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Asymptotic stability and uniform asymptotic stability
for second-order linear differential equations
with damping
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1 X
BWERL b0 2 RS FTRA
2" +a(t)z’ +b(t)z =0 (E)

EE2D. L, FR¥at),bt) 1Tt > 0 IV THMMOTRAME LTS, ok
&, FBRX () 0T R TOMIIFMIIENHITHEEL, FERX(E) 3¥KKz=2=0%
0.

INETES OWEEICTL T, 2 By HFBRAOZHEAH uniformly asymptotically
stable <> asymptotically stable T 5 72D D+ R 4OHF RN 2 ENTE ™ [2,6,7,9, 10].
HRK (E) DFR¥K a(t), b(t) BT b EME 7 12EMBIK T dh 3 BA XM A 0D uniform
asymptotic stability & asymptotic stability B—8+ 5. ThEOEEN LMD X ST,
—#(Z, uniformly asymptotically stable 72 & i, asymptotically stable Tdh 5. & = 518,
asymptotically stable Td % 4>5 & V> T uniformly asymptotically stable & iXfR 572V, £
DHERIZTT. FER

2
m"+mx’+x=0 (1.1)

2E2D. oL, FBRX (1.1) OFHA z = 2’ = 0 i asymptotically stable T 5 2%,
uniformly asymptotically stable T72vy, B, HBRK (1.1) DEEBEITHIZ

sint cost

1+1¢ 1+4¢
cost sint sint cost

1+t (Q+t)2 1+t (14122

THBHH0, Coppel DER [1] EFAVTIOEEEZHBTES. ZOFANTTLIIC,
uniform asymptotic stability & asymptotic stability DEUZIZR= 0 3% 5. L Z 5, £h
LOEIIBETAMRIIINETRERINT I hol. Thbb, FHAD non-uniform
asymptotic stability (2B 2BFFIIEAD 2V, £ 2 C, FHFETIIHEX (F) D non-uniform
asymptotic stability IC#R 24T, BRELBEMT 5.
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Lltg, HBR (E) OFHA z = 2’ = 0 2% asymptotically stable T 5 72 D+434fF &
FOHE N OHHBINT B, FEAMEBIEK ¢(t) 23 integrally positive THDH LI, HDw >0

CHLT T+ w < 0 < Ty EHETERORE T = | [, 00] 1B1T

n=1
/¢(t)dt = 00
I
LRrBEEVD ([3-6,8,9,11] #RX). EbiT, I D&REIZMZT
Tatl < On +

EHIET Q> 0BEET B L&, ¢(t) iX weakly integrally positive ThH D LD ([5,9] &
BR). FxIE, 1/(1+t) R sint/(1 +1t) X weakly integrally positive T3 %73, integrally
positive T7RV>,

Sugie and Onitsuka [9] IX 7R (E) 281 2 B2 REMK5 5 2R D Global asymptotic
stability IZOWTELZ L=, FBRX(F) CHTIERERICEHTS.

EEA H5¥abb>0NEEL, £EDt>0IITHLT
la(t)| <@ (1.2)

el

b<b(t)<b (1.3)
BROSIDEFEEETH. DL X, B 2a(t)b(t)+V (t) B3FESR T weakly integrally positive
2B, FBR (E) DM A r = 2’ = 01X asymprotically stable.

R A AV, FERX
" 1, .
oz +1—+tz‘+w—0 (E-1)
DYHEA = 2’ = 0 2% asymptotically stable TH D Z & M2 5. EBE, a(t)=1/(1+1t)
HERTHE) =1 &9, &#12) & (13) 23T, 2
2
! = ——
2a(t)b(t) + b'(t) = T3
THBND, 2a(t)b(t) + b(t) IXIEA T weakly integrally positive £ 725. L7=doT, E
BADOEGEELTRTHETIOT, FEK (B-1) DM AR asymptotically stable TH 5.
Wiz, Duc % [2] BNE x2 = FEEK (E) DM R A asymptotically stable Téh S 7cH D+

DERBEERITTS.
EEB. £ (12) L

/o ~ b(t)dt = oo 14

EMRTAELEETS. DL E, DML K k>0BFEL, £ROt>0iTHLT
0 < b(t) <, (1.5)

la'(t)] < Kb(t) 2>  kb*(t) < 2a(t)b(t) + b'(t) - (1.6)

BV HR 51X, FBX(E) DFMR z =z’ = 0 X asymptotically stable.
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®oik, HEX .

T T
1+t 1+t
EHNZETTOE, H¥alt) =bt) =1/(1+t) THE2D, & (1.2),1.4) FLT(S)
A LNICRIT S, 7, K=k=1 &84T

1 < 1
(1412 1+t

z" + "+ =0 (E-2)

la' ()| = = Kb(t) »> kbi(t) =

1 /
LRRBDT, FE(1.6) 2WMRTS. LoT, (E-2) DYMEAIT asymptotically stable T 5.
PUEDZ &l DHB L, FRX (E-1) & (E-2) DEMHKIX asymptotically stable T&
BT ENRDhroT. FRATI, THEDOFEHAIX uniformly asymptotically stable T 3
DHN?
Ignatyev (7] X uniformly asymptotically stable T B =D+ RkiE%2 5 2 7=,

EBEC £ 02) & U)E2AETETE. L&, L 1> 0MNFEL, £FEDLt>0
LT
@) <L »2 1< 2a(t)b(t)+b(t) 1.7

BRRYMUD26IE, FBRK(E) DFMA x = 2/ = 0 X uniformly asymptotically stable.

EECEZFBRK(B-1) & (B RENENEATEDINE I »2HBT 5. ¥, F
BX(E-D) T8N Ta(t) =1/(1+1t),b(t) =1 THD0bH, RHEA2) & (1.3) 2HWETS.
LIAN, VE)=0&Y, 2a@)bt)+b(t) =2/(1+t) L2200, 1. EHETI>0
ZREZLNTERY. LoT, BRCIIFERX (E-1) ITHEHATE R, —F, FEX
(B- BN\ Ta(t)=b(t)=1/(1+t) THD. ZD&%, R (1.2) MR T S, (1.3)
BRIV, £oT, EBHECIHFBRX (E-2) ILbHEATE 2V, £hTE, HEX (B-1)
R (E-2) DA AT uniformly asymptotically stable TRV DH>? ZOMWICE X D7D,
AR TIY, BEMAIEZ b damped linear oscillator ¢ 4 #2123 uniformly asymptotically
stable TRNWeDD+HFRGEEAZ I LEAHLETS.

KRETIE, HBRX (F) OFHAH uniformly asymptotically stable T2V 7= D+43 5%
HxE525. OB, VY7 ) 7OFEEAVS. £, FBX(E-) L (B2 D
-85 R A% uniformly asymptotically stable T&H 2 0EMN ? OFVCE X252 5. BKEHEN
Ti%, HER (E) D4R 5 asymptotically stable 7> non-uniformly asymptotically stable
THEHEEDD+HEREEZ NV O E X, BRZTT.

2 E—HWAEREN

AETiX, HFBRX (E) DEHWA z = 2/ = 0 A uniformly asymptotically stable T72
WD+t 525, BEL IRt > 0 & L, #IIEE (z(t; to, Zo, To),
' (to; to, To, Th)) = (o, h) & HT=THEX (F) DAEL £ DMK E ENEh z(t; to, To, 25),
' (t; to, To, z)) & BT, MM FRBNUITH VT, uniformly asymptotically stable & expo-
nential asymptotically stable IXFMETH 2 Z L BEHN TV D (FIXIE, [1] ERX). &
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T, F st (E) D¥HR z = 2’ = 0 23 uniformly asymptotically stable T2V Z & 255
3P Y IT, exponential asymptotically stable T2\ Z & 2R F, AR TCHBLN-EH
ERMTS.

I 2.1. HR¥k a(t), b(2) 1T

limsupa(t) <0< lim 1nf b(t) @.1)
t—o00
A
lim inf(2a%(t) + ¢'(t)) 2 0 2 limsup(2a(£)b(t) + ¥/(¢)) 22)

PHRETLTS. ZnlE, FRX (E) OEER z = 2/ = 013 uniformly asymptotically
stable T72u>.

IEBR. FERX (F) MR z = 2’ = 0 #% uniformly asymptotically stable T2V = & 21
AT BI, ERO0 <c < LIHLT, HEKIE) > 0 LXK {1}, {ta} BORS
{(ény1n)} BDEEL, EEDOneNIZHLT

T > 0, th 2 Tn
3D
[€nl + |n]| = 0 as n— oo

AL
Im(tn; Tmfm nn)l -+ I.’E,(tﬂ, Tn, Emn")l > Je—c(tn—‘rn)

BERYMIHT & &2TRT,
BEEH 2 = eftz 217218, FBXN () 3HFER

2+ (=& +a(t)7 + (%2 - Eaz(t) + b(t)) 7=

KRB, TOFBRITFBRRAR

2 =w,

w = —g(t)z — h(t)w &

CEERIOND. L, g(t) =e%/4—ea(t)/2+b(t), h(t) = —e +a(t) THD. &
QRDEQDEEIL, HEIWET(e) > 0MBFEL, t2TITHLT

t) < e b(t) > —53— 2a%(t) + a'(t) 2 __s_f’_ 2a(t)b(t) + V' (t) < é
ot) < 15 =710 =710
EWMETSD. LIMoT, 0<e<lTHOHZLEERTHE, t>TIHLT
e2 gt 8 g2
M2 -%"175> 1 (2.3)
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2D
3
29(t)h(t) + 4'(t) = —52— + 3¢* a(t) = (2 (t) + 4b(t) + a'( t))
+ 2a(t)b(t) + ¥'(t)
e 385 &2 &
S—_2-+?0—+-Z+E<O | | 24)
SRRV L.

&T, () =2/3/10 & L, »ﬁﬁu {(ény1n)} L35 {70}, {to} 2EED n e N ikt
LT

bn=Np=e 5T o —ni T t,= 2(n+7T) 2.5
LBL. MEA 7, > T 263 CEY, THIRE (2(Tn; Tay éns ), T (Ta; oy Eny Th)) =
(ny7m) R TIHEX (E) DML TOMBMKEFVT, B
2p(t) = e%tx(t; Ty €ns M), wn(t) = eft (-;-:c(t; Tns Eny Un) + $,(t; Tns €n,fln))

ETIIZ, (25) £V, (2a(t), wn(t)) IIFMIRE (20 (T0), wa(m)) = (1,6/2 + 1) 2412
FERAR (S) DRICRD. FRARO)ITHTEI YT 7HKE LT '

2 Y
V(t,z,w) =2*+ o)
2EZXD. FEX(24) L0, HFBAR (S) PRIZB S E=MPEt > 7 KBV T
_20Mht) +4'C) » >0
92(t)

EHIY. MEODTZD, v,(t) = V(L 24(t), wn(t)) LWL, ZDEE, V(1) >0 ThHdM
b, BB (3)&0<e<1 &b, t>m ITXLT

Vis)(t, z,w) =

(e/2+1) _ .2 wi(t)
11+ L () <o) = 220 + 52
<20+ 220 < 10 (a4 w2 ()

BB, LENST, t>7, IZHLT, K%i’t
—— < VD) + O < |zn(®)] + [walt)]
V10

BRRY LD, EIBIZQRS LY, FEBDOne NZBWT

o5 < lan(tn)] + hwa(tn)] < 8 { (5 + 1) lo(tni T s )|+ 12/ (i o 0) |

3
< 'é'e%t"('x(tn; Tn, {mnn)l + le(tn; Tn, §m Un)‘)
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285, CORSRYEBTIE, FERX
|Z(En; Ty Ens )|+ |2 (B T €y )| > S~ Ftn = Ge=e(tn="0)

BV IH. #iZ, FER (E) D¥EMWA r = ' = 0 i% uniformly asymptotically stable T
AN O

EH 2.1 2 5BX (E-1) & (B-2) THATERINY Skt EThMiBRT 5. £7, F
B (B-1) 128V Ta(t) =1/(1+1),b(t) =1 THB1H, £ QD) EMWMBTD. I

2a%(t) + a'(t) = T3 —2i-t

1 ey
DT, &REF Q2 bAHET. LoT, FEX (E-1) D¥MHAIX uniformly asymptotically
stable T2V, Wiz, FEBRX (E-2) 2B W Talt) =b() =1/(1+1t) THI»H, ALD
i, RHE Q1) BBEENE. 1 d() =H(E) =—1/1+1)2 &Y

2 ’ _ / _ 1
2a%(t) + d'(t) = 2a(t)b(t) + ¥'(t) = aro°
ERBOT, &2 EHMRTS. ¥, (E-2) DY AL uniformly asymptotically stable
TR, RO 2E LB LEFEK (E-1) & (E-2) DM AL asymptotically stable
TA>> uniformly asymptotically stable TR\ Z &Aook,
TIC, HERRMBELD. FBRR (E-) & (B-2) IKRELIZ A TOHFEX

"+’ + 1—}32 =0 (E-3)
DOEMA ¢ = 2’ = 0 IX asymptotically stable THIZ L BEBBICKVHETE DN, £
N T, &DOFH A I not uniformly asymptotically stable 72 D& H> ? EBRIZ, EEC D
Stk HBR (E-3) BMETI0E O HIBT 5. REbEt)=1/(1+t) THDHZ L2 b,
&M (13)2METE0>0 2B LNRTERVOT, BECITEATE RV, KIZ,
EH 2.1 ORGLRETS. Fia(lt)=1THBILnD, £H Q1) ZHLERVOT,
EHE21 #EHATAZLIITERY. LEMNST, TRNETORATIIFHEX (E-3) DF
#6 /2% uniformly asymptotically stable T 52>E 5 NIHETE RV, L T5H, TN
Bx2E23EBE2BDILNTER. UTERTS.

EE 22 HAEDEa> O NHFEEL, EEDOL>0IIHLT
at) > a - (2.6
CIRETD. L%
limsup b(t) <0 2.7

t—o0

2 5iE, FBRX (E) DEEA z =2’ = 0 i uniformly asymptotically stable TI2\>.
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BB EEDO0<e<alTHLT, BEEMR 2 = eftz, w = eft(ex/2 + o) 2172, &
H 2.1 OIERA L RIRICHERR (B) IFBRRR (5) KEEMRIALNE. £EEQDH XY, b
D8 T(e) >0, t>TIIHLT

52
<
bt) < 5

ERRBMn06, (2.6) LHFRETEZNIE, t>TICBWT

g(t)<——925——(e—a)<0 B h(t)> —e+a>0

BRYVIED., ZDLE, -BOEDEITEITEZIRY T
=0 > w=-gt)z>0
THY, w-MOEDMIITIIT I M BT
2>0 M w=-h{tw<0

&R2BM 5, T LARORZITE | MBAICADFBAR () ORFIXt > TIZBVTH 1K
BANICEER - LIk 3. |

ST, 0(e)=1&¢L, EBDne NIZXLT, (2.5) 2H=FEI {(£, 1)} LT {m.}
ROt} 21ED. MRS 7, > T HBIZLED, TR (Z(Th; Tny Ens Tn)s T (Tni Tns En, i) =
(bnsm) ZMR T2 5B (F) PR L+ OXMBEF AV THXK

zn(t) = egtm(t; Tmémnn)i wn(t) = e%t (%x(t; Tn, fmnn) + xl(t; Tns €n, nn))

LB ZOEE, (25 &0, (2(t), wa(t)) FHABRME (20(10), wa(m)) = (1,6/2+1) %
HIETHRIE (S) ORITR2D. B W(2) =22 2%&x5L, FRARK (S) DRICH-
Tephsyix |

W(s)(z, w) = 2zw

THdD. MEDD, w,(t) = W(za(t)) BT, (za(n), wn(m)) = (1,6/2+1) IF 1 R
RADKRTHBZ L2 D, HRHXR (S) DRE (2.(t), wa(t)) IX 7 > T LABRDORERTH 1 £
RANICEEZZ LIZRBDT, t> 7 ITBWVT

w'(t) = 2zn(t)wn(t) > 0
BRVIUD. LIXoT, 5 &0, t>m, LT
1= 22(1) = wn(rs) < wa(t) = ()
ERET. to>1 &Y, EEOneNIZHLT

1 < |2n(tn)] = €5 |Z(tn; Tn, &n, n)|
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THDIb, FER
12(tn; Ty €ns M) + |2 (s Ty &y M) 2 Se~itn = §eE(tn="n)

RRoid. B, FBRA (E) D¥HA z = 2’ = 0 i uniformly asymptotically stable
20N, O

F (E-3) DFM R A not uniformly asymptotically stable TH 25 ¥ 5 2 HKET 5.
a(t) =1 THI0b, KM (2.6) 2HT. i, b(t) =1/(1+t) &0, b(t) i2 0 ICWHET S
DT, & Q.7) EWMRTS. #ic, HEX (E-3) DM AT uniformly asymptotically stable
TRV, LD L oHRR (E-3) DAL asymptotically stable 2> not uniformly
asymptotically stable TH D Z L oo,

3 EEOGH

RIfIC VT, HBR (B-1)«(E-3) DMK z = 2 = 0 BV Fh b asymptotically stable
T&# 52, uniformly asymptotically stable TRW\Z L Bbhof, HI3IHMTIX, “h&E3
DOBICRLT, L —MRER2.1-23 OISAERT.

EE2.1 LERAZHFEDIZLICLY, RORBELNS.

F3.0 & (1.2), (1.3), Q1) RV Q2) 2Rt L HETS. 0L &, Bl 2a(t)b(t)+b/(2)
A3FER T weakly integrally positive 72 b 1E, FBX (E) DMK = = =’ = 01X asymptotically
stable 7> not uniformly asymptotically stable.

HEH. EH 2.1 LEBADTRTOLGEZMBTINOTHLNTHS. g
Z DRI A _LE 72 Bessel D4y HRENK
(1+t)Pz" +(1+t)2' +{(1+¢t)*-n?}z=0, neR (B)

(MM TE 5. Bessel DM HTRADOWILE (1+1)° > 0 THIIT

n2

at) = —— »o b(t)=1- T

1+1¢

ROT, R 12),(13) & Q) EWMRTS. X

1 () = —
T 22 2atb(e) + V() = 1

LB nb, 22) bAET. HiIT, B 2a(t)b(t) + V/(t) IXFEA T weakly integrally
positive T3 3. £2T, % 3.1 &V FRKX (B) D¥MER z = =’ = 0 IX asymptotically

stable 7>-2 not uniformly asymptotically stable.
EHE2.1 LEEBEAVWSILICLY, UT24B5.

23%(t) +d'(t) =
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#32. RMEA4-(1.6) BT DLRETS. ZDLE, &t
Jim a(t) = Jim (2a(t)b(t) + b)) =0 3.1

2 51E, HBX (E) DFHA z = ¢’ = 0 X asymptotically stable 5> not uniformly asymp-
totically stable.

BEBR. {4 (3.1) 2B i, (1.2) BRYILHODT, &4 (1.4)(16) LE4DETEXD L, &
HBOTRTORMGEZMRTS. L>T, FHARIL asymptotically stable. 7=, ik (1.6)
EREFEGBD LD

N
Jim ¥0) = Jim | 0] =0

LRDZOT, FfE(2.1) & (2.2) 2MRTS. Hic, TH 2.1 AVHE, TR uniformly
asymptotically stable T72\ >, O

#3213 HBRX (B-2) ICHATES. EB, o) =bt)=1/01+t) &V

1

T (141)2

LRRBDT, £ (14), (15 LT @R 2MRTS. £z, K=k=1,3hiE, FF
XTHRARIE X S I2RM: (1.6) bRV o, iz, FBR (B2 OVHKz =2 =01

asymptotically stable %> not uniformly asymptotically stable.
EE22 LEEBEHEDIILICLY, ROEBBOIB.

3.3, &4 (1.2), (1.4)-(1.6), (2.6), (2.7)‘ EAETEHEETSD. 0, FBEX(F) ¥
%R z = 2/ = 0 1 asymptotically stable 5> not uniformly asymptotically stable.

HEBA. BAGANT, EH 22 LEEB O&GLHETS. BT, T asymptotically stable
%> not uniformly asymptotically stable. O

2a(t)b(¢) + ¥'(t)
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