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On d-dual hyperovals in PG(2d, 2)

FEMEIRAE AR (Hiroaki Taniguchi)
Takuma National College of Technology

1 FC&IC

HRZER PG(m, 2) ADBERTTANHEIIY (dimensional dual hyperoval, DHO)
(& C. Huybrechts & A. Pasini R]ICEDUTDOXSICEBEENE L.

7E# 1 (DHO). A family S of d-dimensional subspaces of PG(m, 2) is called
a d-dimensional dual hyperoval in PG(m,2) if it satisfies the following con-
ditions:

1. any two distinct members of S intersect in a projective point,

2. any three mutually distinct members of S intersect in the empty pro-
jective set, '

3. the members of S generate PG(m,2), and

4. there are exactly 29! members of S.

C O T, BHE (quasifield) A S E NIz ERTTIOHEIRR. D
T & ICHHE (nearfield) H SRR EN S DHO GCDL‘T%gbiﬂf.

T 2 (#EfK). An algebraic structure (Q;+,0) is called a quasifield if it
satisfies the following conditions:

(1) Q is an abelian group under + with identity 0,
(2) foralla€e Q,a00=00a=0,

(3) there exists an element 1 € Q\{0} such that loa =ao1l = a for all
aeq, |
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(4) for all a,b,c€ @, (a+b)oc=aocc+boc.

(5) for a,c € @ with a # 0, there exists exactly one z € @ such that
aox=c and :

(6) for a,b,c € Q with a # b, there exists exactly one z € @ such that
zoa—zxzob=c.

#4& (near field) & 03.’;, % o ICRE L THAERID'E Y L DBH&ED T L TY.
¥ 72264k (semifield) &1, ESEERIVRDIIDOBHADZ LT, & 20
A ST X S i UTHEZEM PG(2d,2) RD d RITIEINEAMERR
TEXY.

R 1. Let d > 2. Let (Q;+,0) be a quasifield of characteristic 2 which
is a (d + 1)-dimensional vector space over GF(2). We fix an isomorphism
¢ : Q = GF(2%) as a vector space over GF(2) which sends 1 € Q to
1 € GF(2¢+1). We denote by Tr the trace function from GF(2%+!) to GF(2).
Let o be a generator of the galois group Gal(GF(2%+1)/GF(2)).

In Q® Q\{(0,0)} = PG(2d+ 1,2), fort € Q, let

X(@t)={(z,(zot)" +zot) | z € Q\{0}}.

Then S(Q) := {X(t) | t € Q} is a d-dimensional dual hyperoval in PG(2d,2)
where PG(2d,2) = {(z,y) | z,y € Q,Tr(y) = 01\{(0,0)}-

RO EEMIEROEHROAOMEBELZNATAI LT, i, ¥
FEH SR E NS DHO OFBEHEIC DV THLERLET.

TEIR 1. Let (Ny;0,+) and (Ny; *,+) be nearfields. If S(N:1) is isomorphic
to S(N3), then (Ny;o,+) is isomorphic to (Ng;*,+).

Fre 2N ANEY XESn =22-1Tqg=2 (72U | = p,2p,4p,8p,...)
7z S IERIE g DWEDORBRENIERICT K TAFEL 3], Thickdiw,
COEEE O AMTHRVWDHO BRI CABEET S LHDMDET.

2 KilzacRRE

BENSHE 1 OKSICLTERS N/ DHOKKIE, UTOXS KX E
CRENEELEY.
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%R 1. For b € N\{0}, let us define an automorphism my, of PG(2d,2) as
follows;

my((z,y)) = (z0b71,y).

Then, my is a automorphism of the dual hyperoval S(N), which satisfies that
mp(X(t)) = X(bot) and that my(X(0)) = X(0), where X(0) := {(z,0)|z €
N}. Hence we see that the multiplicative group (N\{0},0) acts regularly on
S(N\{X(0)}.

LEDEEERI, ROBWEICL > THBMISNhET.
#iRH 2. Let U be an automorphism of S(N) defined by
Y((z,y)) = (f(z),y),

where f is some GF(2)-linear mapping. Then there exits non-zero element
bin N such that f(x) = xz o b~!. Therefore, we have ¥ = my for some
b e N\{0}.

3 EE 1DIFADHIE

Cooperstein-Thas [1] I X % PG(2d,2) I35l % d k7T DHO DROKEFT
MNHBBOTIERICEIHND ET.

8 2. The subset
PG(2d,2)\ U {the points on the members of the dual hyperoval}
is a (d — 1)-dimensional subspace in PG(2d,2).
BROEBRLTWARMCYTIEHNIE, RDOESichDET.

R 1. Let S(Q) = {X(¢t) | t € Q} with X(t) = {(z, (zot)°+zot) | z € Q\{0}}
be a dual hyperoval constructed from a quasifield Q. Then, in PG(2d,2) =
{(z,9) | =,y € Q,Tr(y) = 0}\{(0,0)}, we have

{(0,9) | y€ @,y #0,Tr(y) = 0} = PG(2d, 2)\ Useq X (t).
INBickY, AEEBEROENROBEDLSICEBET LD ET.
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fEiRE 3. Let (Ny;0,+) and (Ng;*,+) be Nearfields. We regard that the am-
bient space PG(2d,2) = {(z,y) | z,y € N,,Tr(y) = 0} = {(z,y) | z,y €
Ny, Tr(y) = 0}. If dual hyperovals S(Ny) and S(N2) are isomorphic by the
automorphism of the ambient space ® : PG(2d,2) — PG(2d,2), we may
assume that ® is represenred, using some GF(2)-linear mapping a(z) and

d(y), as follows:
2((z,9)) = (a(x),d(y))-
28D MFRIEEERE OERICDOVWTIR, UTOMENKDIUIBET.

8 3. Let (Ny;0,+) and (Ng;*,+) be nearfields. Let the dual hyperovals
S(N,) and S(N;) are isomorphic by the mapping ®, then there is a group
isomorphism 8 : (N;\{0},0) — (N;\{0},*) such that, for any b € N;\{0}
and for any X;(t) € S(N1), we have |

®(mp(X1(t))) = ma) (B(X1(2)))
ChoZRWET &, ETEHOMANROX S ITHRET.

TEE 1. Let (Ny;0,+) and (Na; *,+) be nearfields. If dual hyperovals S(N)
and S(N) are isomorphic, then (Ni,0,+) and (Na, *,+) are isomorphic.

Proof. We assume that dual hyperovals S(N;) and S(N,) are isomorphic
by ® Hence, we may assume that ®(X;(0)) = X32(0). Therefore, ® is
represenred as ®((z,y)) = (a(z),d(y)) for some GF(2)-linear mapping a(z)
and d(y). Moreover, we may assume that ®(X;(1)) = X2(1). We define p
by ®(Xi(t)) = X2(p(t)). Then we have p(0) = 0 and p(1) = 1. We have

O(mp(X (1)) = mee) (P(X1(2))) (1)
using the group isomorphism N;\{0} b+ 6(b) € N2\{0}. Since
®: X,(t) 3 (z,(z0t)” +zot) = (a(z), d((z01)” + z0t)) € B(Xa(2)),
and by the equation (1), we have
d((zob ™t (xot) +zot)) = (a(z)*6(b7"),d((x o t)” +z0t)),
hence, by ®((z,y)) = (a(x),d(y)), we have
a(z 0 b~1) = a(z) * 6(b7Y). (2)
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On the other hand, since ®(X;(t)) = X3(p(t)) and since Xz(p(t)) = {(z, (z *
p(t))° +x *p(t)) | x € N,\{0}}, we have

(a(z), d((x 0 1) + z 0 1)) = (a(z), (a(z) * p(t))” + a(z) * p(t)),

hence we have d((zot)? +zot) = (a(z) *p(t))? +a(z) * p(t) for any = and ¢ in
Nji. Since p(1) = 1, we have d(z? + ) = a(z)? + a(z) if we put ¢ = 1. Since
d is a linear mapping, if we put z = 1, we have a(1)? + a(1) = 0. Since the
mapping a induces the following GF'(2)-linear isomorphism of d-subspaces
X1(0) and X3(0);

®: X1(0) 3 (z,0) — (a(z),0) € X2(0), (3)

we have a(l) # 0, hence we have a(1) = 1. Now, since a(l) = 1, we
have a(b~!) = 6(b~?) by the equation (2) if we put z = 1. Hence we have
a(z) = (x) for x € N, if we define 6(0) = 0. Therefore, by the equation
(2), we conclude that a(z o y) = a(z) * a(y) for any z,y € N;. By (3), and
since X(0) = {(z,0) | z € N;} and X3(0) = {(z,0) | z € N,}, we see that
the mapping a induces an isomorphism a : N; & N; of vector spaces over
GF(2). Since a(x o y) = a(z) * a(y) for any z,y € N;, and a induces an
isomorphism from N; to N, as vector spaces over GF(2), we see that the
mapping a induces (Ny;o,+) = (Ng; *,+). a

4 FHEHLSEBMENS DHOICDWNT
E®, 3. Let (Q; +,0) be a quasifield.
(1) The set |
K(Q) == {a € @ | ao(zoy) = (aoz)oy, ac(z+y) = aoz-+aoy,z,y € Q)
is called the kernel of Q. We note that K(Q) is a subfield of Q.
(2) The middle nucleus N,,(Q) of Q is defined as:
Np(@Q):={n€Q|zo(noy)=(zon)oyforall z,y € Q}.
We note that N, (Q)\{0} is a subgroup of Q.

—ROBUAD L EN S DHO ICBNTE, RD MFilxECSFEE) B
FELEY.
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FHRR 4. Let (Q;+,0) be a quasifield, and S(Q) a dual hyperoval constructed
from Q. Let b be any non-zero element of the middle nucleus Ny, (Q)\{0}.
Inside PG(2d,2) = {(z,y) | z,y € Q,Tr(y) = 0}\{(0,0)}, let us define the

mapping my as follows:
mb((xa y)) = (117 °© b—l: y)'

Then my, is an automorphism of S(Q). Moreover, we have mp(X (t)) = X (bo
t), and my(X(0)) = X(0). Thus, the group Np(Q)\{0} acts semi-reqularly
on S(@\{X(0)}.

Ele, TOHCRBEREROE S ICHBHIIGNET.
R 5. We assume that K(Q) 2 GF(2). Inside PG(2d,2) = {(z,y) | z,y €
@, Tr(y) = 0}\{(0,0)}, let ¥ be an automorphism of S(Q) defined by
¥((z,9)) = (f(z),)

where f is a GF(2)-linear mapping. Then we have f(z) = zob™! forb €
N (Q)\{0}. Hence ¥ = my for some b € Ny, (Q)\{0}.

COFBTIDNEE LT, LIC¥ENSBR I NS DHO AFIEI TR
WZ EDHEICRDRIMEZ F 7.

F 2. Let Si and S, be semifields. We assume that K(S:), K(S2) 2 GF(2).
If dual hyperovals S(S;) and S(S;3) are isomorphic,
then the groups Ny, (S1)\{0} and N (S2)\{0} are isomorphic.

INEVRIE|S1| = |S2| =16 TUDE |Np(S1)| # | Ne(S2)| &% %4k S,
Se MBHBDT, ¥EHSEBRENS DHO TREHTHEVWEDONIERICELH
BT EMNHREEINET.
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