1, then Ei° is GAS.
(ii) If R4 > 1 and RY < 1, then Ei is GAS.
(iti) If R > 1 and R < 1, then EY is GAS.
(i) If R > 1 and R¥ > 1, then Ei* is GAS.
Proof. (i) Let us consider the Lyapunov function
Vo=X1— Xlog X; + Vi — Vi®logV; + Y1 + Z1.
‘We have | |
Vo = (X1 — X {(1 lp)" (b+e) ~wY; — ¢lzl} + (Vi = V{0 {"’,—f ~(b+e)— a¢1Z1}
+ Yi{wr X1 — (b+my)} + Z1{¢1(X3 +ch1) —(b+m,;)} ’
(o= 3 2) o= - ) o (-22)

+ ¢1Zl (X;O + 0'1/1"0 -

$1

We remark that X — (b+m,)/w; < 0iff R < 1 and X{0 + oV{® — (b+m,)/¢1 < 0 iff
R < 1. Further it is clear that

X X, Vo

——— -5 <0, 2- <0

Ve S
because the arithmetic mean is larger than, or equals to the geometric mean. Therefore
Vo < 0 because R‘id < 1and Rip < 1, and we can conclude that by the Lyapunov-LaSalle’s

invariance principle, all the trajectories of (1) converges to E0.
(#3) Let us consider the Lyapunov function

Va=X1— X{¢log X, + Vi — V{%logVi + Y1 — Y{®log Y1 + Z1.
Then _
U iy [ (1 —p)e id
Va= (X1 - XY') _Xl"—'(b+€)"w1}’1—¢1z1 + (W -9 —(bte)—oh2y
+ (Y = Vi) {in X1 — (b+my)} + Zi{ (X1 +oV) — (b+ m,)}.
Since b+ e = (1 — p)e/Xi¢ — w, Y4 = pc/Vi¢ and b+ my = w1 X4, we can evaluate
- X4 X Vit W
Vo= @mpe (25— )+ (2- 3 - 73)

+ 012y (X{d + oV — b+ m. _:sz) .
1
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We remark that ¢; (X +oVi) ~ (b+m,) < 0iff R < 1. In the similar manner, we can
show that V; < 0 because R¥ < 1. This completes the proof.
(i43) Let us consider the Lyapunov function

Vo =X1— XPlog X1 + Vi — ViPlogVi + Y1 + 21 — Z{? log Z1.
We have
iy [ (1 —D)c ip
= (X; — X} %, —bte)-wli—diZ p+(Vi- V) (5~ (bt+e)—ohZ
+Yi{wi Xy = (b+my)} + (21 - Z7) {1 (Xa + 0V2) — (b+ m,)}.

Since b+ e = (1 — p)c/ X — 1 Z = pc/V;P — 041 ZF and b+ m, = ¢1(XF + oViP), we
can evaluate

- XP X VP W _bimy
V=1 P)C( *Z“X—')'*-PC( _T’:—W +wY, [ XP o )

We remark that wi Xy? — (b+m,) < 0 iff R < 1. In the similar manner, we can show
that V, < 0 because Ri% < 1. This completes the proof.
(tv) Let us consider the Lyapunov function

Vi=X) - X{Tlog X1+ Vi = Vit logVy + Y; — YitlogV; + 2, — Zi* log Z:.
Then
. . 1- : - C
Vi = (X1 - X{") {( —B)e —(b+e)—w Y - ¢121} + (W -V {?‘7 ~(b+e)—ohy
1 1 .

+ (Y1 =YV Xy = (b +my)} + (21 = Zi ) 1(X1 + oVi) — (b +m,)}.

N~

Since b+ e = (1 — p)e/Xit — i Vit — 128 = pe/Vit — 01 ZiF, b+ my = w1 X and
b+m, = ¢ (X" +oV}"), we can evaluate

- X{* Xy Vit w»
=(1- - -l <o
Vi=(1-p) (2 X, X ) + pc (2 Vi V'+) <0

This completes the proof. O

We can completely classify the dynamics of model (1) by the basic reproductive num-
bers. Table 1 summarizes the existence and stability conditions of the equilibria in model

(1).
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Equilibrium Existence conditions Stability conditions

(@) p=0 EW Always RM¥<land R?<1
EM 1< Ry RP <1
E® 1< RY¥ R <1
®)p=1  E Always RP<1
E? 1<R? Always

()0<p<1l E® | Always Rié<land R? <1
Eid 1 < Rid RP<1
E 1< R¥ Ré<1
EY* 1<Rdandl1<R? Always

Table 1: The existence and stability condition of the equilibria in model (1)

2.2 The disease transmission in Area 2

From the classification of the dynamics of model (1) in Table 1, we can easily understand
those in Area 2 by analyzing model (2). From the convergence theorem (see Theorem A.1
of [5]), the global behavior of model (2) is determined by the reduced system;

Xé =c+eX] — bXs — (woYa + 0225) X,
Vz = eV) — bV — 0022, V3,

Y; = w Yo Xo — (b+ my)Ys,

Zy = $2Z2(Xe + oV2) — (b+m,)2Z,,

(6)

where X} and V}* represent a corresponding equilibrium in model (1). Let a; = c + eX?{
and a; = eV}*, and consider a1, a; as any nonnegative constants. Then model (6) can be
considered as a special case of model (1) with ¢ = a; + a3, p = az/(a; + a2) and e = 0.
We also divide the analysis into three situations concerned with the vaccination rate as
follows;
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(a) No vaccination program: p =0 in Area 1
If the vaccination rate p = 0 (No vaccination program) in Area 1, then model (6) is

X;=c+eX] —bX; — (waYa + $222) X,
Vy = —bV — 092235,

Y; = woYo Xz — (b+m,)Yz,

Zy = $2Z2(X2 + oV2) — (b+m,)Z,.

(7)

It is clear that lim,_,, V() = 0 and this system has the following three possible equilibria:

E}° = (X3°,0,0,0), where X3° = c+,fX1;
* nd
E;‘d=(X;“’,0,Y2"",O), where X{,‘d= b+my, Y;‘d= c+eX1XMIbX2 ;
wz 2
b+m c+eX! —bX;F
EJ? = (X37,0,0,237), where XJP = 2 Z3P = L~ 32
2 ( 2 2 ) ¢2 2 ¢2X2p

Here X} represents a corresponding one of X7°, XP¥ or X[®. Further this model is
essentially same as model (3) and the dynamics can be completely decided by the following
basic reproductive numbers:

szzd

T b+my

#2 X;O, Rgd: 2

A b2 rnd
" pne _ n
b+m," b-i—m,,X2 R X

Xm0 P = )
2 R b+m, 2

Clearly E7° always exists, Ep4 exists iff R} > 1 and Ej” exists iff R3? > 1.
The dynamical properties of model (7) are given by the following theorem:

Theorem 2.4. (i) If R3* <1 and R}* <1, then E3° is GAS.
(i) If R3® > 1 and R3P < 1, then E34 is GAS.
(iii) If R3? > 1 and Rg® < 1, then EP is GAS.

The proofs of this Theorem are given in [7] (see its Theorem 3.1.).

(b) Complete vaccination program: p =1 in Area 1 .
If the vaccination rate p = 1 (Complete vaccination program) in Area 1, then model (6)
is
Xy = c—bX; — (w2Y2 + ¢225) X3,
V, = eVy' = bVz — 0¢22,V5,
Y; = wpY2 Xz — (b +m,)Yz,
Zy = ¢2Z2(Xz + oVa) — (b+m,)Z,.

(8)
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This system has the following four possible equilibria:

EL = (X2, V£0,0,0), where X = %, Vil = e‘bfl ;
b+m evy c — bXgd
= (X5, V54, Y54,0), where X§% = LA VA -b—1 Yo = T;Ecg';
P _ (P cp ¢ P _ eV
E. (X3F,V4?,0,257), where X2 b+¢ZZ°"’V2 s
and Z3” is the unique root of the following equation:
¢2c 0¢2€.Vl"I
=b ;
b+ 6aZs  btotaZs
B = (X%, ViR Y7 5%, where Xgr = TET, ypr L (1AM DAY
) ) H ) ) o ¢2 w2 ]

1 - bXSt eV — bVset
er _ L 3 _ goget) ger o VbV
Y wa ( XSt 922 )’ Z odVEt

Here V;* represents a corresponding one of V/® or Vi?. This model is also essentially
same as model (1) and the dynamics can be completely decided by the following basic
reproductive numbers:

— P ... @2 o2
Itgd X2’ R b+ X2 b+ V2 )

od . W2 cp _ cd 0'¢2
R = b+m,,X2’ Ry = b+mz Y rm v

We can also conclude the existence conditions of these equilibria as same as model (1) in
the following lemma.

Lemma 2.3. (i) EJ always ezists in RY.
(i) E$® exists in RY iff 1 < R§.

(iii) ESF exists in R4 iff 1 < RY.

(iv) ES* exists in RS iff 1 < Rg" and 1 < RY.

Further we also remark that R® < 1 < R$® and R¥ < 1 < RF can not hold simulta-
neously and the dynamical properties of model (8) are given by the following theorem:

Theorem 2.5. (i) If R <1 and RF <1, then E3 is GAS.
(i) If R > 1 and RY < 1, then E? is GAS.
(i) If R¥ > 1 and R < 1, then E7* is GAS.
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(w) If R$* > 1 and RY > 1, then ESt is GAS.
The proofs of this Theorem are essentially the same as Theorems 2.3..
(¢) Incomplete vaccination program: 0 < p < 1 in Area 1

If the vaccination rate 0 < p < 1 (Incomplete vaccination program), then we have to
consider system (6) directly. This system has the following four possible equilibria:

= (XP,V2,0,0), where X =LKL o O,
vid vrid i b+m evy c+eX; — bXxid
d _ (yid yid vrid id _ v yid id _ 1 2 .
EY = (X3%,V3%,Y3%,0), where X; o y Vo 5 , Yo X
ip < i ; ; +eX} ; eV}
= (X, V;?,0,29), where X = "1 L yp—__ 1 _
(X3 V27,0, Z), where b+ 6227 T bt opZ¥
and Zp is the unique root of the following equation:
$a(c+eX]) | opeeVy

=b 2y
b+ 622, ' btodezs T™

= (X37, V51, Y5%, Z%), where Xit = b+my, V2,-+=l(b+m,_b+my),

W2 o ¢2 wo
o1 fc+eXr—-bXit . eV — bVt
i+ T 1 — 2_ i+ i+ _ 1 . 2
)/2 wo ( X; ¢ZZ' ) ’ Z. 0'¢2‘/2'+

Here X} and V}* represents a corresponding pair of X{° and V{°, X4 and V{4, X{® and
Vi? or X}* and V{*. This model is also essentially same as model (1) and the dynamics
can be completely decided by the following basic reproductive numbers:

id _ i0 ip__ P2 yio, 9%
R b+m,,X2’ R b+mX'~’ +b+ vi°,
Bid _ =p P2 OP2 «id
& b+m,,X2’ By’ = b+m,X bt

We can also conclude the existence conditions of these equilibria as same as model (1) in
the following lemma.

Lemma 2.4. (i) EY always ezists in RY.
(ii) E¥ ezists in R4 iff 1 < Ri.

(iii) EY exists in RS iff 1 < RY. |
(iv) E3* erists in RY iff 1 < Rid and 1 < RY.
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Further we also remark that Ri¥ < 1 < Ri# and R¥ < 1 < RP can not hold simulta-
neously and the dynamical properties of model (6) are given by the following theorem:

Theorem 2.6. (i) If R <1 and RP < 1, then E¥ is GAS.
(ii) If R¥ > 1 and RY < 1, then Ei* is GAS.

(ii) If RF > 1 and Ri# < 1, then E? is GAS.

(iv) If R8> 1 and RY > 1, then Ei is GAS.

The proofs of this Theorem are essentially the same as Theorems 2.3..

We can completely classify the dynamics of model (6) by the basic reproductive num-
bers. Table 2 summarizes the existence and stability conditions of the equilibria in model
(6). Therefore, from Table 1 and Table 2, we can obtain the completely classification of
the dynamics of model (2).

Equilibrium Existence conditions  Stability conditions

(a) p=0 Epo Always R <land RpP <1
Epd 1 < Ry : RP<1
E}P 1< R3?P R¥<1

(b)p=1 EQ Always | R¥<land R L1
Eg 1< R¢ R <1
E? 1< R R <1
ESt 1< Rfandl<RY Always

()0<p<1l EB Always Ré<1land Rf <1
| B 1<RY Ry <1
E? 1< RY¥ R <1
Eif 1<Rfand1l<RY Always

Table 2: The existence and stability condition of the equilibria in model (6)
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