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1. Introduction

In an exterior domain $\Omega\subset \mathbb{R}^{n}(n=3)$ with smooth boundary $\partial\Omega$ , we study
the space-time decay properties of solutions to the Navier-Stokes initial value
problem

$\partial_{t}u+u\cdot\nabla u=\Delta u-\nabla p$ $(x\in\Omega, t>0)$ ,
$\nabla\cdot u=0$ $(x\in\Omega, t\geq 0)$ ,

(1.1)
$u|_{\partial\Omega}=0$ , $uarrow 0(|x|arrow\infty)$

$u|_{t-\triangleleft}=a$ ,
for unknown velocity $u=u(x,t)=(u_{1}, \ldots,u_{n})$ , unknown pressure $p=$
$p(x, t)$ and a prescribed initial velocity $a=a(x)$ . The kinematic viscosity is
normalized to be one.

There is an extensive literature dealing with decay properties of weak and
strong solutions to (1.1) (see, e.g., [6], [7], [8], [17], [24], [25], [28], [29],
[31], [32], [33], [37]). For weak solutions, $L^{2}$ decay properties have been
studied and the algebraic decay rates, similar to those for solutions of the
heat equation, are obtained. The results show that for each $a\in L_{\sigma}^{2}(\Omega)$ , the
space of the $L^{2}$ solenoidal vector fields, there is a weak solution $u$ defined for
all $t\geq 0$ such that $\Vert u(t)\Vert_{2}arrow 0$ as $tarrow\infty$ . Hereafter, $\Vert\cdot\Vert_{r}$ denotes the norm
of $L^{r}(\Omega)$ . If $a\in L_{\sigma}^{2}(\Omega)\cap L^{r}(\Omega)$ for some $1\leq r<2$ , then the weak solution
satisfies

$\Vert u(t)\Vert_{2}\leq c(1+t)^{-n_{(\frac{1}{r}-1}}22)$ . (1.2)

See [6], [7] and [11]. For strong solutions, $L^{q}$-theory was developed by
Iwashita [25] and Chen [11] for $n\geq 3$ , and by Dan and Shibata [12] for
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$n=2$ (see also [1] and [16]). They proved the estimates
$\Vert u_{0}(t)\Vert_{q}\leq ct^{-\frac{n}{2}(\frac{1}{p}-\frac{1}{q})}\Vert a\Vert_{p}$ $(1<p\leq q<\infty, 1\leq p<q\leq\infty)$ , (1.3)

$\Vert\nabla u_{0}(t)\Vert_{q}\leq ct^{-z^{-\frac{n}{2}(\frac{1}{p}-\frac{1}{q})}}\Vert a\Vert_{p}1$ $(1<p\leq q\leq n, 1\leq p<q\leq n)$ , (1.4)

on solutions $u_{0}$ of the Stokes problem, i.e., the linearized version of (1.1).
These estimates were applied by [8], [11] and [25] to extend results of Kato
[26] for the Cauchy problem to the case of (1.1), and we know that if $n\geq 3$ , if
$a$ is in the space $L_{\sigma}^{n}(\Omega)$ of $L^{n}$ solenoidal vector fields and if $\Vert a\Vert_{n}$ is sufficiently
small, then (1.1) admits a unique strong solution $u$ defined for all $t\geq 0$ .
Moreover, if $a\in L^{r}(\Omega)\cap L_{\sigma}^{n}(\Omega)$ for some $1<r\leq n$ , then

$t^{\frac{n}{2}(\frac{1}{r}-\frac{1}{q})}u\in BC([0, \infty);L^{q}(\Omega))$ $(r\leq q\leq\infty)$ , (1.5)

$t^{\frac{\iota}{2}+\frac{n}{2}(\frac{1}{r}-\frac{1}{q})}\nabla u\in BC([0, \infty);L^{q}(\Omega))$ $(r\leq q\leq n)$ . (1.6)

In [18] we extended (1.5) and (1.6) to the case where $r=1<q$ .
In this paper we first discuss estimates for the $L^{2}$-moments of weak solu-

tions of the form:

$\int_{\Omega}|x|^{2\alpha}|u(x,t)|^{2}dx+\int_{0}^{t}\int_{\Omega}|x|^{2\alpha}|\nabla u(x,\tau)|^{2}dxd\tau\leq c$. (M)

For the Cauchy problem, E. M. Schonbek and T. Schonbek [38] proved (M)
with $\alpha=3/2$ for smooth solutions on $\mathbb{R}^{3}$ (see also [15]). He and Xin [23]
proved (M) for weak solutions, with $\alpha=3/2$ , assuming $a\in L^{1}(\mathbb{R}^{3})\cap L_{\sigma}^{2}(\mathbb{R}^{3})$

and $|x|^{3/2}a\in L^{2}(\mathbb{R}^{3})$ . Bae and Jin [3] proved (M) for weak solutions, with
$1<\alpha<5/2$ , assuming $a\in L_{\sigma}^{2}(\mathbb{R}^{3}),$ $(1+|x|)a\in L^{1}(\mathbb{R}^{3})$ and $|x|^{\alpha}a\in L^{2}(\mathbb{R}^{3})$ .
Brandolese [9] found a local smooth solution $u\in C([0,T);\mathbb{Z}_{\alpha})$ , with some
$T>0$ , assuming $a\in \mathbb{Z}_{\alpha}$ for $3/2<\alpha<9/2(\alpha\neq 5/3,7/2)$ . Here, $f\in \mathbb{Z}_{\alpha}$

means that
$(1+|x|^{2})^{\alpha-2}f\in L^{2}$ , $(1+|x|^{2})^{\alpha-1}\nabla f\in L^{2}$ , $(1+|x|^{2})^{\alpha}\Delta f\in L^{2}$ .

For problem (1.1), the corresponding results are still incomplete. Farwig
and Sohr [14] found a class of weak solutions $u$ with associated pressures $p$

such that
$|x|^{\alpha}\partial_{t}u$ , $|x|^{\alpha}\partial_{x}^{2}u$ , $|x|^{\alpha}\nabla p\in L^{\epsilon}(0, \infty;L^{q}(\Omega))$ $(n=3)$ ,

for $1<q<3/2$ and $1<s<2$ with $3/q+2/s-4 \leq\alpha<\min\{1/2,3-3/q\}$ .
Farwig [13] then gave another class of weak solutions such that

$\Vert|x|^{\frac{\alpha}{2}}u(t)\Vert_{2}^{2}+c_{\alpha}\int_{\epsilon}^{t}2$ $(1<\alpha<1)$ ;

$\Vert|x|^{8}u(t)\Vert_{2}^{2}+2\int_{s}^{t}\Vert|x|^{8}\nabla u\Vert_{2}^{2}d\tau\leq\Vert|x|^{\S}u(s)\Vert_{2}^{2}+c_{a,\delta}|t-s|^{\delta}$ ,
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for $s=0$ , a.e. $s>0$ and all $t\geq s$ , where $\delta>0$ is arbitrary. Recently, Bae
and Jin have studied decay rates of $L^{2}$-moments. When $n=2$ , they prove
in [4] that there is a weak solution $u$ satisfying

$\Vert|x|^{\alpha}u(t)\Vert_{p}=O(t^{-\frac{1}{2}+\frac{1}{p}+\frac{\alpha}{2}+\delta})$ for large $t$

for all $\delta>0$ and $0<\alpha\leq 1$ , if $a\in L^{r}(\Omega)\cap L^{2}(\Omega)$ and $|x|a\in L^{\frac{2r}{2-r}}(\Omega)$ with
$1<r\leq 2p/(p+2)<2\leq p<\infty$ . Moreover, in case $n=3$ they prove in [5]
that there is a weak solution such that

$\Vert|x|u(t)\Vert_{2}\leq c_{\delta}(1+t)^{\tau^{-\frac{3}{2r}+\delta}}\S$

for all $\delta>0$ , if $a\in L^{r}(\Omega)\cap L^{2}(\Omega)$ for some $1<r<6/5,$ $|x|a\in L^{6/5}(\Omega)$ and
$|x|^{2}a\in L^{2}(\Omega)$ .

This paper improves the above results on $L^{2}$-moments and gives weak
solutions satisfying

$\Vert|x|^{\alpha}u(t)\Vert_{2}^{2}+\int_{0}^{t}\Vert|x|^{\alpha}\nabla u(\tau)\Vert_{2}^{2}d\tau\leq c$ $(1 <\alpha<n/2)$ ,

$\Vert|x|^{\beta}u(t)\Vert_{2}\leq c(1+t)^{-\frac{n(\alpha-\beta)}{4\alpha}}$ $(0\leq\beta\leq\alpha<n/2)$ ,

for all $t\geq 0$ . The restriction $\alpha<n/2$ comes from our estimates on pressures.
But, this condition on $\alpha$ is optimal in the following sense: in Theorem 2.5 (see
section 2), we will show that strong solutions behave in general as $|u(x, t)|\approx$

$|x|^{-n}$ for large $|x|$ . So $|x|^{\alpha}u$ is in $L^{2}(\Omega)$ only when $\alpha<n/2$ . In a special case,
however, this restriction on $\alpha$ is relaxed. Indeed, we show that one can take
$\alpha<1+n/2$ if the associated pressure $p$ satisfies

$G(t)= \int_{\partial\Omega}(y\partial_{\nu}p-p\nu)(y, t)dS_{y}=0$ , $t\in(O, \infty)$ (1.7)

where $\nu$ is the unit outward normal to $\partial\Omega$ .
We next disuss the behavior of weighted $L^{q}$-norms of strong solutions.

For the Cauchy problem, the estimates $t^{g}2\Vert|x|^{\alpha}u\Vert_{q}+t^{\frac{1+\beta}{2}}\Vert|x|^{\alpha}\nabla u\Vert_{q}\leq c$ are
known to be valid if $\alpha\geq 0,$ $\beta\geq 0$ and

$\alpha+2\beta=n-n/q$ or $\alpha+2\beta=n+1-n/q$ ; $n<q\leq\infty$ . (1.8)

See [2], [3] [15], [23], [35] and [36] for the details. See also [19] for solu-
tions with some symmetries. The balance relation (1.8) agrees with that for
solutions of the linear heat equation on $\mathbb{R}^{n}$ .

On the other hand, for (1.1) with $n=3$, He and Xin [22] gave strong
solutions such that $\Vert|x|^{\alpha}u(t)\Vert_{q}\leq c$ for $\alpha=3/7-3/q,$ $7<q\leq\infty$ . Recently,
Bae and Jin have adapted the ideas of [22] and proved

$\Vert|x|^{2}u(t)\Vert_{p}\leq c_{\delta}t^{1-\frac{s}{2}(\frac{1}{r}-\frac{1}{p})+\delta}$ for large $t>0$ ,
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with an arbitrary $\delta>0$ , assuming that $a\in L^{r}(\Omega)\cap L^{3}(\Omega)$ for some $1<r<$
$6/5$ , and

$|x|a$ , $|x|^{2}a\in L^{r}(\Omega)$ , $|x|a\in L^{6/5}(\Omega)$ , $|x|^{2}a\in L^{2}(\Omega)$ .
However, these results are not optimal. In this paper we deduce the opti-
mal decay rates in space and time and establish a balance relation between
these two kinds of decays which is similar to that of solutions to the Cauchy
problem.

It should be noticed that for (1.1), the spatial decay property of a solution
is closely connected with the vanishing of the total net force exerted by the
fluid to the body $\mathbb{R}^{n}\backslash \Omega$ . Indeed, it is shown in [18] that the following three
statements are equivalent:

$(a)$ The total net force vanishes, i.e., we have

$\mathcal{F}(t)=\int_{\partial\Omega}(T[u,p]\cdot\nu)(y,t)dS_{y}=0$, (1.9)

where $T[u,p]=(T_{jk}[u,p])_{j,k=1}^{n}=(\partial_{j}u_{k}+\partial_{k}u_{j}-\delta_{jk}p)$ is the stress tensor.

$(b)$ The solution $u$ is in $C([0,T);L^{1}(\Omega))$ .
$(c)$ Assertion (1.7) holds, i.e., $G(t)=0$ .

In this paper we further show that if $|x|^{n(1-\frac{1}{r})}a\in L^{r}(\Omega)$ for some $1\leq r<\infty$ ,
then in general we have $t \epsilon_{|x|^{n(1-\frac{1}{r})}u}(1-\frac{1}{r})\in L_{1oc}^{\infty}(0, \infty;L_{w}^{r}(\Omega))$ , where $L_{w}^{r}$ is
the weak $L^{r}$-vpace; and that

(1.9) holds if and only if $t^{g}2(1- \frac{1}{r})|x|^{n(1-\frac{1}{f})}u\in L_{1oc}^{\infty}(0, \infty;L^{r}(\Omega))$.

See Theorem 2.5 in section 2.
Finally, we give a class of initial data $a$ such that the corresponding strong

solutions satisfy $\mathcal{F}\neq 0$ (or, equivalently, $G\neq 0$). For such data, our moment
estimates (Theorem 2.2) and the time-decay rates (Theorem 2.4) are optimal.
But, we do not know if our class is vacuous or not.

Throughout the paper we assume $n=3$; but we use the notation $n$ to
denote the space dimension. Indeed, our results on strong solutions are valid
for all dimensions $n\geq 3$ and, moreover, our notation (of using n) would be
convenient for the reader to understand the nature of assumptions in our
main results (Theorems 2.1-2.6 below).

2. Notation and Main Results
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We always assume that $n=3$ and that the origin of $\mathbb{R}^{n}$ is in $\mathbb{R}^{n}\backslash \overline{\Omega}$ . $L^{q}(\Omega)$ ,
$1\leq q\leq\infty$ , denotes the Lebesgue space of real-valued functions as well as
that of vector functions, with norm $||\cdot\Vert_{q}$ , and $C_{0,\sigma}^{\infty}(\Omega)$ the set of smooth
solenoidal vector fields with compact support in $\Omega$ . $L_{\sigma}^{q}(\Omega),$ $1<q<\infty$ , is
the closure of $C_{0,\sigma}^{\infty}(\Omega)$ in the norm $\Vert\cdot\Vert_{q}$ . Given a Banach space X with norm
$\Vert\cdot\Vert_{X}$ , we denote by $L^{p}(0,T;X),$ $1\leq p\leq\infty$ , the set of strongly measurable
functions $f$ : $(0,T)arrow X$ such that $\int_{0}^{T}\Vert f(t)\Vert_{X}^{p}dt<\infty$ (obvious modification
when $p=\infty$). $P:L^{q}(\Omega)arrow L_{\sigma}^{q}(\Omega)$ is the bounded projection as defined in
[33], and the Stokes operator $A=-P\Delta$ is the closed linear operator in in
$L_{\sigma}^{q}(\Omega)$ , with (dense) domain $D(A)=D(A_{q})=H^{2,q}(\Omega)\cap H_{0}^{1,q}(\Omega)\cap L_{\sigma}^{q}(\Omega)$ . We
know $that-A_{q}$ generates in $L_{\sigma}^{q}(\Omega)$ a bounded analytic semigroup $\{e^{-tA}\}_{t\geq 0}$ .
Using this we define $v\in D_{q}^{1-1/S,\delta}$ if and only if

$\Vert v\Vert_{D_{q}^{1-1/\epsilon,t}}=\Vert v\Vert_{q}+(\int_{0}^{\infty}\Vert t^{\underline{1}}\cdot Ae^{-tA}v\Vert_{q}^{\epsilon}dt/t)^{\underline{1}}<+\infty$ ,

where $1<s<\infty$ . We need these spaces for specifying our initial data.

Definition 2.1. Let $a\in L_{\sigma}^{2}(\Omega)$ . A vector function $u$ on $\Omega\cross[0, \infty$) is
called a weak solution to problem (1.1) if

1) $u\in L^{\infty}(O,T;L_{\sigma}^{2}(\Omega)\cap L^{2}(0,T;H_{0}^{1,2}(\Omega))$ for all $T>0$ .
2) For every $\phi\in C_{0}([0, \infty);H_{0}^{1,2}(\Omega))\cap C_{0}^{1}([0, \infty);L_{\sigma}^{2}(\Omega))$ , we have

$\int_{0}^{\infty}\int_{\Omega}(-u\cdot\partial_{\tau}\phi+\nabla u\cdot\nabla\phi+(u\cdot\nabla)u\cdot\phi)dxd\tau=\int_{\Omega}\phi(x,0)\cdot a(x)dx$ .

3) $u$ satisfies $\nabla\cdot u=0$ in $\Omega$ in the sense of distributions.

Definition 2.2. Let $a\in L_{\sigma}^{n}(\Omega)$ . A vector function $u$ is called a strong so-
lution to problem (1.1) if $u\in BC([0, \infty);L_{\sigma}^{n}(\Omega))$ and if 2) and 3) in Definition
2.1 hold for $u$ .

Our main results are as follows. The first result deals with the existence
and estimates of weak solutions in weighted $L^{2}$-spaces.

Theorem 2.1. For each $a\in L_{\sigma}^{2}(\Omega)$ , there emsts a weak solution $u$ such
that

$\Vert u(t)\Vert_{2}^{2}+2\int_{\epsilon}^{t}\Vert\nabla u\Vert_{2}^{2}d\tau\leq\Vert u(s)\Vert_{2}^{2}$ (2.1)

$fors=0,$ $a.e$ . $s>0$ , and all $t\geq s$ . Moreover, $ifa\in L^{1}(\Omega)\cap L_{\sigma}^{2}(\Omega)\cap D_{pz}^{1-1/t,t}$

$n+1=2/s+n/p$, and $6/5\leq p<n/(n-1)$ and if $|x|^{\alpha}a\in L^{2}(\Omega)$ for some
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$1<a<n/2$ , the weak solution given above satisfies
$\Vert|x|^{\alpha}u(t)\Vert_{2}^{2}+\int_{0}^{t}\Vert|x|^{\alpha}\nabla u\Vert_{2}^{2}d\tau\leq c$, $\Vert|x|^{\beta}u(t)\Vert_{2}\leq c(1+t)^{-\frac{n(\alpha-\beta)}{4\alpha}}$ (2.2)

for $0\leq\beta\leq\alpha$ and $t\geq 0$ , with $c$ depending only on $\alpha,$ $\Vert a\Vert_{1_{f}}\Vert a\Vert_{D_{q}^{1-1/\iota,\epsilon}}$ and
$\Vert|x|^{\alpha}a\Vert_{2}$ .

As will be seen from the proof, the restriction $\alpha<n/2$ comes from our
estimates on the pressures. But, condition $\alpha<n/2$ is optimal, as mentioned
in Introduction, since our weak solutions behave like $|x|^{-n}$ as $|x|arrow\infty$ . On
the other hand, if $p$ satisfies $G=0$ , where $G$ is the function defined in (1.7),
then $u$ will behave like $|x|^{-n-1}$ . We now discuss the validity of this conjecture.
However, it is now known that condition $G=0$ is closely connected with some
symmetry conditions on $\{u,p\}$ ; so we state our result in the following form.

Theorem 2.2. Suppose $\Omega$ is invariant under the reflection $x\mapsto-x$ . Let
$a\in L^{1}(\Omega)\cap L_{\sigma}^{2}(\Omega)\cap D_{p}^{1-1/s,\epsilon}nf+1=2/s+n/p$ , and $6/5\leq p<n/(n-1)$ .
If $a(-x)=-a(x)$ and $|x|^{\alpha}a\in L^{2}(\Omega)$ for some $1<\alpha<1+n/2$ , then a weak
solution $u$ exists, satisfying $G=0$ and

$\Vert|x|^{\alpha}u(t)\Vert_{2}^{2}+\int_{0}^{t}\Vert|x|^{\alpha}\nabla u\Vert_{2}^{2}d\tau\leq c$, $\Vert|x|^{\beta}u(t)\Vert_{2}\leq c(1+t)^{-\frac{n(\alpha-\beta)}{4\alpha}}$ (23)

for $0\leq\beta\leq\alpha$ .

As shown in [18], $G=0$ is equivalent to (1.9). The result above is the same
as those given in [3] and [9] for solutions to the Cauchy problem.

We next deal with strong solutions and prove the existence of those solu-
tions which decay more rapidly than those treated, e.g., in [7], [8], [11] and
[25].

Theorem 2.3. Let $a\in L^{1}(\Omega)\cap L_{\sigma}^{n}(\Omega)\cap D_{p}^{1-1/\delta,\delta},$ $2/s+n/p=n+1$ , and
$6/5\leq p<n/(n-1)$ . There is a constant $\lambda>0$ so that $\Vert a\Vert_{n}\leq\lambda$ implies
the existence of a strong solution $u$ defined for all $t\geq 0$ such that

$\Vert u\Vert_{r}\leq ct^{-\frac{n}{2}(\frac{I}{\ell}-\frac{1}{r})}$ $(1 \leq\ell\leq\min\{n,r\}, 1<r\leq\infty)$

$\Vert\nabla u\Vert_{r}\leq ct^{-\frac{1}{2}-\frac{n}{2}(\ell}\iota_{-\frac{1}{f})}$ $(1\leq\ell\leq r\leq n)$

(2.4)
$||\partial^{2}u||_{r}+\Vert\partial_{t}u\Vert_{r}+\Vert\nabla p||_{r}\leq ct^{-1^{n}(-\frac{1}{r})}-\tau z1$

$(1 \leq\ell\leq r\leq n/2, r>1)$

and
$\Vert\nabla u(t)\Vert_{L^{f}(\Omega_{\delta})}\leq ct^{-\frac{1}{2}-\S(1_{r})}-A+c_{\delta}t^{-\#}$ $(n<r<\infty)$ (2.5)
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for all $t>0$ , where $\Omega_{\delta}=$ { $x\in\Omega$ : dist $(x,$ $\partial\Omega)>\delta$ }, $\delta>0$ .

(2.4) is given in [18] (see Theorem 1), and (2.5) will be proved in section 5.
The last term in (2.5) comes from a boundary integral in the representation
formula of $u$ , which does not appear in the case of the Cauchy problem.

The result below deals with the time-decay of weighted norms of strong
solutions.

Theorem 2.4. Let $a\in L^{1}(\Omega)\cap L_{\sigma}^{n}(\Omega)\cap D_{p}^{1-1/s,s},$ $2/s+n/p=n+1$, and
$6/5\leq p<n/(n-1)$ . Suppose $|x|^{\alpha}a\in L^{r}(\Omega)$ with $\alpha=n(1-1/r)$ for some
$1\leq r<\infty$ . Then, there is a number $\lambda_{1}>0$ so that $\Vert a\Vert_{n}\leq\lambda_{1}$ ensures the
enistence of a strong solution $u$ satisfy ing

$\Vert|x|^{\alpha}u(t)\Vert_{q}\leq ct^{-\frac{n}{2}()}\frac{1}{r}-1q$ $( \max\{r, n/(n-1)\}<q\leq\infty)$ (2.6)

for all $t>0$ .

For the Cauchy problem, there are strong solutions $u$ satisfying $t^{\beta}\Vert|x|^{\alpha}u\Vert_{q}\leq$

$c,$ $n<q\leq\infty$ , with $\alpha=n(1-1/r),$ $\beta=(n/2)(1/r-1/q)$ and $1<r\leq q\leq\infty$ .
See [23]. Our result above is similar to that of [23] and improves that of [5].
The relation between the space and time decays given above agrees with that
of the Cauchy problem.

We finally discuss the relation between the decay properties of solutions $u$

and the vanishing of the associated total net force, i.e., the validity of (1.9).
Define $V(x, t)=(V_{jk}(x, t))$ by

$V_{jk}(x, t)=E_{t}(x)\delta_{jk}+\partial_{j}\partial_{k}(\mathcal{N}*E_{t})(x)$ , (2.7)

with $\mathcal{N}=c_{n}|x|^{2-n}$ is the Newtonian potential and $E_{t}(x)=(4\pi t)^{-n/2}e^{-|x|^{2}/4t}$ .
Moreover, recall the function $\mathcal{F}(t)=(\mathcal{F}_{j}(t))_{j=1}^{n}$ defined in (1.9). We shall
prove

Theorem 2.5. Let $a\in L^{1}(\Omega)\cap L_{\sigma}^{n}(\Omega)\cap D_{p}^{1-1/\epsilon,s},$ $2/s+n/p=n+1$ ,
and $6/5\leq p<n/(n-1)$ . Suppose $|x|^{\alpha}a\in L^{r}(\Omega)$ with $\alpha=n(1-1/r)$ for
some $1\leq r<\infty$ . If $\Vert a\Vert_{n}\leq\lambda_{1z}$ the strong solution obtained in Theorem 2.4
satisfies

$\Vert|x|^{\alpha}$ ($u(t)-V(\cdot, t)$ . $\int_{0}^{t}\mathcal{F}d\tau$) $\Vert_{r}\leq c(1+t^{-\frac{n}{2}(1-\frac{1}{r})})$ for all $t>0$ . (2.8)

This implies that $t^{g}2|x|^{\alpha}u\in L_{1oc}^{\infty}(0, \infty;L_{w}^{r}(\Omega))$ and

$t^{\frac{\alpha}{2}}|x|^{\alpha}u\in L_{1oc}^{\infty}(0, \infty;L^{r}(\Omega))$ if and only if (1.9) holds.
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To see that (2.8) is in general optimal, we need to $co$nstruct a velocity field
$a$ for which the corresponding solution does not satisfy (1.9). To this end,
the following result would be useful. Let $\nu=(\nu_{1}, \nu_{2}, \nu_{3})$ be the unit outward
normal to $\partial\Omega$ and consider the functions $h_{k},$ $k=1,2,3$ , satisfying

$\Delta h_{k}=0$ , $\partial h_{k}/\partial\nu|_{\theta\Omega}=-\nu_{k}$ , $|h_{k}(x)|=O(|x|^{-1})$ $(|x|arrow\infty)$ .

Now, we know ([30]) that if $a\in L^{1}(\Omega)\cap D(A_{2})$ , a (unique) strong solution
$u$ exists at least locally in time, satisfying $\Vert u(t)-a\Vert_{H^{2,2}(\Omega)}arrow 0$ as $tarrow 0$ . In
this situation we prove

Theorem 2.6. A strong solution $u$ and the associated pressure $p$ satish
(1.9) if and only if

$\int_{\partial\Omega}(\partial_{\nu}u_{k}+\partial_{\nu}u_{i}\cdot\partial_{1}h_{k})dS_{x}+\int_{\Omega}(u_{i}u_{j})\partial_{ij}^{2}h_{k}dx=0$ for all $k\in\{1,2,3\}$ .

Therefore, if $a\in L^{1}(\Omega)\cap D(A_{2})$ satisfies

$\int_{\theta\Omega}(\partial_{\nu}a_{k}+\partial_{\nu}a_{i}\cdot\partial_{i}h_{k})dS_{x}+\int_{\Omega}(a_{i}a_{j})\partial_{ij}^{2}h_{k}dx\neq 0$ for some $k\in\{1,2,3\}$ ,

then the comesponding $\{u,p\}$ does not satisfy (1.9). In particular, if $a\in$

$C_{0,\sigma}^{\infty}(\Omega)$ and

$\int_{\Omega}(a_{i}a_{j})\partial_{ij}^{2}h_{k}dx\neq 0$ for some $k\in\{1,2,3\}$ , (2.9)

then $\{u,p\}$ does not satish (1.9).

Let $\Omega$ be the exterior to the unit ball, and so $h=-c\nabla|x|^{-1}$ . If

$a(-x)=-a(x)$ ,

the corrosponding $\{u,p\}$ satisfies

$u(-x,t)=-u(x,t)$ , $p(-x,t)=p(x,t)$ .

Direct calculation then gives

$\int_{\theta\Omega}(\partial_{\nu}u_{k}+\partial_{\nu}u_{i}\cdot\partial_{i}h_{k})dS_{x}+\int_{\Omega}(u_{i}u_{j})\partial_{ij}^{2}h_{k}dx=0$ for all $k\in\{1,2,3\}$ .

Hence, (1.9) holds by Theorem 2.6. However, by now we have no examples
of $a$ satisfying (2.9).
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Theorems 2.1-2.2 are proved by establishing necessary estimates for ap-
proximate solutions which are uniform in approximation parameter and then
invoking the fact that our weak solutions become strong after a finite time.
Theorems 2.3-2.6 are obtained by directly estimating the strong solutions
whose existence is now well known. In dealing with strong solutions, we
freely make use of the results obtained in our previous paper [18]. Detailed
proofs are given in [21].
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