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Abstract

An initial-boudary value problem for the system of equations governing the
flow of in$homogen\infty us$ incompressible fluid-like bodies is studied. This model
equation arises from the study of incompressible flows of granular materials.
Rewriting this problem by Lagrangian coordinates, we prove its solvability in
anisotropic Sobolev-SlobodetskiT spaces.

1 Introduction

Here we are $\infty nceped$ with the motion of inhomogeneous incompressible fluid-like
bodies. The body under consideration is a sort of granular materials including
sand, powder and so on. Granular bodies respond in a fluid-like manner. Taking
this character into account, we introduce a continuum model of motion of granular
materials. The model studied in this paper is derived by M\’alek&Rajagopal [10].

The motion of inhomogeneous $in\infty mpraesible$ fluid-like bodies in a bounded do-
main $Q_{T}=\Omega(\subset \mathbb{R}^{3})\cross(0,T)$ is deseribed by the system of equations for the velocity
field $v=(v_{1},v_{2},v_{3})(x,t)$ , the pressure $p=p(x,t)$ and the density $\rho=\rho(x,t)$ :

$\{\begin{array}{ll}\frac{D\rho}{Dt}=0, \nabla\cdot v=0 in Q_{T},\rho\frac{Dv}{Dt}=\nabla\cdot +\rho b in Q_{T},with I= pI+2\nu(\rho)D-\beta_{1}(\nabla\rho\otimes\nabla\rho-\frac{1}{3}|\nabla\rho|^{2}n).\end{array}$ (1.1)

’This study is a joint work with Atusi Ihni (Keio University).
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Here $\frac{D}{Dt}$ is the Lagrangian derivative; $\mathbb{T}$ is the Cauchy stress tensor; $b=(b_{1}, b_{2},k)(x$ ,
t) is the external body forces; $D=\frac{1}{2}(\nabla v+[\nabla v]^{T})$ is the symmetric part of the
velocity gradient; $\nu(\rho)=\nu(\rho(x,t))$ is the viscosity; $\beta_{1}$ is a positive constant; $T$ is a
positive finite number.

A thermodynamic framework that has been recently put into place to describe
the dissipative response of materials is used to develop a model for the response of
inhomogenous incompressible fluid-like bodies whose stored energy depends on the
gradient of the density [14]. We also emphasize that dependence of the stress on
the gradient of the density in this model is the consequence of the inhomogeneity
of the body. And in fact, granular materials are naturally inhomogeneous, we shall
therefore $\infty n8ider$ the inhomogeneous models.

Bodies under consideration in this model are incompressible. Naturally, $\Psi^{anular}$

materials are invariably $\infty mpressible$ due to the interstitial spaces that exist between
the grains. As the grain size $be\infty mes$ smaller, however, they behave as though they
are $\bm{i}\infty mpressible$ due to the interlocking conditon of the grains. Such models are
but relatively crude approximations of real bodies, and in this sense the spirit of
the approximation is no different than that used to develop models for fluids. Here,
we regard a material as $in\infty mpressible$ when its compressibility is insignificant and
more importantly, this compressibihty has insignificant consequences $\infty ncerning$ the
response of the body.

The viscosity $\nu$ may be either a $\infty nstant$ , or a function of the density $\rho,$
$D$

specifically through $| D|^{2}(=\sum_{1,j=1}^{3}D_{lj}^{2}’)$ or the pressure $p$. The fom $\nu=\nu(p, \rho, |D|^{2})$

is the most general case of the $vis\infty sity$ within this setting (see [9, 10, 11] for details).
In this study we shan consider the special case $\nu=\nu(\rho)$ below.

For the system mentioned above, we need to assign appropriate boundary condi-
tions. One can consider an adherence $\infty ndition$ or other boundary $\infty nditions$ such
as “slip” conditions. In case of $\infty nsidering$ behaviour of granular materials, one
should adopt boundary conditions which include the slip condition.

For example, Navier [12] derived a slip condition which can be duly generalized
to the condition

$v\cdot\tau=-K\mathbb{T}n\cdot\tau$ , $K\geq 0$ ,

where $\tau$ and $n$ are the unit tangential and the unit outward normal vectors to
the surface, respectively, and $K$ is usually assumed to be a constant but it could,
however, be assumed to be a function of the normal stresses and the shear rate, i.e.,

$K=K$(In $\cdot n,$
$|D|^{2}$).
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A. Tani, S. Ito and N. Tanaka [21] studied the Navier-Stokes equations with the
above boundary conditions in the case $K=K(x,t)$ .

Another boundary condition is Stokes’ slip as the “threshold-slip” $\infty ndition$ that
is sometimes used, especially when dealing with non-Newtonian fluids. This takes
the form

$\{\begin{array}{ll}if |\mathbb{T}n\cdot\tau|\leq\alpha|\mathbb{T}n\cdot n| then v\cdot\tau=0,if |\mathbb{T}n\cdot\tau|>\alpha|\mathbb{T}n\cdot n| then v\cdot\tau\neq 0 and\mathbb{T}n\cdot\tau=-\gamma\frac{v\cdot.n}{|vn|},\end{array}$

where $\gamma=\gamma(v\cdot\tau,Tn\cdot n)$ . The above $\infty ndition$ implies that the fluid will not slip
until the ratio of the magnitude of the shear stress and that of the normal stress
exceeds a critical value. When it does exoeed that value, it slips with the velocity
$depend_{\dot{i}}g$ on both the shear and normal stresses. It may happen that $\gamma$ depends
on $|D|^{2}$ (see [9] for details).

In this study, instead of the slip boundary conditions mentioned above, we shall
impose, just for the sake of simplicity, that

$v=0$ on $G_{T}(=\Gamma x[0,T])$ , (1.2)

where $\Gamma$ is the boundary of $\Omega$ .
The initial $\infty nditions$ are also assigned

$\rho(x,O)=g(x)$ and $v(x,0)=v_{0}(x)$ in $\Omega$ , (1.3)

where $g$ and $v_{0}$ are given functions defined in $\Omega$ .
We shall consider the problem (1.1) with (1.2) and (1.3) in the following section.

2 Mathematical issues and Main results

2.1 Setting up the problem

In this section we are $\infty noerned$ with the initial-boundary value problem describing
the motion discussed above. The problem $(1.1)-(1.3)$ can be rewritten in Lagrangian
$\infty ordinatesy$ . Let $u(y,t)$ and $q(y,t)$ be the velocity field and pressure expressed as
functions of the Lagrangian $c\infty rdinates$ . The relationship between Lagrangian and
Eulerian coordinates are given by

$x=y+ \int_{0}^{t}u(y,\tau)d\tau\equiv X_{n}(y,t)$, $u(y,t)=v(X_{u}(y,t),t)$ . (21)
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Etom $(1.1)_{1}$ it is easy to derive

$\frac{\partial\hat{\rho}}{\partial t}(y, t)=0$ (2.2)

for $\hat{\rho}(y,t):=\rho(X_{u}(y, t),t)$ . Then, (2.2) has a solution

$\hat{\rho}(y,t)=\hat{\rho}(y,0)=\rho(X_{u}(y,0),0)=\rho(y,0)=g(y)$ , (23)

i.e., one can find that the density of a fixed particle does not change, while the
density can change from point to point in the initial state of the body.

The $Ja\infty bian$ matrix of the transformation $X_{u}$ is denoted by $A=(a_{ij}(y,t))_{i,j=1,2,S}$

with the elements $a_{ij}(y,t)= \delta_{1j}+\int_{0\partial y_{j}}^{tg}(y,\tau)d\tau$ and the $Ja\infty bian$ determinant
$J_{u}(y,t)=\det A(y,t)$ is the solution of the Cauchy problem

$\frac{\partial J_{u}(y,t)}{\partial t}=\sum_{i,j=1}^{\}\frac{\partial a_{tj}}{\theta t}A_{ij}=\sum_{i_{0}=1}^{S}A_{ij}\sum_{k=1}^{3}\frac{\partial v_{i}}{\partial x_{k}}(X_{n}(y,t),t)a_{kj}$

$=J_{u}(y,t)\nabla\cdot v(x,t)|_{x=X_{n}(y,t)}$ ,

$J_{11}(y,0)$ $=1$ .

According to $(1.1)_{2}$ , we have $J_{u}(y,t)\equiv 1$ .
In general,

$\nabla_{y}\{F(X_{n}(y,t),t)\}=A^{T}\nabla_{x}F(x,t)$ ,

so that
$\nabla_{x}F(x,t)=\nabla_{u}\hat{F}(y,t)$ ,

$\nabla_{u}:=A^{-T}\nabla_{y}$ , $\hat{F}(y,t):=F(X_{u}(y,t),t)$ ,

where $A^{-T}$ is the inverse matrix of $A^{T}$ . And note that $A^{-1}=J_{u}^{-1}d=d$ ;
$d$ is the adjugate matrix of $A$.

In the same way as (2.3), we have $u(y, 0)=v_{0}(y)$ , thus problem $(1.1)-(1.3)$
$be\infty mes$

$\{\begin{array}{ll}gu_{t}=\nabla_{u}\cdot\hat{\mathbb{T}}^{\wedge}+gb^{(u)}, \nabla_{u}\cdot u=0 in Q_{T},u|_{t\sim}-=v_{0} in \Omega, u|_{\Gamma}= on G_{T}.\end{array}$ (2.4)

Here

$\hat{\pi}=-qI+2\nu(g)\hat{D}^{(u)}-\beta_{1}(\alpha_{5}^{1}|\nabla_{u}g|^{2}I)$ ,
$\hat{D}^{(u)}=\frac{1}{2}(\nabla_{u}u+(\nabla_{u}u)^{T})$ , $b^{(u)}(y,t)=b(X_{u}(y,t),t)\wedge$ .
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The aim of this paper is to prove a theorem on local in time solvability of problem
(2.4) in $Sobolev- Slobodetski_{1}$ spaces.

Furthermore, we consider the following linear problem

$\{\begin{array}{ll}\rho_{0}(y)u_{t}=-\nabla q+\nu(y)\nabla^{2}u+\rho_{0}(y)f, \nabla\cdot u=g in Q_{T},u|_{t\triangleleft}-=v_{0} in \Omega, u|_{p}=d on \Gamma_{T},\end{array}$ (2.5)

where $\nabla^{2}=\nabla\cdot\nabla,$ $\nu(y)$ a given positive function defined in $\Omega,$ $f$ and $g$ given
functions defined in $Q\tau$ and $d$ a given function on $\Gamma_{T}$ .

2.2 Function spaces

In this subsection we introduce the function spaces used in this paper. Let $g$ be a
domain in $\mathbb{R}^{n}$ and $r$ is a non-negative number. By $W_{2}^{r}(g)$ we denote the space of
functions equipped with the standard norm

$\Vert u\Vert_{W_{2}’(9)}^{2}=\sum_{|\alpha|<r}\Vert D^{\alpha}u\Vert_{L_{2}(l)}^{2}+\Vert u\Vert_{\dot{W}_{2^{r}}(\text{の}}^{2}$

, (2.6)

where
$\Vert u\Vert_{\dot{W}_{2}^{r}(l)}^{2}=\sum_{|\alpha|-\neg}\Vert D^{\alpha}u\Vert_{L_{2}(l)}^{2}$

if $r$ is an integer, and

$\Vert u\Vert_{\dot{W}_{2}^{r}(l)}^{2}=\sum_{|\alpha|=[r]}\int_{l}\int_{g}\frac{|D^{\alpha}u(x)-D^{\alpha}u(y)|^{2}}{|x-y|^{n+2\{r\}}}dxdy$

if $r$ is not an integer. Here $[r]$ is the integral part and $\{r\}$ the bactional part of $r$ , re-
spectively. $\Vert f\Vert_{L_{2}(l)}=(\int_{g}|f(x)|^{2}dx)^{1}z$ is the nom in $L_{2}(\Psi),$ $D^{\alpha}f=\partial^{|\alpha|}f/\partial x_{1^{1}}^{\alpha}\partial x_{2^{2}}^{\alpha}$

... $\partial x_{\mathfrak{n}}^{\alpha_{n}}$ is the generalized derivative of the function $f$ in the distribution sense of
order $|\alpha|=\alpha_{1}+\alpha_{2}+\ldots+\alpha_{n}$ , and $\alpha=$ $(\alpha_{1},\alpha_{2}, \ldots , \alpha_{n})\in \mathbb{Z}_{+}^{\mathfrak{n}}$ being a multi-index.

The anisotropic space $W_{2}^{r,r/2}(\otimes_{T})$ in the cylindrical domain $\emptyset\tau=g\cross(0,T)$ is
deflned by $L_{2}(0,T;W_{2}^{r}(g))\cap L_{2}(g_{;}W_{2}^{r/2}(0,T))$ , whose norm is introduced by the
formula

$\Vert u\Vert_{W_{2}^{r,r/2}(\emptyset_{T})}^{2}=\int_{0}^{T}\Vert u\Vert_{W_{2}^{r}(9)}^{2}dt+\int_{9}\Vert u\Vert_{W_{2}^{r/2}(0,T)}^{2}dx$

$\equiv\Vert u\Vert_{W_{2}^{r.0}(\emptyset\tau)}^{2}+\Vert u\Vert_{W_{2}^{0,r/2}(o_{T})}^{2}$ ,

where $W_{2’}^{0}(\otimes_{T})=L_{2}(0,T;W_{2}^{r}(q))$ and $W_{2}^{0,r/2}(\mathfrak{g}_{T})=L_{2}(g;W_{2}^{r/2}(0,T))$. Similarly,
the norm in $W_{2}^{r/2}(0,T)$ (for nonintegral $r/2$) is defined by

$\Vert u\Vert_{W_{2}^{r/2}(0,T)}^{2}=\sum_{jH}^{[r/2]}\Vert\frac{d^{j}u}{dt^{j}}\Vert_{L_{2}(0,T)}^{2}$
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$+ \int_{0}^{T}dt\int_{0}^{t}|\frac{d^{[r/21_{u(t)}}}{dt^{[r/2]}}-\frac{d^{[r/2]}u(t-\tau)}{dt^{[r/2]}}|^{2}\frac{d\tau}{\tau^{1+2\langle r/2\}}}$.

Other equivalent norms of these spaces are possible. For $l\in(O, 1)$ we set

$\Vert f\Vert_{\emptyset\tau}^{(\iota,\iota/2)}=\{\Vert f\Vert_{W_{2}^{l,l/2}\{\emptyset\tau)}^{2}+\frac{1}{T^{l}}\Vert f\Vert_{L_{2}(\emptyset\tau)\}^{1/2}}^{2}$ ,

$\Vert f\Vert_{0_{T}}^{(2+l,1+l/2)}=\{\Vert f\Vert_{W_{2}^{2+l,1+\iota/2}(\emptyset\tau)}^{2}+(\Vert f_{t}\Vert_{0_{T}}^{(l,l/2)})^{2}$

$+ \sum_{|\alpha|=2}(\Vert D_{x}^{\alpha}f\Vert_{\emptyset\tau}^{(\iota,\iota/2)})^{2}+\sup_{t\in(0,T)}\Vert f\Vert_{W_{2}^{1+\iota_{(q)}}}^{2}\}^{1/2}$ .

For any finite $T>0$ these norms are equivalent to the norms in the spaces $W_{2}^{l,t/2}(\otimes_{T})$

and $W_{2}^{2+l,1+t/2}(\otimes_{T})$ , respectively. Let also

$\Vert f\Vert_{\emptyset\tau}^{(0,l/2)}=\{\Vert f\Vert_{W_{2}^{0,l/2}(\emptyset_{T})}^{2}+\frac{1}{T^{l}}\Vert f\Vert_{L_{2}(\emptyset\tau)\}^{1/2}}^{2}$.

If $g$ is a smooth manifold (in this paper the boundary of a domain in $\mathbb{R}^{S}$ may
play this role), then the norm in $W_{2}^{r}(\Psi)$ is defined by means of local charts, i.e.,
a partition of $g$ into subsets each of which is mapped into a domain of Euclidean
space where the norms of $W_{2}^{r}$ are defined by formula (2.6). After this the spaoes
$W_{2}^{1\prime/2}(\emptyset_{T})$ on $\emptyset\tau(=y_{X}(0,T))$ are introduced as indicated above.

The same symbols $W_{2}^{f}(\Psi),$ $W_{2}^{r,r/2}(\emptyset_{T})$ are used for the spaces of vector fields
$f=(f_{1}, f_{2}, \ldots, f_{n})$ etc. Their norms are introduced in standard form; for example,

$\Vert f\Vert_{W_{2}^{r}(g)}^{2}=\sum_{i=1}^{\mathfrak{n}}\Vert f_{i}\Vert_{W_{2}^{r}(l)}^{2}$ .

We introduce several propositions that $\infty noern$ the $weU$-known inequalities of
norms in Sobolev-Slobodetskil spaoes (see Lemma 4.1 of [18]).

Lemma 2.1 For any $f\in W_{2}^{l}(\Omega),$ $g,$ $h\in W_{2}^{1+l}(\Omega),$ $\Omega\subset \mathbb{R}^{s},$ $l\in(1/2,1)$

$\Vert fg\Vert_{W_{2}^{t}(l)}\leq c\Vert f\Vert_{W_{2}^{l}(l)}\Vert g\Vert_{W_{2}^{1+l}(l)}$, (2.7)

$\Vert gh\Vert_{W_{2}^{1+l}(9)}\leq c\Vert g\Vert_{W_{2}^{1+}(9)}\Vert h\Vert_{W_{2}^{1+l}(l)}$ . (2.8)

These estimates also hold in the case $n=2$, when the index $l$ may be replaoed by
$l-1/2$.
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For functions $f,$ $g$ depending also on $t\in(0,T)$ we obtain the inequalities

$\Vert fg\Vert_{W_{2}^{l,0}(o_{T})}\leq c\sup_{t\leq T}\Vert g\Vert_{W_{2}^{1+l}(l)}\Vert f\Vert_{W_{2}^{l,0}(O_{T})}$
, (2.9)

$\Vert fg\Vert_{W_{2}^{l,0}(\emptyset\tau)}\leq c\sup_{t\leq}\Vert f\Vert_{W_{2}^{l}(l)}\Vert g\Vert_{W_{2}^{1+l,0}(\emptyset\tau)}$
, (2.10)

11 $gh \Vert_{W_{2}^{1+l,0}(\emptyset\tau)}\leq c\sup_{\iota\leq}\Vert g\Vert_{W_{2}^{1+l}(9)}\Vert h\Vert_{W_{2}^{1+l,0}(\emptyset_{T})}$
. (2.11)

And $a1\infty$ for $f\in W_{2}^{l,t/2}(\emptyset\tau)\bm{t}dg\in W_{2}^{1+l}(q)$

$\Vert fg\Vert_{0_{T}}^{(l,t/2)}\leq c\Vert f\Vert_{0_{T}}^{(l_{1}t/2)}\Vert g\Vert_{W_{2}^{1+t}(l)}$ (2.12)

holds.

2.3 Main Results

Let us now describe the results in this paper. First of all, we $\infty nsider$ the problem
(2.5) in the spaoes $W_{2}^{2+l,1+l/2}(Q_{T})$ and $W_{2}^{l,l/2}(Q_{T})$ .

$Th\infty rem2.1$ Let $\Omega$ be a bounded domain, $\Gamma\in W^{3/2+l},$ $l\in(1/2,1),$ $\rho_{0}\in W_{2}^{2+l}(\Omega)$ ,
$\rho_{0}(y)\geq h>0,$ $\nu\in W_{2}^{2+l}(\Omega)$ and $\nu>0$ . For arbitrary $v_{0}\in W_{2}^{1+l}(\Omega),$ $f\in$

$W_{2}^{l,l/2}(Q_{T})$ , $g\in W_{2}^{1+l,1/2+l/2}(Q_{T})$ , $g=\nabla\cdot G$ , $G\in W_{2}^{0,1+l/2}(Q_{T})$ and $d\in$

$W_{2}^{s/2+l,3/4+l/2}(\Gamma_{T})$ satisfying the compatibility conditions

$\nabla\cdot v_{0}=g($ . , $0)$ in $\Omega$ , $v_{0}=d(\cdot,0)$ on $\Gamma$ , $\int_{\Gamma}G\cdot ndS=\int_{\Gamma}d\cdot ndS$,

the problem (2.5) has a unique solution $(u, \nabla q)$ in $W_{2}^{2+l,1+l/2}(Q_{T})xW_{2}^{l,l/2}(Q_{T})$ and

$\Vert u\Vert_{Q\tau}^{(2+l,1+t/2)}+\Vert\nabla q\Vert_{Q_{T}}^{(l,l/2)}\leq c(T)(\Vert f\Vert_{Q_{T}}^{(l,l/2)}+\Vert v_{0}\Vert_{W_{2}^{1+l}(\Omega)}$

$+\Vert g\Vert_{W_{2}^{1+l,1/2+t/2}(Q_{T})}+\Vert G_{t}\Vert_{Q_{T}}^{(0,l/2)}+\Vert d\Vert_{W_{2}^{\epsilon/+\iota,\epsilon/4+t/2}(\Gamma_{T})})$ , (2.13)

where $c(T)$ is a non-decreasing function of $T$ .

Theorem 2.1 can be proved by the same procedure used in $[20, 21]$ , thus we leave
out the proof in this paper.

Finally, we consider the problem (2.4), and the foUowing $th\infty rem$ on time-local
solvability is proved in \S 4.

$Th\infty rem2.2$ Let $\Omega$ be a bounded domain, $\Gamma\in W^{3/2+l},$ $l\in(1/2,1),$ $\rho_{0}\in W_{2}^{2+l}(\Omega)$ ,
$\rho_{0}(y)\geq R>0,$ $\nu\in\theta(\overline{\mathbb{R}}_{+}),$ $\nu>0$ , and assume that $b$ has continuous derivatives

of order one and two, and that $b,$ $b_{x_{k}}sat\dot{u}h$ the Lipschitz condition in $x$ and the

170



H\"oMer condition with the $e\varphi onent\beta\geq 1/2$ in $t$ , and assume that $v_{0}\in W_{2}^{1+l}(\Omega)$

satisfying the compatibility conditions

$\nabla\cdot v_{0}=0$ in $\Omega$ , $v_{0}=0$ on $\Gamma$ .

Then the problem (2.4) has a unique solution $(u, \nabla q)\in W_{2}^{2+l,1+l/2}(Q_{T’})\cross W_{2}^{l,l/2}(Q_{T’})$

on a finite interval $(o,T)$ whose magnitude $\tau’$ depen& on the data, $i.e.$ , on the
norms of $b$ and $g$ (see the condition (4.7) below).

3 Auxiliary estimates
Before proving Theorem 2.2, we begin with auxiliary propositions.

We assume below that $u\in W_{2}^{2+l,1+l/2}(Q_{T})$ and

$T^{1/2}\Vert u\Vert_{Q_{T}}^{(2+l,1+l/2)}\leq\delta$ (31)

is satisfied with sufficiently smal $\delta>0$ .
The problem (2.4) is rewritten in the form

$\{\begin{array}{l}gu_{t}-\nu(g)\nabla^{2}u+\nabla q=1_{1}^{(\cdot 1)}(u,q)+2\sqrt{}(\rho_{0})\hat{D}^{(u)}\nabla_{u}g-\frac{\beta_{1}}{3}(\nabla_{n}^{6)}\nabla!_{1}^{i)}\infty)\nabla_{u}g-\beta_{1}\nabla_{u}^{2}\rho_{0}\nabla_{u}g+\rho_{0^{\wedge}}b^{(u)}\nabla\cdot u=1_{2}^{(u)}(u)u|_{t\triangleleft}-=v_{0}u|_{\Gamma}=0\end{array}$ (32)

where
$1_{1}^{\langle u)}(w,s)=\nu(\rho_{0})(\nabla_{u}^{2}-\nabla^{2})w-(\nabla_{u}-\nabla)s$,

(3.3)
$1_{2}^{(u)}(w)=(\nabla-\nabla_{u})\cdot w=\nabla\cdot \mathcal{L}^{(u)}(w)$ .

Hereafter we estimate the right-hand side of (3.2), which is neccesary to prove
the solvability of the problem (2.4). Let us introduce the following notation:

$*j=\delta_{ij}+b_{1j}$ , $b_{ij}= \int_{0}^{t}\frac{\theta_{4}}{\partial y_{j}}d\tau$, $A_{ij}=\delta u+B_{1j}$ ,

where $d=(A_{ij})$ (see p. 4). Sinoe

$A_{ii}=a_{jj}a_{kk}-a_{jk}a_{kj}$ , $A_{ij}=a_{k:}a_{jk}-a_{j:}a_{kk}$ ,

where $i\neq j,$ $j\neq k,$ $k\neq i$ , it follows that

$B_{ii}=b_{jj}+b_{kk}+b_{jj}b_{kk}-b_{jk}b_{kj}$ , $B_{ij}=-b_{j1}+b_{h}b_{jk}-b_{jl}b_{kk}$ . (3.4)
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We denote by $a_{ij}’,$ $b_{ij}’,$ $A_{1j}’,$ $B_{ij}’$ the same functions corresponding to another vector
field $u’(y,t)$ , and set $\tilde{b}_{ij}=b_{ij}-b_{ij}’,\tilde{B}_{ij}=B_{ij}-B_{ij}’$ , etc. We have

$\tilde{B}_{ii}=\tilde{b}_{jj}(1+b_{kk})+\tilde{b}_{kk}(1+b_{jj}’)-b_{kj}\tilde{b}_{jk}-b_{jk}’\tilde{b}_{kj}$,
(3.5)

$\tilde{B}_{1j}=-\tilde{b}_{ji}(1+b_{kk})-\tilde{b}_{kk}b_{j*}^{j}\cdot+\tilde{b}_{jk}b_{ki}+b_{jk}’\tilde{b}_{ki}$ .
FinaUy, set that

$D u=\{\frac{\partial u_{i}}{\partial y_{j}}\}_{i,j=1,2,3}$ , $D^{2} u=t\frac{\partial^{2}u_{i}}{\partial y_{j}\partial y_{k}}\}_{i,j,k=1,2,3}$

$|D u|_{\Omega}=\max_{*,j}\sup_{\nu\epsilon\Omega}|\frac{\partial_{k}}{\partial y_{j}}|$ , $|D^{2} u|_{\Omega}=\max_{*,j,k}\sup_{y\in\Omega}|\frac{\partial^{2}u_{i}}{\partial y_{j}\partial y_{k}}|$ ,

$\Vert Du\Vert_{W_{2}^{r}(\Omega)}=(\sum_{j=1}^{3}\Vert\frac{\partial u}{\partial y_{j}}\Vert_{W_{2^{r}}(\Omega)})^{1/2}$ ,

etc.
We proceed to estimates of the functions (3.4) and (3.5). All lemmata stated

below were proved mainly in [19].

Lemma 3.1 If $u,$ $u’\in W_{2}^{2+l,1+t/2}(Q_{T})$ , then

$| \tilde{B}_{ij}(y,t)|\leq 2\int_{0}^{t}|D(u-u’)|d\tau(1+\int_{0}^{t}|Du|_{\Omega}d\tau+\int_{0}^{t}|Du’|_{\Omega}d\tau)$ , (3.6)

$\Vert\tilde{B}_{ij}(\cdot,t)\Vert_{W_{2}^{1+l}(\Omega)}\leq c\prime_{0}^{t}\Vert D(u-u’)\Vert_{W_{2}^{1+l}(\Omega)}d\tau$

$\cross(1+\int_{0}^{t}\Vert Du\Vert_{W_{2}^{1+l}(\Omega)}d\tau\int_{0}^{t}\Vert Du’\Vert_{W_{2}^{1+l}(\Omega)}d\tau)$ , (3.7)

$\Vert\tilde{B}_{1j}(\cdot,t)-\tilde{B}_{lj}(\cdot,t-\tau)\Vert_{L_{q}(\Omega)}$

$\leq 2\int_{t-\tau}^{t}\Vert D(u-u’)\Vert_{L_{l}(\Omega)}d\tau(1+\int_{0}^{t}|Du|_{\Omega}d\tau+\int_{0}^{t}|Du’|_{\Omega}d\tau)$

+2 $\int_{0}^{t}|D(u-u’)|_{\Omega}d\tau\int_{t-\tau}^{t}(\Vert Du\Vert_{L_{q}(\Omega)}+\Vert Du’\Vert_{L_{q}(\Omega)})d\tau$, (3.8)

$\Vert\nabla\tilde{B}_{ij}(\cdot,t)-\nabla\tilde{B}_{1j}(\cdot,t-\tau)||_{L_{2}\{\Omega)}$

$\leq 2\int_{t-\tau}^{t}\Vert D^{2}(u-u’)\Vert_{L_{2}(\Omega)}d\tau’(1+\int_{0}^{t}|Du|_{\Omega}d\tau’+\int_{0}^{t}|Du’|_{\Omega}d\tau’)$
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+2 $\int_{0}^{t}\Vert D^{2}(u-u’)\Vert_{L_{S}(\Omega)}d\tau’\int_{t-\tau}^{t}(\Vert Du\Vert_{L_{6}(\Omega)}+\Vert Du’\Vert_{L_{6}(\Omega)})dt’$

+2 $\int_{t-\tau}^{t}\Vert D(u-u’)\Vert_{L_{6}(\Omega)}d\tau’\int_{0}^{t}(\Vert D^{2}u\Vert_{L_{3}(\Omega)}+\Vert D^{2}u’\Vert_{L\epsilon\langle\Omega)})d\tau’’$

+2 $\int_{0}^{t}|D(u-u’)|\Omega d\tau’\int_{t-\tau}^{t}(\Vert D^{2}u\Vert_{L_{2}(\Omega)}+\Vert D^{2}u’\Vert_{L_{2}(\Omega)})d\tau’’$ , (3.9)

where $\tau\in(0,t)$ . Such estimates (with $u^{j}=0$ on the right hand side) also hold for
the functions $B_{ij}$ .

Inequalities $(3.6)-(3.9)$ can easily be obtained directly from formulae (3.5). In
the proof of (3.9) we used the H\"older inequality

$\Vert fg\Vert_{L_{2}(\Omega)}\leq\Vert f\Vert_{L_{3}(\Omega)}\Vert g\Vert_{L_{6}(\Omega)}$.
We note that

$\int_{0}^{t}||Du\Vert_{W_{2}^{1+l}(\Omega)}d\tau\leq\sqrt{t}\Vert u\Vert_{W_{2}^{2+l,0}(Q_{T})}\leq\delta$ , (3.10)

$\int_{0}^{t}\Vert Du’\Vert_{W_{2}^{1+l}(\Omega)}d\tau\leq\sqrt{t}\Vert u^{j}\Vert_{W_{2}^{2+l,0}(Q_{T})}\leq\delta$, (3.11)

$\int_{0}^{t}\Vert Du\Vert_{W_{2}^{1}(\Omega)}\frac{d\tau}{(t-\tau)^{1/2}}\leq\frac{t^{1/2-t/2}}{\sqrt{1-l}}(\int_{0}^{t}\Vert Du\Vert_{W_{2}^{1}(\Omega)}^{2}d\tau)^{1/2}$

$\leq\frac{T^{1/2}}{\sqrt{1-l}}\Vert u\Vert_{Q_{T}}^{(2+l,1+l/2)}\leq\frac{\delta}{\sqrt{1-l}}$ , (3.12)

hold.

Lemma 3.2 If $u,$ $u’\in W_{2}^{2+l,1+l/2}(Q_{T})$ satisfy condition (3.1), then for $t\leq T$

$\Vert\tilde{B}_{\dot{*}j}||_{W_{2}^{1+l}(\Omega)}\leq c\int_{0}^{t}\Vert D(u-u’)\Vert_{W_{2}^{1+l}(\Omega)}d\tau$, (3.13)

$( \int_{0}^{t}\Vert\tilde{B}_{ij}(\cdot,t)-\tilde{B}_{ij}(\cdot,t-\tau)\Vert_{W_{2}^{l}(\Omega)}^{2}\frac{d\tau}{\tau^{1+l}})^{1/2}$

$\leq c(\int_{0}^{t}\Vert D(u-u’)\Vert_{W_{2}^{1+l}(\Omega)}d\tau+\int_{0}^{t}\frac{\Vert D(u-u’)||_{W_{2}^{l}(\Omega)}}{(t-\tau)^{l/2}}d\tau)$ . (3.14)
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Such inequalities (with $u’=0$ on the right side) hold also for $B_{1j}$ .

To derive (3.14) the fact that $W_{2}^{1+l}(\Omega)$ is embedded in $C(\overline{\Omega})$ (and also in $L_{6}(\Omega)$ )
and $W_{2}^{l}(\Omega)$ is embedded in $L_{3}(\Omega)$ is used.

Lemma 3.3 If $u,$ $u’\in W_{2}^{2+l,1+l/2}(Q_{T})$ satisfy $\infty ndition(3.1)$ , then for any $f\in$

$W_{2}^{l,l/2}(Q_{T})$ and $h\in W_{2}^{1+l,1/2+l/2}(Q_{T})$

$\Vert\tilde{B}_{*j}f\Vert_{Q_{T}}^{(l,l/2)}\leq c\sqrt{T}\Vert u-u’\Vert_{Q\tau}^{(2+l,1+l/2)}\Vert f\Vert_{Q_{T}}^{(l,l/2)}$ , (3.15)

$\Vert\tilde{B}:jh\Vert_{W_{2}^{1+l,1/2+l/2}(Q_{T})}\leq c\sqrt{T}\Vert u-u’\Vert_{Q_{T}}^{(2+l,1+l/2)}$

$\cross(\Vert h\Vert_{W_{2}^{1+i,1/2+\iota/2}(Q_{\Gamma})}+\Vert\nabla h\Vert_{Q_{T}}^{(0,l/2)}+\Vert h\Vert_{Q_{T}}^{(0,l/2)})$. (3.16)

Setting $u’=0$ in (3.15) and (3.16) and noting (3.10) and (3.12), we amive at the
folowing proposition.

Lemma 3.4 If $u$ satisfies (3.1), then

$\Vert B_{lj}f\Vert_{Q_{T}}^{(\iota,\iota/2)}\leq c\delta||f\Vert_{Q_{T}}^{(l,l/2)}$ , (3.17)

$\Vert B_{ij}h\Vert_{W_{2}^{1+l,1/2+l/2}(Q_{T})}\leq c\delta(\Vert h\Vert_{W_{2}^{1+l,1/2+t/2}(Q_{T})}+\Vert\nabla h||_{Q_{T}}^{(0.t/2)}+\Vert h\Vert_{Q_{T}}^{(0,l/2)})$ . $(3.18)$

Lemma 3.5 Let $u\in W_{2}^{2+l,1+l/2}(Q_{T}),$ $T_{0}>0$ , then for any $0<T\leq T_{0}$

$\Vert Du\Vert_{Q_{T}}^{(l,l/2)}\leq c(T_{0})(T^{1/2}\Vert u\Vert_{Q_{T}}^{(2+l,1+l/2)}+T^{1/2-t/2}\Vert u(\cdot,0)\Vert_{W_{2}^{l}(\Omega)})$ . (3.19)

(3.19) is derived from the interpolation inequality

$\Vert Df\Vert_{L_{2}(\Omega)}\leq c(\epsilon\Vert D^{2}f\Vert_{L_{2}(\Omega)}+\epsilon^{-1}\Vert f\Vert_{L_{2}(\Omega)})$ .

We proceed to estimates $of1_{1}^{\langle u)}(w, s)-1_{1}^{(u’)}(w, s),$ $1_{2}^{(u)}(w)-1_{2}^{(u’)}(w)$ and $\mathcal{L}^{(u)}(w)-$

$\mathcal{L}^{(u’)}(w)$ , where $1_{1}^{(u)},$ $1_{1}^{(u’)}$ , etc. are $determ\dot{i}$ed by formulae (3.3) on the basis of the

vector flelds $u$ and $u’$ .
Rom (2.12) we have

$\Vert\nu(g)f\Vert_{Q_{T}}^{(l,t/2)}\leq c\Vert\nu(g)\Vert_{W_{2}^{1+l}(\Omega)}\Vert f\Vert_{Q_{T}}^{(l,t/2)}\leq c(g)\Vert f\Vert_{Q_{T}}^{(\downarrow 1/2)}$ , (3.20)
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where

$c( \rho_{0})=c\{\sup_{\rho}|\nu(\rho)||\Omega|+1(\sup_{\rho}|\sqrt{}(\rho)|+\Vert\nabla g\Vert_{W_{2}^{l}(\Omega)})\Vert\nabla g\Vert_{W_{2}^{l}(\Omega)}\}$ .

Then we obtain the following estimates:

Lemma 3.6 Let $u$ and $u’satis\theta$ condition (3.1). For arbitrary $w\in W_{2}^{2+t,1+l/2}(Q_{T})$ ,
$\nabla s\in W_{2}^{l,t/2}(Q_{T})$ it holds

$\Vert 1_{1}^{(u)}(w,s)-1_{l}^{(n’)}(w,s)\Vert_{Q_{T}}^{(l,t/2)}$

$\leq c\sqrt{T}\Vert u-u^{j}\Vert_{Q_{T}}^{(2+l,1+l/2)}(\Vert w\Vert_{Q_{T}}^{(2+l,1+l/2)}+\Vert\nabla s\Vert_{Q_{T}}^{(l.l/2)})$ , (3.21)

$\Vert 1_{2}^{(\bm{c})}(w)-1_{2}^{(n’)}(w)\Vert_{W_{2}^{1+l,1/2+l/2}(Q_{T})}\leq c\sqrt{T}\Vert u-u’||_{Q_{\Gamma}}^{(2+l,1+l/2)}\Vert w\Vert_{Q_{T}}^{(2+l,1+l/2)},$ $(3.22)$

$\Vert\frac{\partial}{\partial t}(\mathcal{L}^{(u)}(w)-\mathcal{L}^{(u’)}(w))\Vert_{Q_{T}}^{(0,l/2)}\leq c(\sqrt{T}\Vert u-u’\Vert_{Q_{T}}^{(2+l,1+l/2)}$

$+T^{1/2-l/2}\Vert u(\cdot,0)-u’(\cdot,0)\Vert_{W_{2}^{l}(\Omega)})\Vert w\Vert_{Q_{T}}^{(2+l,1+t/2)}$. (323)

If $w|_{ta}=0$ , then (3.23) is valid also without the second term in the parenthesis of
the right hand side.

Setting $u’=0$ in (3.21)-(3.23), we obtain that

Lemma 3.7 If $u$ satisfies $\infty ndition(3.1)$ , then

$\Vert 1_{1}^{(u)}(w,s)\Vert_{Q_{T}}^{(l,l/2)}\leq c\delta(\Vert w\Vert_{Q_{T}}^{(2+l,1+l/2)}+||\nabla s||_{Q_{T}}^{(l,l/2)})$ , (3.24)

$\Vert 1_{2}^{(u)}(w)\Vert_{W_{2}^{1+l,1/2+l/2}(Q_{T})}\leq c\delta\Vert w\Vert_{Q_{T}}^{(2+l,1+l/2)}$, (3.25)

$\Vert\frac{\partial}{\partial t}\mathcal{L}^{(u)}(w)\Vert_{Q_{T}}^{(0,l/2)}\leq c(\delta+T^{1/2-\iota/2}\Vert u(\cdot,0)\Vert_{W_{2}^{l}(\Omega)})\Vert w||_{Q_{T}}^{(2+l,1+l/2)}$. (3.26)

In the case $w|_{t=0}=0$ the $ae\infty nd$ term in the parenthesis of the right hand side of
(3.26) can be dropped.

The next auxihary proposition $\infty noe1S$ the differenoe

$\wedge b^{(n)}(y,t)-b^{(n’)}(y,t)\wedge=b(X_{n},t)-b(X_{n’},t)$

$= \sum_{k=1}^{S}\int_{0}^{1}b_{x_{k}}(X_{u}.,t)d\theta\int_{0}^{t}(u_{k}-u_{k}’)d\tau$, (3.27)
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where u–u’ $=\tilde{u},$ $u_{\theta}=u’+\theta\tilde{u}(\theta\in(0,1)),$ $X_{u}=y+ \int_{0}^{t}ud\tau,$ $X_{u’}=y+ \int_{0}^{t}u’d\tau$

and $X_{u_{\theta}}=y+ \int_{0}^{t}u_{\theta}d\tau$ .

Lemma 3.8 If $b$ satisfies the conditions of Theorem 2.2 and condition (3.1) is
satisfled, then

$\Vert^{\wedge}t^{u)^{\wedge}}\leq c(T)\int_{0}^{T}\Vert u-u’\Vert_{W_{2}^{l}(\Omega)}dt$, (328)

where $c(T)$ is a nondecreasing (power) function of $T$.

Finaly, we remark that by elementary calculation it holds

$\Vert\rho_{0}^{-1}f\Vert_{Q_{T}}^{(l,l/2)}\leq c(1+\frac{1}{R}+\Vert g\Vert_{W_{2}^{2+l}(\Omega)}^{\theta})\Vert f\Vert_{Q_{T}}^{(\iota,\iota/2)}$ . (329)

4 Proof of Theorem 2.2

Proof of Theorem 2.2. We shall solve the problem (3.2) by the method of sucoessive
approximations, setting $u^{(0)}=v_{0},$ $q^{(0)}=0$ and determining $(u^{(m+1)},q^{(m+1)})(m=$

$0,1,2,$ $\ldots$ ) as a solution of the problem

$\{\begin{array}{ll}\rho_{0}u_{t}^{\langle m+1)}-\nu(g)\nabla^{2}u^{(m+1)} +\nabla q^{(m+1)}=1_{1}^{(m)}(u^{(m)},q^{(m)} +2\nu’(\rho_{0})\hat{D}^{(m)}\nabla_{m}\rho_{0}-\frac{\beta_{1}}{3}(\nabla_{m}^{(j)}\nabla_{m}^{(i)}g) \rho_{0}-\beta_{1}\nabla_{m}^{2}g\nabla_{m}\rho_{0}+\rho_{0^{\wedge}}b^{(m)},\nabla\cdot u^{(m+1)}=1_{2}^{(m)}(u^{(m)}), u^{(m+1)}|_{t=\sigma}=v_{0}, u^{(m+1)}|_{\Gamma}=0.\end{array}$ (41)

Here $\nabla_{m}=\nabla_{n^{\langle m)}},$ $1_{j}^{(m)}=1_{j}^{(u^{(m)})}(j=1,2),\hat{D}^{(m)}=\hat{D}^{(u^{t\prime\prime\cdot)})},b^{(m)}\wedge=b^{(u^{\langle n\prime)})}\wedge$ . From The-
orem 2.1 it follows that $(u^{(m+1)}, \nabla q^{(m+1)})$ are uniquely determined, and $(u^{(1)},q^{(1)})$

is a solution of problem (4.1) i.e.,

$\{\begin{array}{ll}u_{t}^{(1)}-\frac{\nu(\rho_{0})}{\rho_{0}}\nabla u^{(1)}+\frac{1}{\rho_{0}}\nabla q^{(1)}=- (\nabla^{0)}\nabla^{(i)}g)\nabla\rho_{0}-\frac{\beta_{1}}{g}\nabla^{2}\rho_{0}\nabla g+b,\nabla\cdot u^{(1)}=0, u^{(1)}|_{t=)}=v_{0}, u^{(1)}|_{\Gamma}=0\end{array}$ (42)

with the estimates

$N[u^{(1)},q^{(1)}]:=\Vert u^{(1)}\Vert_{Q_{T}}^{(2+l,1+l/2)}+\Vert\nabla q^{(1)}\Vert_{Q_{T}}^{(l,l/2)}$
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$\leq c(\frac{|\beta_{1}|}{3}\Vert\frac{1}{\rho_{0}}(\nabla^{C)}\nabla^{(i)}\rho_{0})\nabla\rho_{0}\Vert_{Q_{T}}^{(l,l/2)}$

$+| \beta_{1}|\Vert\frac{1}{\rho_{0}}\nabla^{2}\rho_{0}\nabla\rho_{0}\Vert_{Q_{T}}^{\langle l,l/2)}+\Vert b||_{Q_{T}}^{(l,l/2)}+\Vert v_{0}\Vert_{W_{2}^{1+l}\{\Omega))}$

$\leq c_{1}((T^{1/2}+T^{1/2-l/2})\Vert g\Vert_{W_{2}^{2+l}(\Omega)}^{3}+\Vert b\Vert_{Q_{T}}^{(l,t/2)}+\Vert v_{0}\Vert_{W_{2}^{1+l}(\Omega)})$ , (4.3)

where $c_{1}$ is a nondecreasing function of $T$ .
For the differenoes $Z^{(m+1)}:=u^{(m+1)}-u^{\langle m)},$ $P^{(m+1)}:=q^{(m+1)}-q^{(m)}(m=$

$1,2,3,$ $\ldots$ ), we have

$\{\begin{array}{ll}\rho_{0}Z_{t}^{(m+1)}-\nu(\rho_{0}) \nabla^{2}Z^{(m+1)}+\nabla P^{(m+1)}=1_{1}^{(m)}(Z^{(m)}, P^{(m)})+1_{1}^{(m)}(u^{(m-1)},q^{(m-1)})-1_{1}^{(m-1)}(u^{(m-1)},q^{(m-1)})+2\nu’(\rho )(\hat{D}^{(m)}\nabla_{m}g-\hat{D}^{(m-1)}\nabla_{m-1}\rho 0)-\frac{\beta_{1}}{3}\{( \nabla_{m}^{U)}\nabla_{m}^{(i)}\rho_{0})\nabla_{m}g-(\nabla_{m-1}^{(j)}\nabla_{m-1}^{(i)}\rho_{0})\nabla_{m-l}g\}-\beta_{1}(\nabla g\nabla_{m}g-\nabla_{m-l}^{2}g\nabla_{m-l}g)+\rho_{0}(b^{(m)^{\wedge}}-b^{(m-1)})\wedge,\nabla\cdot Z^{(m+1)}=1_{2}^{(m} (Z^{(m)})+1_{2}^{\{m)}(u^{(m-1)})-1_{2}^{(m-1)}(u^{(m-1)}),Z^{(m+1)}|_{t=0}=0, Z^{(m+1)}|_{\Gamma}=0,\end{array}$

We suppose that the condition (3.1) is satisfied for $u^{\langle n)}(n\leq m)$ .
Lemmata in \S 3 yield

$\Vert 1_{1}^{(n)}(Z^{(\mathfrak{n})}, P^{(\mathfrak{n})})\Vert_{Q_{T}}^{(l,l/2)}+\Vert 1_{1}^{(n)}(u^{(n-1)},q^{(\mathfrak{n}-1)})-1_{1}^{(n-1)}(u^{(\mathfrak{n}-1)},q^{(\mathfrak{n}-1)})\Vert_{Q_{T}}^{(l,l/2)}$

$\leq c\delta(\Vert Z^{(\mathfrak{n})}\Vert_{Qp}^{(2+l,1+l/2)}+\Vert\nabla P^{(n)}\Vert_{Q\tau}^{(l,l/2)})$ ,

$\Vert\hat{D}^{(n)}\nabla_{\mathfrak{n}}\rho_{0}-\hat{D}^{(n-1)}\nabla_{\mathfrak{n}-l}g\Vert_{Q_{T}}^{(l,l/2)}$

$\leq c\Vert\rho_{0}\Vert_{W_{2}^{2+l}(\Omega)}(1+T^{1/2-l/2}\Vert v_{0}\Vert_{W_{2}^{1}(\Omega)})T^{1/2}\Vert Z^{(n)}||_{Q_{T}}^{(2+l,1+l/2)}$

$\Vert(\nabla_{\mathfrak{n}}^{0)}\nabla_{n}^{(i)}g)\nabla_{n}g-(\nabla_{\mathfrak{n}-1}^{0)}\nabla_{\mathfrak{n}-1}^{(i)}\rho_{0})\nabla_{n-l}g\Vert_{Q}^{(l\int_{T}/2)}$

$\leq c\Vert\rho_{0}\Vert_{W_{2}^{2+l}(\Omega)}^{2}(T^{1/2}+T^{1/2-t/2})T^{1/2}\Vert Z^{(n)}\Vert_{Q_{T}}^{(2+l,1+l/2)}$ ,
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$\Vert\nabla_{m}^{2}\rho_{0}\nabla_{m}\rho_{0}-\nabla_{\mathfrak{n}-1}^{2}\rho_{0}\nabla_{n-1}\rho_{0}\Vert_{Q_{T}}^{(l,l/2)}$

$\leq c\Vert\rho_{0}\Vert_{W_{2}^{2+l}(\Omega)}^{2}(T^{1/2}+T^{1/2-l/2})T^{1/2}\Vert Z^{(\mathfrak{n})}\Vert_{Q_{T}}^{(2+l,1+l/2)}$,

$\Vert b(\hslash)^{\wedge}-b^{(n-1)}\Vert_{Q_{T}}^{(l,l/2)}\leq cT^{1/2}\Vert Z^{(n)}\Vert_{Q_{T}}^{(2+l,1+l/2)}\wedge$ ,

$\Vert 1_{2}^{(n)}(Z^{(n)})\Vert_{W_{2}^{1+l,1/2+l/2}(Q_{T})}+\Vert 1_{2}^{(n)}(u^{(\mathfrak{n}-1)})-1_{2}^{(n-1)}(u^{(n-1)})\Vert_{W_{2}^{1+l,1/2+t/2}(Q_{T})}$

$\leq c\delta\Vert Z^{(n)}\Vert_{Q_{T}}^{(2+l,1+l/2)}$ ,

$\Vert\frac{\partial}{\partial t}\mathcal{L}^{(n)}(Z^{(\mathfrak{n})})\Vert_{Q_{T}}^{(0,l/2)}+\Vert\frac{\partial}{\partial t}(\mathcal{L}^{(n)}(u^{(\mathfrak{n}-1)})-\mathcal{L}^{(n-1)}(u^{(n-1)}))\Vert_{Q_{T}}^{(0,l/2)}$

$\leq c\delta\Vert Z^{(n)}\Vert_{Q_{T}}^{(2+l,1+l/2)}$ .
Then, we obtain that

$N[Z^{(n+1)},P^{(\mathfrak{n}+1)}]\equiv\Vert Z^{(n+1)}\Vert_{Q_{T}}^{(2+l,1+l/l)}+\Vert\nabla P^{(n+1)}\Vert_{Q_{T}}^{(\iota l/2)}$

$\leq C(\delta N[Z^{(n)},P^{(\mathfrak{n})}]+T^{1/2}\Vert Z^{(\mathfrak{n})}\Vert_{Q_{T}}^{(2+l,1+t/2)})$ , (4.4)

where $C=C(T;v_{0}, g)$ is a nondecreasing function with respect to $T$. If we choose
$\delta$ satisfying $C \delta<\frac{1}{4}$ we obtain

$N[ Z^{(\mathfrak{n}+1)},P^{(\mathfrak{n}+1)}]\leq\frac{1}{4}N[Z^{(n)},P^{(\mathfrak{n})}]+C\tau^{1/2}\Vert Z^{(n)}\Vert_{Q_{T}}^{(2+l,1+l/2)}$

$\leq(\frac{1}{4}+0\tau^{1/2})N[Z^{(\mathfrak{n})},P^{(n)}]\leq\cdots\leq(\frac{1}{4}+0\tau^{1/2})^{n}N[Z^{(1)},P^{(1)}]$. (4.5)

We sum (4.5) in $n$ from $0$ to $m$ and set $\Sigma_{m+1}=\sum_{\mathfrak{n}-\triangleleft}^{m}N[Z^{(n+1)},P^{(n+1)}]$ . Since

$\sum_{m+1}=\sum_{-}^{m}N[Z^{(n+1)},P^{(n+1)}]\leq N[u^{(1)},q^{(1)}]\sum_{nn\sim-\triangleleft}^{m}(\frac{1}{4}+CT^{1/2})^{n}$

$\leq c_{1}((T^{1/2}+T^{1/2-l/2})\Vert g\Vert_{W_{2}^{2+l}(\Omega)}^{3}+\Vert b\Vert_{Q_{T}}^{(l,l/2)}+\Vert v_{0}\Vert_{W_{2}^{1+l}(\Omega)})\sum_{-}^{m}(\frac{1}{4}+CT^{1/2})^{\mathfrak{n}}n\sim$

we obtain
$N[ u^{(m+1)},q^{(m+1)}]\leq\sum_{m+1}+N[u^{(1)},q^{(1)}]$

$\leq c_{1}((T^{1/2}+T^{1/2-l/2})\Vert g\Vert_{W_{2}^{2+l}(\Omega)}^{8}$

$+ \Vert b\Vert_{Qp}^{(l,l/2)}+\Vert v_{0}\Vert_{W_{2}^{1+l}(\Omega)})\cross(1+\sum_{gn}^{m}(\frac{1}{4}+CT^{1/2})^{n})$ . (4.6)
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Note that $c_{1}$ and $C$ are nondecreasing functions of $T$ , then $\infty ndition(3.1)$ for $u^{(m+1)}$

is satisfied if $CT^{1/2} \leq\frac{1}{4}$ and

$3T^{1/2}c_{1}((T^{1/2}+T^{1/2-l/2})\Vert\rho_{0}\Vert_{W_{2}^{2+l}(\Omega)}^{l}+\Vert b\Vert_{Q_{T}}^{(li/2)}+\Vert v_{0}\Vert_{W_{2}^{1+l}(\Omega)})\leq\delta$ . (4.7)

The left side does not depend on $m$. Thus, $N[u^{(m)},q^{(m)}]$ is uniformly bounded,
the sequence $\{u^{(m)},q^{(m)}\}$ converges in the norm $N[\cdot, \cdot]$ , and the limit is a solution
of the problem (3.2). The solution obtained is unique, sinoe the difference of two
solutions $w=u-u’,$ $s=q-q’$ satisfies the relations

$\{\begin{array}{ll}\rho_{0}w_{t}-\nu(g)\nabla^{2} +\nabla s=1_{1}^{(u)}(u,q) 1_{1}^{(u’)}(u’,q’)+2\nu’(\rho_{0})(\hat{D}^{(u)}\nabla_{\bm{x}}g-\hat{D}^{(u’)}\nabla_{u’}g)-\frac{\beta_{1}}{3}\{( \nabla_{n}^{(i)}g)\nabla_{u}g-(\nabla_{u’}^{(;)}\nabla_{u^{l}}^{(i)}g)\nabla_{u’}\rho_{0}\}-\beta_{1}(\nabla g\nabla_{u}g-\nabla_{u’}^{2}g\nabla_{u’}g)+g(\hat{b}^{(u)}-\hat{b}^{(n’)}),\nabla\cdot w=1_{2}^{(u)}(w) 1_{2}^{(u)}(u’)-1_{2}^{(u’)}(u’),Z^{(m+1)}|_{t=\overline{r}}-0, Z^{\langle m+1)}|_{r}=0.\end{array}$

Applying to this problem the estimate (2.13) and repeating the arguments camied
out, we arrive at the inequality

$N[w,s]\leq c(\delta+T^{1/2})N[w,s]$ .

This implies $(w, s)=0$, and $Th\infty rem2.2$ is proved.

5 Concluding remarks

We mentioned that $\nu$ can take the form

$\nu=\nu(p)\rho,$ $|D|^{2}$ ) (5.1)

in the most general case (see \S 1), however, there are several difliculties in $\infty nsidering$

the problem $(1.1)-(1.3)$ with (5.1) unlike the problem $(1.1)-(1.3)$ with $\nu=\nu(\rho)$ . In
short the same method as we used to prove $Th\infty rem2.2$ is not valid for the problem
$(1.1)-(1.3)$ with (5.1). We shal give some remarks of the difficulties of it.

$i$ . The pressure $p$ is determined within an arbitrary function depending on $t$ ,
because only the pressure gradient appears in the equations. In the case that
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$\nu$ depends on $p$ , the arbitrary function needs to be fixed by some additional
condition, for example,

$\int_{\Omega}p(x,t)dx=0$ a.e. in $(0,T)$ .

Under this condition we can apply Poincar\’e’s inequarity to $p$, however, the

difficulty about the regularity of $p$ with respect to $t$ still remains.

ii. If $\nu$ depends only on $\rho$ , as we mentioned in \S 2, we may just consider $\nu(\rho_{0}(y))$ ,
which is a known function independent of $t$ , in the transfomed problem (2.4)
written in Lagrangian coordinates. On the otherhand, in the case of $\nu$ de-

pendent on $p,$ $\rho$ and $|D|^{2}$ , the transformed viscosity $\nu(q, \rho_{0}, |\hat{D}^{(u)}|^{2})$ is still an
unknown coefficient of the equations even though we $\infty nsider$ the transformed
problem.

iii. $\nu(q, \rho_{0}, |\hat{D}^{(u)}|^{2})$ has, at most, the same regularity as that of $q$ or $|\hat{D}^{(u)}|^{2}$ . While
we can assume the regularity of ee as much as we need, the regularity of $q$ and

$|\hat{D}^{\langle u)}|^{2}$ are determined by the function spaces of solutions under $\infty nsideration$ .
This implies the problem (2.5) cannot be a linearized problem of the problem
(2.4) with $\nu=\nu(q, g, |\hat{D}^{(u)}|^{2})$ . Hence, we have to $\infty nsider$ the different method
for this problem.

Despite these points at issue we have already observed that we can overcome
the difficulties by considering the appropriate function spaces for the solution if
$\nu=\nu(\rho, |D|^{2})$ . In this case the problem (2.5) is also a linearized problem, thus we
can use the strategy similar to that we used in this study. We strongly believe that

we can prove the existence $th\infty rem$ for the problem $(1.1)-(1.3)$ with $\nu=\nu(\rho, |D|^{2})$

in a forthcoming study.
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