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1 Generalized skew information & AHEEEREIR
BTRIE p (BERRE: o* =p > 0,Tr[g] = 1) LBRAE H (8 SHBERR:

H* = H) tOEOHBOHTHRECESVEZRTIHHE L LTIRD Wigner-
Yanase skew information 23 6TV 5:

1 .
1,(H) = 5T (o, H)?) ®
IIZT[X,Y]=XY~-YX ThB. £ Dyson i L 51k
| B P
naH) = 2Tr (0" H)Glo~, H)], o€ [0,1] )
»% Wigner-Yanase-Dyson skew information & L THILIL TV 5. 3EF T DFED skew
information & FREEMBRIZETIFRBBAICREATNS (10, 17, 8]. EFIR
1B p BRI X,Y 2x3 5 Heisenberg ORBEEEBAFRIT
1
V(XV,(¥) 2 & 1T olX, VP Q

B, T THEIE V,(H) = Tr[o(H - TripH|I)’] TEESND. Zh k) bR
VWER & LT Schrodinger DRREE 4 BIR |

ViX)V,(Y) = [Coup(X, V)P 2 7 1T X, YIIP
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BREDLNTWS. 72721 Cov,(X,Y) =Tr [p(X — TripX|I)(Y = Tr[pY]I)] T» 5.
Luo-Zhang [10] 1IZ7~FEX (3) LV EBWWERE LT

LOOLY) 2 ¢ ITr [p[X, V]I

ERICBINETRIALTH o7, ROFITHEY SLRNT ERD2D.

(

HX,Y)= Tr[p)??*] _ Tr[pH? X277

8L L ¢(X,Y) I sesqui-linear #>> Hermitian TH D Z LIFBH TS, LA
L ¢(X, X) IX positive TiX#A2V>. % 7= self adjoint operator A (2% LT ¢(A4,4) >0
ThHhAEMN. £ 5 LV o> T Schwarz inequality ZfE > Z LIXTERW. DOFD
#(X,Y) ix B(H) L@ inner product TiXRWVWOTHD. Z I DL DME- 2R
ERbHBENEE, FITHEOLNORERZEESEAIEDIIKRDOL I RERELEA
ERAY | ‘

Definition 1 ([17]) £&®D density operator p, fTER D self-adjoint operators A, B,
FEEBED 0<a<l,EBDe> 0128 LT generalized correlation ZRD K 5 IZEH
95.
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CorrapeA B) = (5+oTrlpAB]+ LTr(oBA
_%Tr[paﬁpl'“ﬁl - %Tr[p"‘ﬁpl'“ﬁl
E7CRD & 72 genaralized skew information EERTD.
Tape(A) = Corre pe(A, A) = (1 + ) Tr[pA?] — Tr[p*Ap' = A4]

IDLEROEERERBD.
Theorem 1 (Yanagi-Furuichi-Kuriyama [17))

o)L B) ~ [Re{Corrape (4, B 2 3ITrlol4, B
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Theorem 1 2T A7 DIZIIKRDEBBILETHS.

Definition 2 f,g #ZH€H domain D CR % b D real functions £33, =
LEEBD a,be D IZRLT

(f(a) — f(2))(g(a) — g(b)) 2 0

B Lo & &, (f,9) IX monotone pair £\ 5., E7-EED a,be D IZHLT
(f(a) — £(8))(g(a) —g(b)) < O

BELY Lo L &, (f,g) 1X anti-monotone pair £\ 5,

ZDLERD Lemma ML Y I2.

Lemma 1 (Bourm [1], Fujii [2]) F£ED self adjoint operators A, X 1Z%f L TR
@ trace inequality BER Y .

(1) (f,9) ? monotonic pair D & EFRHMBRR Y SID.
Tr(f(A)Xg(A)X] < Tr(f(A)g(A)X?).

(2) (f,g) B antimonotonic pair D & EFRBR Y 3L,
Tr{f(A)Xg(A)X] > Tr{f(A)g(A)X?].

& BHIZ—RIIZIR D trace inequality bR D 3ro.

Lemma 2 £E®D self-adjoint operators A, B, f£E® D  linear operator X IZxtL
TRD trace inequality D3RR Y LD, '

(1) (f,g) 2% monotonic pair M & WMLV ILD.

Trif(A)X*g(B)X + f(B)Xg(A)X"] < Tr[f(A)g(A)X"X + f(B)g(B)XX"].
(2) (f,g9) 2% antimonotonic pair D& EWMRY L.

Tr(f(A)X*g(B)X + f(B)Xg(A)X"] 2 Tr[f(A)g(A)X*X + f(B)g(B)XX"].
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Proof of Lemma 2. H & H LD 2 50 self-adjoint operators Z&k D X 5 IZEHE

5.

~ A0 S 0 X~
A:(o B)’XZ(X 0 )
(f,9) % R®&R E® monotonic pair £ 35 & Lemmal £V

Tr(f(A) X g(A)X) < Trlf(A)g(A)X?,

BV I2OTINEY Lemma @ (1) 2853, FRIZLT (2) bEN 5. qed.

= =T Theorem 1 DELXE 2 5.

Proof of Theorem 1. f£#& ® density operator p &£ ® bounded linear

operators X, Y I L TKRD L D IZEET .

1l

#(X,Y) (% +&)Tr[pX*Y] + %Tr[pff)?*]

- %Tr[p“)?*pl"“?] - %Tr[p"‘?p“")?*].

Lemma 2 £V ¢(X,X) >0 Th?. ¢(X,Y) i sesquilinear 7>> Hermitian TH S

®D T Schwarz inequality Z B\ 5 &
|6(X,Y)? < (X, X)(Y,Y).

RNELNS. o TERED self-adjoint operators A, B iZ5f L TRASER Y ;L.
‘Cor'ra,p,e(A; B)l2 < Co'r'ra,p,e(Aa A)Corra,p,e(Ba B) = IQ,P,E(A)IG,PJ(B)

Tr[p|A, B]] RMEERTHD Z L RbHRBZOT

(COrTpi(A, B)F = S {TrlplA, BIIF + |Re{Corra oA, BYH

LRy EEORERLEBS.

q.e.d.
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2 Wigner-Yanase-Dyson skew information
and Generalized Fisher information

Classical Fisher information IZIRD X S IZEESND.
Definition 3 (Classical Fisher information) {ps : 6 € R} # R L TE&EI N
7= probability density functions D/3F A—Z T bviz family & 3%. ZDEE3
BYIZRRAIND
— 1/20,\\2
Ir(ps) = f (59" (@)da
= 1 [ (Gyloeme(a) pr(o)ic

B (_adﬂy
B 4/1; po(z)

dpg (.’.C)

% Classical Fisher information £\ 5. ZZ T T

& BIT po(z) = p(z — 6) ZWT & &
d 1/2 2
Ir(pe) = /R(%p/ (z))*dz
1 [ 0en(a)*p(a)da
- 1[G,

M@

ISy & IS T 5.

i

ERBEEND.

classical Fisher information % quantum Fisher information 23332 Z & 2 & %

.hw%LMED&filﬁéhtboitwoﬁﬁk&ﬂﬁwﬁﬁm%zan
B, ZIZTIX28Y OIBRERAS.

Definition 4 (Quantum Fisher information) {p : § € R} % Hilbert space H
L CEBE NI density operators DT A —F i bl family L35 DL
& Quantum Fisher information IR D X ST 2BV ITERIND.

(1)—Wigner-Yanase information
Iw(ps) = —TT'[(D p5/*)2) = TrlpoH?| — Tr{py/* Hpj* H],

7272 L Dyz = i[z, H| = i(zH — Hz) TH 5. EHIC pp = e 0H peH %37
TeE

1,
Iw(pe) = §T7‘ [(Dup“/?)?| = Tr|pH? — Tr(p**Hp*/*H).
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(2) 1
Ir(ps) = 3Trlpe T,

12721 Lo ZRDOMEE 723 symmetric logarithmic derivative (RHHr%H %
53)ThHBD.

dpy 1
% = 5 (Lops + poLo).

X BIT pp = e WHpeH ZiEt-4 L x

1
Ir(pe) = 2T [oL?],

7e/E L L=e%He %" TH %,

LA pg 13Xk D von Neumann-Landau equation 274D L{RETS.

4
z-d%ezf{pg——paf{, 6 € R.

Luo iR DEREH/T-.
Proposition 1 (Luo [11]) {ps,0 € R} BKROZHEEHE=T LIRET 3.

e—-iOH eiﬂH .

Pe = p

DL ERMBPRY IO.
(1) EBD IR IZHLT

1
Iw(pe) = Iw(p, H) = §TT[(DHP1/2)2]-
(2) EED IR TR LT

1
Ir(pe) = Ir(p, H) = ZTr[p1/2Lp1/2L1.
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Proposition 2 (Luo [11])

Tw(p, H) < Ir(p, H) < 2Iw(p, H).

wIiz—H&{L &N 7= quantum Fisher information Z&RD & S ICEHT B.

Definition 5 (Genalized quantum Fisher information) {ps : § € R} % Hilbert
space H L TEBEI NI density operators DT A—F T bie family &5 5.
Z DL E Generalized quantum Fisher information RO L S IZ2 WV ITERE
ns.

(1)—Wigner-Yanase-Dyson information

1 - o -
Iw,a(pe) = §TT[(DHP3)(DHP3 )] = TripeH?| — Tr[pg Hpy~*H],

727 L Dyz =ilz, H) =i(zH — Hz) TH 3. EBIT pp = e PHpeH %3ii7c
TE&E

Twa(po) = ZTr{(Drp*)(Dap~)) = TrlpH?) ~ TrloHp*H]

(2) .
Ira(ps) = ZTr[pS‘Lapl“"La],
7275 L Lo IXRDOME 2= symmetric logarithmic derivative TH 5.
d 1 (¢] | - - (+]
7‘% = 5(05Lopy™* + Py~ Lor§)-
E BT pg = e WHpeWH Zfi-d L &
' 1
Ira(pe) = ZTT[p"LPl“"L],
7277 L L =e%HLe %2 TH3.
ROEBBRZED.
Theorem 2 {py,0 € R} ZROFKHE LW+ LIRET S.
e = e‘pre“’H.

IDLERERD.
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1) FED HeRIZHLT
1
Iwa(p0) = Twa(p, H) = 5Tr{(Drp™) (D).
(2) EBD IR ITHLT

1 —a
Ira(pe) = Iralp, H) = ;Tr[p*Lp*~*L].

SHICRDERERD.

Theorem 3
IVV,Ot(p: H) S IF,a(p, H)

Proof of Theorem 3. p =Y A,|¢, >< ¢,| & p @ spectrum decomposition &
T35 IDLE

Iwa(p,H) = Tr[pH?] - Tr{p*Hp' *H|
1 ot * 4 -\
= 3 > O+ An = A2 = AT < @] Hlda > .

hERE®"/D.
%Tr[p"Lpl“'L]

1 1 —aya
= 258N AT < bmlLign > I

IF,a(p) H)

Z ZTi(pH — Hp) = L(p*Lp*~* + p~*Lp*) BY LHDT

4(Am — An)?
t < ¢m|L|¢n > lz = (AO‘AI('O‘ + )\‘}r:-a)\g)zl < ¢mIH|¢n > ‘2'

RV, LT

1 (>‘m - }"n)2 2 |
IF,a(P, H) = 5 Z e \l-a Al-—aAa' < ¢m|Hl¢"’ > l :
mn mn m ‘‘n
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ROTEAREHTD.

(A = An)? = (Am + A = AT = ATEAD)ATA + ATA7)

(A = Aa)? = (A + X)) AR AL + A075A3) + (ASAL™ + AT9A)?

(Am = An)? = Qm + A )(@Am + (1 = @) + (1 — @) A + @p) + A An
(Am = 2n)? = Ovm + ) + s

0. :

WEXICERDORERER/D. q.e.d.

v o

T THOERE OB Y KON TERT S,

1Tr[pL? | 3Tr{p* Lo L] [ 3Tr[p* T Lp s L]
z(pL + Lp) O X X
2(0*Lp"™> + p~*Lp*) @) ® X
LT Lp T +p 5 Lpr)| O X O

ITH M IXBE T 5 3 FEE D generalized Fisher information Ir(p, H) BRI T
Wwa.

mﬁﬁumwﬁ¢54ﬁﬁ@3?ﬁ§énrwa

® TEABT Theorem 3 BFL Y SISBAHATH B. 72 O RIRERIITEL D ML HOEFT
TdH 5. x IX Theorem 3 ARV LIz 2WEEFTTH 5.

3 Generalized quantum Cramer-Rao inequality

T % self-adjoint operator & 3" %. density operators ®/3F A —Z 1T b7z family
{00;0 € R} \Zx LT Eg(T) = TripeT) = 0 #IRETH. 2%V T BAEHEKT
HDHLRETD. ZDEE

Tr[%pegT] =1
THAZ LIZEETD. £ T ® variance IR TEEINS.
Vo(T) = Tr{ps(T — 1Y),
Irq(pe) 1T CEE I LD generalized quantum Fisher information &3 3.

Ir.a(pe) = Tr(p§ Lops~*Le),



7Te72 L Lo 13 % {729 symmetric logarithmic derivative T 3.

dpg

6

——(pe “Lopy™ 4057

Lepo = )-

ZD ¢ E—R{EE N7 Cramer-Rao inequality #5.

Theorem 4

Proof of Theorem 4.

L7eds o T—{b & 7= Cramer Rao inequality 218 5.

a=0E%iXa=1 D& ERD quantum Cramer-Rao inequality

Corollary 1

LHS

1
Ira(pe) 2 m-

RO—EDREAXNELY L.

A

1Tr[po’ LoPo (T oI)]|?

|Trpg LePa {Pe(T 91)} ]|2
* Lopd)IVa(T)

TT[(PE LBP& )(Po

Tr{pg Lopy Lo Va(T).
LZTELIRD LD ICFEENS.

(Re Tr[pl Lapo (T - am)?

( 5T 7"[;792 Lops*

(TT[ (Pa

= (Tr [d"" (T - 61)])?

(Trl—
1.

dPo
de

]_

LM’(;2 +Pa LOPo

02 (Trlpa])?

Ir(pe) = TripeL3) >

1

Vo(T

1

(T - D) + 5Tr(T — 61)p,™ Lops™ )

)T - 81))?

2 SO

21

q.ed.
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Remark 1 —fRIZEB D self-adjoint operator A, FEE D density operator p, {£E
D a0 <a<]) ITHLTRORNERBREY LD B3NS,

(Tr[pA))? < Tr(pt Ap3 A] < Tr(p*Ap*~A] < Tr[pA?).
RERG
(TripAl)? = (Triph (o ApA)])? < TrATr{(p} Apt)?] = Trot Aph ]
Trlp® Ap*~>A] = Tr(p*~# (pt Apt)pt~=(pt Ap?)]
> Tr|(p% Ap*)?] = Tr(p? Ap7 A]. (byLemmal)

Tr(p*Ap*~*A] < Tr[pA?]. (byLemmal)

7275 L p @ spectral decomposition ZE->TH—HORERIIB/BONDZZ LITER
LTBL.
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