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PARTITIONING A STATIONARY SET IN P()\)
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Nagoya University

ABSTRACT. A 2B TRVWKELTS. § C P(A) X P(A) T stationary &i, f£KD
FilAY 2 ARMLThHBzESTaE AND fis Cz LR BLOREET B2 LTH
5. TORXTIL P(A), #ic A A uncountable cardinal A DFED P(A) Lo stationary
set DERMRIWERME R T S: S C P(\) » stationary ¢, & 5 regular uncountable
cardinal K S AT {z € S: z Nk € k} ¥ stationary CHBHLT5. ZDL ¥, Sk x@D
E\VNZ 72 stationary set IZOWAETH 3.

1. %A
7, ETRVWEE AITXL T, P(A) L0 stationary set OBt &% BAT 5:

Deflnition 1.1. A 2ZE TRV HEAELT 3. S CP(A) # P(A) T stationary & i3, &
D f A —» ARKHLT, bBaeSTagAdo f]<v Cz ki BbOREET S
ZLETHhHB.

ZODOEMIX, HD5—RERVT Woodin iZ & 5 stationary tower forcing ¢ stationary &
FL bDTH S (stationary tower forcing {22V T Larson [10] 2 8M): Woodin iz £ 5
stationary Tix {A} IX P(A) L stationary set T 5%, B4 DEETIXE 5 TIE22W.
{A} 1% B B2 IR T stationary TH 323, 3RE {A} OMEIIFHHICHMTHY Zhil Sy
T LENTERY. LoTZORXTIIME {A} iX stationary & iXL 220>,

%7z, {A} % stationary & RARERVWI LITE Y, ANWATHRHIT P(A) LD sta
tionary set IZTEEEL RV b3, Lo T, RLIILIEIETHRS LoD stationary set,
%2 uncountable cardinal L stationary set D& 5 Z & iZ¥ 5.

Sz EBL 7= stationary OBESIX, RO BT AY72 stationary DBEEDO—RILIZ /2>
TWS:

Fact 1.2. (1) regular uncountable cardinal K & S C wiZXL T, S A% (T BRAY2 Wbk
T) kT stationary < S 2B RLDEKT) P(x) T stationary.
(2) regular uncountable cardinal , ordinal v 2 KIZHL T, Pey={x Cv:|z| < &}
LFB, ZDEESCPITHLT, S (Jech [8) DEBRT) Pyy T stationary
<> {z €S:xNk € K} A P(y) T stationary.

& T, WiTHHLAY7R stationary set IZH L CTE<MBbATWAEHETH 3.

Fact 1.3. k% regular uncountable cardinal, v 2 kK &1 5.

(1) (Solovay [12]) & ED/EMD stationary setid, x BDEV M IIR stationary set i
FVFETHD.
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(2) (Gitik [7]) Pxy LOEED stationary setid, « ED stationary set (T3 B FRET
»H5.

XY, ROLST2BRZEBMNREL %: P(A) Lo stationary set SIZHL T, Six
{AIE D stationary set IZ 3B FTRET &H 3037
Burke iZ Z ORI L THRD & 5 R 2EE L/

Fact 1.4 (Burke [2]). A % uncountable set &4 %. Z D& & P(A) kD stationary setix
ZODEWZ R stationary set ITABFETH D, Lo THITHBICOWTETHD.

ZORMIXTIE, RLZFETHER N ICAT 5 P()\) L stationary set D4 RICBAL T,
ERLRIROERLERAT 3.

Definition 1.5. P(A) £ stationary set S & cardinal p IZ3fL T, Part(S, u) KD X
SRRERETS: ST u BOEVVTHE/L stationary set ICIBITRETH 5.

Theorem 1.8. \ % uncountable cardinal & L, S % P(A) @ stationary set £ 35. k<A
% regular uncountable cardinal L L, {x € S : x Nk € K} ¥ stationary THHETH. =
DL &, Part(S, k) BARILTB.

P(\) Lo stationary set S 123 L T, regular uncountable cardinal K < AT {r € S:
TNk € K} 2% stationary L7223 b DR HITHFETHZ LITER.

2. E#8, HE

— Y72 E#, M Kanamori [9) i29€ 5. 7, generic ultrapower & P(4) LD
stationary set D EAMERIZ OV Tix Larson [10] 2 BHH L.

ZOMIXEZBEL T, A IZWIC uncountable cardinal, x i regular uncountable cardinal
E¥RTLOL TS, £, P(A) LD stationary set 2% 5 & EII¥IC AIXHETRRETDH
B LRET . i, stationary set § C P(A) IZHL T, P(A) BN LHALNRL i
“P(A) T BOEREELEML BT “S i stationary” & #<.

Reg % regular cardinal 2057223 class £ T 5.

RS A & C C P(A)IKKHLT, C 3 P(A) D club &iidh 5 function f : [A]<Y —
ATC={zCA: fa]<¥ Ca}eRBZLTHSB. T clubid strong club &FHIh
BTLbdD.

Wix Hy D elementary submodel iZB83- 2 EARNEETH D.

Fact 2.1. @ % regular uncountable cardinal, M < (Hg,€) &3 5.

(1) ordinal o € M T MNa € a 2572 bIX, a iX regular uncountable cardinal T
Y, VzeM(z|<a=>zC M)MBBEIYTD.

(2) NEFESR B € MITHL, ot(M N BT) <ot(MNB)T.

(3) FEFMME Ae M L PA)DclubCeMITHL, MNA# ARRBIE MNAEC
Ths.

» BEESI I well-order B A-TWBHHTWOME M = (B,€,...) Lz C BitH
LT, SKM(z) # 2 ® MIZ X% Skolem Hull & ¥ 5.

= DRICTHE, ideal iX A IC 4EIRMA D non-principal proper ideal £ 3%. A £ ideal
oL T, I* % I @ dual filter, It = P(A)\ I £ ¥5. IT Ok I-positive set & bFF
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Hhs. X eIV KL, IX 288 (Y e YNX €I} 245, IIX 12 TU{A\ X}
Lo THEREN D ideal & 725,

ideal I'lzL T, Pr = (I't, C;) % HE¥EAY72 generic ultrapower poset £33, Z 2T C;
XX C Y <= X\Y cICEBSNTINS.

3. STATIONARY SET D EFAMK

T OffiTIX stationary set IZBIT 2 EAMNREREWMS. COMTHEIIZLAL OH
WXMETH 558 H D stationary set (2T 2N LB/BOLN B HLDOTHBDOT, THIT
BRI EIET 5.

Lemma 3.1. § % P(A) @ stationary set L §5. D& & |JS = A.

Lemma 3.2. £5 A ¢ SCPA) AL, RiZFETH 3:
(1) S 1% P(A) T stationary.
(2) fEED function f: [A]Y = [A][YIZHLTreSTas# Ao fYe]<¥ Ca
ERDBHLONBEETS.
(8) 6 % regular cardinal T A€ Hy 722MEL, RCHy kT3, M < (Hp,€,R) T
MNA#£APDOMNAESLRBLONREETS.

Lemma 3.3. Sy, 51 # P(A) LD non-stationary set L +5. ZDL& SoUS b non-
stationary TH 3.

Lemma 3.4. ACB %##&¢ 353,

(1) B D P(A) O stationary set S (J\']‘L‘C fycB:ynAde S} kPB)T
stationary T&H 3.

(2) P(B) O stationary set TIZHL T, bLVyeT(yNA# A) L2525 {ynA4:
y € T} iX P(A) T stationary TH 5.

Lemma 3.5 (Fodor’s lemma). § C P(A) % stationary set &35, Z DRHEED function
f:8§>ATVz € S(f(z) €Ex)RBHbDITHLT,ac AT{z €85 : f(z) = a} A%
stationary L2 5 b ONRFEETS.

Lemma 3.6. X\ % singular cardinal & §5. ZO, EE X = {a:a <A} C P X
non-stationary TdH 5.

Proof. £ 5 T2\ ¥ 5. 6% K%72 uncountable cardinal £ 3 %. Lemma 3.2 XY,
M < (Hp,€) TCAEM PO MNAKALRDILONFETS. ZDL & Fact 21 &Y A
I3 regular TR < TR L2V, ZTNIFETH 3. [}

Lemma 3.7. S C P(\) % staionary set £35. Z DL & regular uncoutable cardinal
Kk<SAT{zeS:2Nk €K} stationary L72BLDONTEETS.

Proof. K&\ regular cardinal § # ElE7 3. Lemina. 32X9,8={reS:3M, < (Hy, €
y A (Mz N A =)} Id stationary THD. F 2 € S IZHL T, ke E Mz T My Nkg € kg &
RELDEBE. ZDLE Kk, < ADD, Fact 2.1 £V, K 13 regular uncountable cardinal
Th3.

bL {z € § : Kz = A} 2% stationary 72 &%, X 235R¥ 5 regular cardinal T 3.
bL S = {z € & : ky < A} # stationary 72 5iF, Fodor’s lemma £ b k < A\ T
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{z € §": Ky =K} 7 stationary L2 D LDONREND. TOLEZD K BRDBZLDTH
3. O

Lemma 3.8. P()\) DERED stationary set SIZHL T, |S| > A THDB. i, §H
{z C X : sup(z) = A} D statoionary subset 72 51X |S| > AT TH 3.

Proof. % cardinal py < AT |S|=p <A sR22oTWNDHLTE. LERDL SEHIZZ LT,
fEE D stationary set T C SIKHML T |T|=p LizoTWBHLELTLV.

BHL So:={ze€S:|z| <p}a stationary 261X, |USo| Sp <A £oTUSe#A L
Y, FRENBEL .

H L So » non-stationary 25X, S; := {r € S : || > u} A stationary & 72 5.
ISil=p 2> HzeS1ITHLTlz|>p&R3DT, RO X SITL T injection f : S —
ATVz € S51(f(z) € ) L22bDMTE DA, Zhid Fodor’s lemma 2K ¥ 5:
(ze : € < p) % S1 @ enumeration &3, f% & < piZP8¥ % inductuion TEHTS.
fi{zg i n < E}VBEBENTLTD. E<pu<|zg| THDIDT, fYzp:n <€} #x¢. Lo
Ta€xe\ fYzy :n <EBBR, f(ze) =a L THIZLW,

WiZ, S C {z C A:sup(z) = A} LRETS. bL |G| = A720IE, bijection7: 5 = A
ZEWY g: 5 - A% g(z) = min(z \ n(z)) &£ €T 5. Fodor’s lemma #HBUES Z LI
EV,a< AT {z€S:g(z)=a}d stationary L2 5. ZDL & {ze€S5:g9(z)=0a} C
{zeS:nx)<a}l, 2T {reS:g9(zx)=a}| <|a| <A THNIXFETH 5. O

= =, P(A) L® normal ideal D&% BAT 5.

Definition 3.9. I C P(P(A)) 2% normal ideal over P(A) LiZREWTZ L L T%:
(1) I iX proper ideal over P(A4).
(2) EEDz CATRLT {z} el
(3) EBDacAITHLT{zCA:agz}el
(4) I % diagonal union IZBIL THALTW3: £B®D (X, : a € A) € ATIZHL T,
VeeaXa={zCA:Taez(ze X,)} el
(4) 1I&D (4) LFHETH B Z LX< ICor %!
(4 EBDO X e IT LIEROMM f: X - ATVz € X (f(z) € z) W= bOITH
LTC,a€ AT {z€X:f(z)=a}elt LB HLDRENS.

Definition 3.10. NSp(4) % P(A) £ non-stationary set £ &3 3.

Lemma 3.11. (1) NSp(y4) X P(A) LDOB/ND normal ideal TH S .
(2) P(A) LOERD normal ideal 1 o-complete TH 5.

Lemma 3.12. § C P(A) % stationary L +5. DL, EROFTEMBD function
A 2 AM<w) ITRHLT,2€ST s APOVREw (‘] Cz) &225H
DRFETS.

Z Z T generic ultrapower iZ B3 3 IRBARERICOWTHRTS. [ % P(4) Lo
normal ideal & 3%, G % (V,P;)-generic filter L §5. ZD& &, G iX V-normal ultrafilter
TH5:

(1) £BD X € (P(P(A))V THLT, X eGH» (PA) \X € GDE LL1—FHHN
ALY 5.
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(2) EED X € G LEERD P(A) LD function f €V TVz € X (f(x) €ex) 2B HD
LT, Hd2ac AT {zeX: f(z)=a}eG LR3.
(1) &9, G ZRAVWV @ ultrapower 23 V[G] THRFTRETH 5. U(V,G) = (V*,&*)
Z V O GIZ X % generic ultrapower &%, Z D& X, generic elementary embedding
J:VaV*RBj(z)=cclc LEBRTED. ZIZ T ix Bz #BB P(A) LD constant
function T& Y, [flg iX f ? equivalence class (modulo G) CH 3. Z DL %, £ED
formula @ (TR L T (V*,€*) F o([folg,...»[fnle) <= {z C A: p(fo(z),..., fa(z))} €
G holds. M3FRILT 5.
zeV*IZHLT,ext(z) ={a€V*: V*Fa€*z} &F5. KIZ G D V-normality X ¥
/BON%:

Lemma 3.13. id % P(A) L identity map £ +5. ZD & & ext([id]g) = {[cs]g : a €
A} = j“A.

I 3 precipitous & (XEED (V,Pr)-generic filter G iZxL T, Ult(V,G) 2% well-
founded &£ 725 & THB. b L Ult(V,G) 38 well-founded TH 3 & 1% Ult(V,G) & Eh
? transitive collapse (M,€) #R—8R T2 LicT5. ZDL % [idlg = j“ABRILTS
TEITER.

Foreman [6] IZ & %R ® disjointing property i normal precipitous ideal DAEFTIZH
ATdhs:

Definition 3.14. I % ideal over P(4) &3 5. I #¢ disjointing property % b &3,
EE®D P @ antichain AL T, {Ca: A€ A} CI*T{ANCy: A€ A} REVIZI
LRDBDONRFETIHIZLTHS. ‘

KD lemma DOHEAIT [6] Z BT K.

Lemma 3.15. I % normal ideal over P(A) & ¥ 5.
(1) I 23 disjointing property & b 272 G, I'iX precipitous 1> DEED (V,Pr)-generic
GIZHL T UV, Q) 12 VGl o TR E |4]Y oFlicBLTHL T3,
(2) b L I 2% |A|*-saturated 2 5, I iX disjointing property % .
(8) cardinal u < |A|WZHL T, I 23 p-saturated <= E\VMNZ X722 u fBD I-positive set
IFEL 220,

TIT, MEOTDICROERTEATS.

Definition 3.16. I % normal ideal over P()\) &7 5. regular uncountable cardinal
K < AN IO critical point LiIX {z CA:zNKeER}eIT LRBZLTHDB. ait(l) %
I @ critical point &+ 3 5.

P(X) @ stationary set S IZX L, k 3% § O critical point TH % Lid k 28 NSp(y)|S D
critical point TH B Z & TH 5. crit(S) = crit(NSp(y)|S) & B<.

crit(l) IXWIZE TRV LITEER.

Lemma 3.17. normal precipitous ideal I over P(A)IZHL, s € crit(l) &L G % (V,P;)-
generic T {z CA:ZzNKERIEGCRDBHLDLTS. j & GIRIVERSN S generic
elementary embedding & 5. Z D& & j D critical point 1X sk THB. TROL, HFa<k
L TiX jla) =a 728 jk) >k &i23.
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Lemma 3.18. I % normal ideal over P(\) &L, k € crit(J) &T3. ZDEL & I|{z:
TNk € K} I Kk-complete TH 5.

Proof. J =Il{zx : 2Nk € K} L TB. y<rwé& (Xe: €<y €] 2ERCEA.
X=Ueer Xe b L, X €JT LIRELTHS. {z:2NKER}ET* THIDT, Y i={z€
X:yCa eI BRIATS. ZITf:Y 7% fla) Ve X LRBJFANDE<y L
RBEXIEETSD. fid regressive, Lo THH <y T {z€Y: f(z)=¢}elt i
5. cOLE{ZEY: f(r) =€) C Xery T Xer € I+, ZHIRFETHB. O

Lemma 3.19. S C P()\) % stationary set &L, k € crit(S) &T5. ZDL EEED
FiAYa2PACRHLTzeSTanNwen oY SfYz]W Cz L RDLDNRTFET S.

Proof. K&\ regular cardinal § #HET 5. {z € S: zNk € k} A stationary 2DT,
M < (Hgp,€) TAMKFTEM,MNAES, MAA£ZADD MNKE K LRDLDONRENB.
TITSEMNINVYERS. ZDLE f(S)eMTHY, DD |f(s)| <k, MNKEKR
DT, fE)SMNABRIETS. ToTUFYMNANYCMNALRS. m]

Lemma 3.20. )\ ¥ regular cardinal, I % normal ideal over P(\) £ 3. BB <A T
{z:zNrer}el* L72oTEBY, > I k-saturated THDHLTB. ZDL ¥,

(1) {x C A: z i% sup(z) D o-club} € I*.
(2) (BEDEBKRTD) stationary set E C {a < A:cf(a) =w}iZHLT, {z CA:
E Nsup(z) iX sup(z) T stationary} € I*.

Proof. £ ® (V,Pr)-generic G # BV, V[G] CHRT 5. I it s-saturated »2 A > &
72DT, I iX precipitous CTHd. j: V - M %2 G X Y £ SN 5 generic elementary
embedding & 3°5.

I D k-saturation £V, M X V[G] T A-FUICBIL THL TW3. 7%, {z:sNK €K} €G
72T j O critical point IX £k TH 5. WHBRILT 5, Tz O M OMAEERT s28 j
? critical point THHZ & LV ITITIMETE 5.

(a) fE®D ordinal a XL, L (cf(e)V ] = w 251F (cf())M = (cf(a)Y = w.

(b) {EED ordinal a T (cf(a))Y =w &R B HDIZHL, j(a) = sup(j“a) TH 5.
(1). j“A 2% o-closed THBZ & E#REE+HTH S, THEFRTREDIC, a C jA T
Cot(a) =w ERBLDEERBD. b=j"1% L BL. BOMNIT ot(d) = w THB. a =sup(a)
PO B=sup(d) L T5. ZDLE V|G Tcf(Bf)=w tBRBDT, VTHLEIRL2TWNS,
BIZ B < ATHB. j(B) = sup(j“B) = sup(j“b) = sup(a) = o, £ >T sup(a) € j“\ &
%,

(2). stationary set E C {a < A : cf(a) = w} W35, j(F) Nsup(j“A) 2% stationary
in sup(j“)) THHZ L EREIE LV, Pr iX kcc. ZMAETOTC, EX V[GITH AD
stationary set DEET3H 5. j(E)Nsup(j“A) 2 stationary T2 Z & T 7, sup(5“A)
D o-club C ZERIZERD. j4)\ iX o-club 20T, C CjA LRELTX\W. D =j1«C
L #3<. Dix A Tunbounded T&H 5. E A% stationary Z2DC, o € E T a € lim(D) &
RBLOBENS. £2T jla) € j(E). &biT, a € im(D) »»> C iX o-club 20D T,
sup(j“a) € C 2> sup(j“a) = j(a) € CHRIULTS. £-T jla) € J(E)YNCTHS. O

B %I, projection ideal DA% WA T 5.
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Definition 3.21. I % normal ideal over P(A) &3 %. uncountable subset B C A T
{xCA:2NB# B} eI* L 2oTWVBHLDIZHL T, projection ideal of I onto B
EREMWMIZTY C P(B) 2kt T5: {r CA:2NB €Y} el pp(I) % projection
of I onto B & RTHD LT 5. pp(l) % normal ideal over P(B) & 725 &, RIX I #
p-saturated 72 51X pp(l) b u-saturated THBZ LIZTTITHNM B,

4. REH

Z# &Y Theorem 1.6 DREFAIZAS. BERIZKE K Zon WAz 5. £, P(A)
7 stationary set S 2% EM LR/NDOMBEEE b o TV 572 5T Part(S, 5) BRI T B L %
Y. WIZ P(A) LD normal ideal TV saturation Z b2 b DR HIIT, TN L xED
ideal ® measure one set TER LB/ OREL L S>LOREET I LERYT. Do
ZHbOET, EEEERTS.

Proposition 4.1. S C P()) % stationary set £ T 5. k € crit(S) IZHL, ROY b5,
BRILTWBET5:

(1) |S|= A, ¥%iX
(2) A 1% cf(N) < K 72 % singular cardinal TVy < A([{zNv:z€8,v€x} <)) &
RoTN5,

ZDEE Part({z € S:zNk € k},6) BRAULTS.

Proof. X BRLIT SEBIAZLIZLVEEDzeSIZHLT zNkeRLRoTNBEL
TL.

=7 (1) ZIRETS. bijection 7 : S - A2 —2BETS. F e SITHL, S; =
{fynz:yeSnly) ez, yNu<zNHC P) &BL. 1 ={zr€S:5 2 P)T
non-stationary } &3 %. ¥£7 T} »% stationary T3 = & 2R

Claim 4.2. T} X stationary.

Proof of Claim. fEBIZ f: A<V 2 AZMB. 2 €I T f]V Ca tR2BbDRELE
V. ET, ATRMEO function (fp i n < w) # n < wiTBT B induction CEHT S,
D fo=f
(2) A: A2 DV RZROLSIZERT D: a< AITHL,
(a) BL 771 (a) % folTBAL THL TWARWVWARLIE, fi(a) i [ Y)Y 0T s
T fo(s) ¢ vl a) LRRoTVBHLDLET B,
(b) BL 7~ l(a) 2% folcBAL THL TWARBIZ, fola)=0&33.
B) o: A2 A ERDIDICEETS: a<ATHLT,
(a) bL 7 Ha) # fr ML THAL TWRWERLIE, fi(e) X1 Y a) DT 8 T
hB) € i(a) EroTWBE LD LTS,
(b) BL 7-1a) 2 fLICBLTHMLTWARBIE, fo(a) =0 &1 5.
(4) n>1RHLT, fodBdom(fn) = A LROTWVIXSITEHSNLTWVBETH,. =
DEE for1 A= A BROE HICEBETSB: a < ATHL,
(8) bL 11(0) 2% fo IKBIL TR TWARWRBIE, fa(a) iF 7-1(a) DT BT
fa(B) g 70) L2 o TVBLDETS.
(b) bL 7 1(0) 2% fp ICBL THIL TV AR EIE, fari(a) =0 &35,
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Lemma 3.12 £V, 2€ STz BNETD fLiZBL TAL TWALOREFEETSD. 2* € S
T, NEBEDE IR BODPTR/ITHIBOEEMD. ZDLE, A£ED ye SITHEL
T,HL yNe<c* N R26IEDDZIn<w Tyl fICBALTRALTWRW. ZD z* € S
2L T, Sg+ 2% P(z*) T non-stationary & 2o TCWAZ & &RT. Zh &V z* €Ty 5D
FYUz |V Ca* b 2B. yeSTray) €E* PO YN < N ERDIBDERD. n<wT
yNz* B friCBALTHALTWRVWLORHAZ LERTE+RTHD. c* OBRV F LY,
n<w Ty fp TALTVRVWLORHZ. 7,y 2B frlTBALTHAL TWRNETS.
s=fi(n(y)) £ BL. LOEHRLY, s [y|<V 7 fo(s) ¢y THB. n(y) € z* ho2* iT
ATHALTVADT, sez*]<W &b, LoTseynz* < XN fo(s) ¢ [ynz*]<v &
2%, BEROBIRT, HFn<widL T, bL yd friTBALTALTWRW2LIX yNa*
X RIEY fiZBL TR TW2NZ ERVZ B, ~ O[Claim]

T, 7% stationary ChAZ L ERLT. Tz e TIEHLT, gp: [z]Y 2z %k =
RTLOTTHAHI L EEET S function THHLT5H. ZZITRERTH, ThiTLY
Part(T1, k) NAEBIZWETE S, Lo THIC Part({z € S: 2Nk € K}, k) BT 5.

Claim 4.3. % s € N< T |{a<r: {z €T : g:(s) = @} 2 P(A) T stationary
H 2 &

Proof of Claim. £ 5 Th\We+5. se NVWRHLT, zs={a<A:{ze€T:
gz(8) = o} X stationary } £ B<L. HELY |z <6 THD. HaecA\z THLT,club
CoaT{z€Th:9:(8) =a} ERMTRLo>TVEHHDZMD.

T, IX stationary TVz € Th (x Nk €K) RDOT, Lemma 319 XV T  ={zx €T :Vs €
[]<“Va € £\ 2, (2 € AT € Cyq)} A% stationary £ 725, Ko Tz,y €] TyNs <zNK
hon(y) ez bRRBLONBNDG. EBLY ynz € S, THD. TDLE HDs € [ynz]<
Tai=gs(8) ¢yNz LRoTWND. 2, C2RDTagz £125. LDL £ € Chq BRDT,
TR Cpo DY FIZFETS. O[Claim]

(RE (2) ® FCORERIZ (1) PHE & IZERKZITHON 5. ¥£7 ordinal D EAF () :
i <cf(\)) TARRETELOE|MB. £z € SIHLTzNK € K7RDT, NSp(y)|S i
s-complete. &2 T, TNz e SIEMLT {N:i<cf(A\)}Cze&ieoTNHE& LTI,
S={znX:ze8i<cf(N)} L. RELY |S|=2TH5. bijection7: 5 A& E
ETE SreSikcHL,Ss={ynz:yeS, ynk<znk, Vi <cf(A) (T(yNX) € )}
¢¥5. 1) DE5C, T ={z €S: S, is non-stationary in P(z)} 23 stationary ThHd
e ETRT.

Claim 4.4. T» X stationary.

Proof of Claim. g: [\J<¥ = A #{EBICES. 2 € T, Cg ML THAL TV 2 b D2 RT.
(1) D & 5z, inductive IZBIK (gn : n < w) EED S.

EPgo=g¢T5. g1: A= NV EBROACEDS: a<ATHL,bLsE #F ()<
© go(s) < sup(F~1(a)) 7228 go(s) ¢ 71 (a) &2 B HbDBBHIE, g1(a) EED L IR s L
5. bLEDEL I s € [N a)]<w Wi biE, gi(a) :=0&F5. n>1¢L,gn
with the domain A R EBENTVB LT B, gni1: AP AERD L DTEET D: a< A
IZHL, bL s € [F1)]<Y T gals) < sup(F~1(a)) 7228 gn(s) ¢ 7~ (@) LR D HDHDH
HiZ, gni1(0) BEDE 572 81, BED & 572 s BRVARBIE gny1(a) =0 LT3,
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(1) LKk, z* € S T 2* ITETD g ICBELTHL TEY, Eh y e S T ynk < z*Nk D>
Dy ETD g ICOWTHAL TV S bORFELRVWEIILL S, 2L & S, 2 P(z*)
T non-stationary THLHZ L& RD. y € § Tynk < z*Nk, Vi < cf(\) (FyNn;) € z*) &
RB5bDEESD. ET y S golBAL THAL TWRWLEEL THS. s € [y]<¥ Tgo(s) ¢ v
ERDHDOBBID. {N i <cf(A)} A3 AT unbounded CH D {)\;:i<cf(N)} Cyhm
T, {sup(yNX;) : i < cf(A)} IXR1L Y unbounded TH B. i < cf(A) T go(s) < sup(yN ;)
ERDBODEEETD. ZDEE, € [yN A<, go(s) <sup(ynX;) 728 go(s) € yN N
ERROTVB. XoT, t=fi(FHyNk)) € [yNA]<@ L LTk &, go(t) < sup(m(yNAy))
P2 go(t) g myNA) L22oTWVS, 2* 13 g KL THALTWADT, t € [z*]<w &4
5. WRITte[yNa*|<v 743 go(t) ¢ [yNa*|<W L7225, RROBKRT, & n<wliTHL
T, bL y B gy KOWVWTHALTWRVWWRLIZ yNz* 1T g REAL TWRWZ L RIBET
5. O[Claim]

BViX (1) LFIU BT XY, Part(Te, k) BWBETE 3. - O

KiZ, b L P(A) 23548\ saturation % & D normal ideal 2 b0 & &, /N &72 measure one
set RFEETDHZLETT.

Proposition 4.5. A\ % regular uncountable cardinal £ U, k < A\ % regular uncountable
cardinal £9%. I % normal ideal over P(A) & 35. b L I %% k-saturated 5> {z C A:
TN € K} € I* L2o>TVWBRLIX, % X € I* TVz,y € X (sup(z) = sup(y) = = =1y)
EROTVBHLDORFETS. M, | X|=A02 {z:sup(z) < A} e I* L RoTW3B.

Proof. {a < X : cf(a) = w} OEVVT R stationary subset (E¢ : £ < \) #BEET 5.
Lemma 3.20 & ¥, WML T B:

(1) X :={z C A: z iX sup(z) D o-club } € I*.

(2) Y := {z C X\: E; Nsup(z) i& sup(z) T stationary} € I* (£ < ).
FiA22% fla)=§ < a€ B LEETSD. bL a¢ U\ B 25, f(a)=0¢
LTHL. ZZTZ={zCr:zeX,Ve€x(zeY), i fICBLTHALTWS } ¥
5. I® normality X9, Ze€I* ThH5.

Claim4.6. £#z€Z & (< ALHHLT,éex = Eghsup(x) 2% sup(z) T stationary.

Proof of Claim. x € Z L £ < A% L D. ZOFEMKEY, £ € 2 725X EcNsup(z) X sup(x)
T stationary T# 5. #iZ, E¢ Nsup(z) 2% stationary & L THB. z iX o~club 2D T, ¢
& B3V i . aczNE 2L 2L, (=fla)exTHS. O[Claim]

RIZ Vz,y € Z(sup(z) =sup(y) = z =) 2F=v 2773, IV EBRERITS
TeBbhB. € €z, Eg Nsup(z) A% stationary & §°3. sup(z) = sup(y) 22D T,
E¢ Nsup(y) b stationary TH 5. claim LV, £ ey @BONS. FLEKRTHS. O

Wi, A A% singular DWAEH 5. T D4 — Rt regular DIFAIT AT A MM
RoTWA.

Lemma 4.7. M iZ#L, P(\) D club C THREMIETHONREFET S
(1) & ¢ € CiIzRL T, sup(z Ncf(A)) =cf(X) <= sup(z) = ),
(2) & z,y € CiTHL T, sup(z) =sup(y) <= sup(z Necf())) = sup(y Ncf())).
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Proof. +4y K&V regular cardinal 6 % & 3. C={MNA: M < (Hp,E,N} & T5L,C
X clubZEH, £l D CHEBROMEEHITZ LFITIThbr 3. O

Proposition 4.8. A % singular cardinal T k % regular cardinal T k < cf(A) 2Db D
245, ZDL &, k-saturated normal ideal I over P(A\) T {z C A :sup(z) = A\, 2Nk €
Kk} €I* LI B b DITTFEL 2.

Proof. I % &k-saturated normal ideal T{z C A : 2Nk € Kk} € I*"RBbDLT D,
{z :sup(x) = A\} € I* L{REL C#5. Lemma 4.7 &Y, C € I* TH z € CITHL
T, sup(z Ncf(X)) = cf(A) <= sup(z) = A LRDBOVEHD. LoTS :={z€§:
sup(z Ncf(A)) = cf(N)} € I*. Fie,cf(M\) > &V € SITHLT zNcf(A) #cf(A) T
$ 3. T Z T projection ideal J of I onto cf(A\) &% 5. J IX k-saturated normal ideal
over P(cf(N), {y Ccf(N) : yNk € &} € J*, 2> {y C cf()) : sup(y) = cf(A)} € J* &
I2oTWB, LA L Zhid Proposition 4.5ICKL TV 5. ]

Proposition 4.9. \ % singular cardinal Tk < A % regular uncountable cardinal &3
5. I % normal ideal over PAN) C{z:zNK €K} € *RBHbDLTSH. bL IR
k-saturated Tk < cfD) 2B, X €I* T | X|= AL RDZLONFETS.

Z O proposition #REB$ 57912, Shelah iz & 5 pcf theory # FV 5. ¥ pcf theory
DOEXRM L EBRVORELFIET S, pfizoVTO XY L VVIE#HIX, Abrahum-Magidor
[1], Cummings [3], Cummings-Foreman-Magidor [4], Eisworth [5], Shelah {11] &% &R
®+ X.

D % regular cardinal D& &35, IID = {f : f X D E® function, Vu € D (f(u) €
p)} &3 5. D Lo proper ideal T iz L T, 1D LOZHBAR <; & < ERD L IITE
BT 5:

o f<rg <> {peD:f(u)zg9w}el
o f<rg <= {peD:f(u)>g(w}el

Btk <7 & <; IX IID ko partial order THD. Fh, <=<p £ T5: ThbbL f <
g <= Vpe D(f(p) < g(p) bL Ip kiZ <-increasing, <j-cofinal ZRFUNTFET D &
&, IID/I i¥ true cofinality & DL FELETZ &IC ¥ 5. IID/I #* true cofinality & b2
& &, tef(IID/I) CIID @ <j-increasing <j-cofinal subset DB/NREZ R T LITT 5.
% L I 2% maximal ideal DERX, < i total order & 720, IID/I X ¥IZ true cofinality %
Lo LIZEETS.

Dr I %EDEH>2bDETS. v % ordinal T (fe : £ < 9) % IID @ <r-increasing
RFIL+3. g € IID % exact upper bound for (f¢: £ <7) (L T eub) &id,

(1) ETOE<yITHLT fe<rg.
(2 £ETHO AeIDIZHLT, bL h<; g RBIEHB E<yYy T h< fe 2.

eub for (f¢: € <) IX modulo ] DEKT—HICREDZ LITEKTS: bL g & ¢ &
eub for (fe: £ <) 2BiE. {peD:g(u)=g'(u)} el

regular cardinal DA D LA zIZHL T, characteristic function x2 € IID #, b
Lsup(zNp) < p 2261 xP(u) =sup(zNp) , bL sup(zNp) =p2bid xP(u)=0¢&
EXTD. ' .

regular cardinal D34 D ¢, D X MATE LRV L DIZHL T, JF T bounded ideal
over D #Hbb¥: bbb, J§ = {X C D:sup(X) <sup(D)}.

singular cardinal u iZ®L T,
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pp(p) = sup{tcf(IID/I) : D C uNReg, |D| = cf(u), sup(D) = u, I t& JY DiEETH B
maximal ideal over D}.

Fact 4.10. Singular cardinal p (23U T, pt < pp(p) < pcf®).

Fact 4.11 (Shelah [11]). uncountable cofinality % > singular cardinal u =L T, b
L {a < u: a i singular cardinal, pp(a) = at} A u T stationary 72 &I pp(p) = ut.

ZH &Y Proposition 4.9 DIERFIC A 3.

Proof. % regular u < AiZxfL T, I, % projection of I onto y &3 3. I, i% s-saturated
normal ideal over P(u) T{z : 2Nk € k} € I;. Proposition 4.5 &9, X, € v
Vz,y € X, (sup(z) = sup(y) = = = y) 2> Vz € X, (sup(z) < p) L2 B HDHREN 5.
SIT X ={zCA:sup(z) <\Vu€RegNz\x(xNpe X,)} &¥+3. Proposition 4.8
& I normality £V, X €eI* THB. X OEHEIVE 2,y X & peRegNanyicit
LT,sup(zNu) =sup(yNu) = zNp=yNplRIT 3= &ic R,

Claim 4.12. & singular cardinal v T £ <v <ARBZHDIIRL T, pp(v) = v+.

Proof. Fact 4.11 L Y, countable cofinality % #-> v D Z M~ iF LV . projection ideal
L+ of I onto vt &R 5. I+ i s-saturated T {z:zNK €K} €I, LoTSE I
CFRTD 2,y € SIHLT,

* sup(z) =sup(y) =z =y.

o $RTD regular 4 € (zNy) U{v*} 2R L T sup(z Np),suplyNp) < u .
FHT |S| = v* TH 3. pp(v) = v+ BFRF7=9DIZ, D C vNReg T |D| = w 5> sup(D) = v
&£72% b0 & maximal ideal K over D T IR C K L 234D ERICHS. FCID T
|[F| = v* 2 F 2 cofinal in (IID, <x) £ 23 bD& Bl v, Lol {4 : 7 € 5}
23 cofinal TREE vt L2BZ LT IThbh 3. O[Claim)]

unbounded subset D C AN Reg T |D| = cf()), sup(D) = A, #>> min(D) > cf()) & %2
DUDOEZEETS. M= (Hp,€,A\D)LT5. Y={zxeX:SKM=z)n) =z} &7
2L, AN Y el* THB.

Claim 4.13. & z,y €Y IZRL T, bL sup(z) =sup(y) #biZcND=yND TH 3.

Proof of Claim. A-least increasing bijection map w: cf(\) » D% & 3. z € Y IT®L T,
cfA) €z o7z Ncf(A)) =zND L7253, o,y €Y T sup(x) = sup(y) 25 b DR 4L
EIZED &, sup(z Ncf(N) = sup(yNcf(N) Th 3. X DEHELY zncf(N) =yNn cf(N\)
BRIETB. I 2N D =142 Ncf(N)) = 1y Nef(N)) =y N D T 5.  Dlclaim]

E={sup(z):z€Y} &¥T3. KiciE#:

(1) E % AKMD singular cardinal DA TH 3.
(2) E iX A T unbounded #*72 |E| = cf(\) Th 3.

HRfDclaim &Y, B ve ECRHLT—®R2 D, CDNrvCVz € Y (sup(z) = v =
2ND=D,) 25 bDBEN 5. D, i% v T unbounded Th 3 = LI ERK.

Claim 4.12 £ Y, 7_TD v € EiICxL T pp(v) = vt Tdh 3. X-T maximal ideal K,
over D, T J§ ZHLBWL, tcf(1ID,/K,) = vt L2 5 HOHREN B: bounded set d C D,
Tld| =cf(v) 2BEL, J§ % #5375 maximal ideal K, Td e K} &72 3 b0 3 B
KV,
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IID, O <g,-increasing <g,-cofinal 223 (ff : { <vT) &t B. 2 €Y ZMY, v =
sup(z) £ 45, ZZTe <vt & e, =sup{é <v': fl <k, xP*} LEETZ. T_TO
pE€DITHLTsup(z Np) < pRDOT, e, <vt THB.

EBIC Z={z €Y : xa™™® IX eub for (2% : £ <)} LB<.

Claim 4.14. Z € I*.

Proof. FEEHTIHDIZ W =Y \Z eIt tHETD. z2€eW &V, v=sup(z) &T
5. ZDL &, xPv iz eub for (f§ 1§ <eg) TR, 2T gy €IID, Tygy < xDv 12as
FRTD £ < e KHLUT g £, f¥ L7 5bORIFET 5.

j % (V,Pr)-genaric iZ & ¥ AR &1 5 generic elementary embedding @ Pr-name &%
. TTT W IFDgypjeny = j“D, Vi(n) € Daup(iuny (g54r(F (1)) < sup(“ANju)) =
sup(j4u))? L2 BT LICE®KTS. Pr®D s-cc ness &Y, (ay : p €D) T oy < p B
oW Figjun(i(s)) < ()’ ERBbORBNSD. g € ID & +_TD p € D icHf
LTg(p) =a, LEHETS. ALDIZ W IFgjun < j(9)|Dsupjen)” BRILT S, £>T
W i={zx €W :g; < g|Dgype)} € It £725%. E' = {sup(z) : 2 e W} CELB. &
vEEIHLT,n <vt TyglD, <k, fn, LRDHOEBRE. SOIZ HFpeDITHLT
Bu=sup{fp,(u)+1:p€Dy,,veE} &T5. |E|=cf(A) <min(D) 2DT, B, <p T
55. BEICheIID % h(p) =, L E#TS. BLMT v € B IZHLT f,, <x, hiDy
&%,

W'e It T Iiinormal 2D T,z € W TVu € zND (B, € x) L 25 bDBEBND. TOD
B, v := sup(x) & BITIE h|D, < x2r £ 5. WX g; < g|Dy <k, fn, <k, BlDy < Xz"*
LB, BEEXY g, <k, fn, R0y < ez THY, TN g NPE YV FHIZFETS. Dclaim]

BBICRETRT. TRNXVALMNT|Z| <A ERSD.

Claim 4.15. % z,y € Z T sup(z) = sup(y) RHbDITHL T, bL e; = ¢y BT
z=yTha.

Proof of Claim. z,y € Z T sup(z) = sup(y) e, =€, 25 bD% & 5. v=sup(x) =
sup(y) T n = e = ¢ £BL. ZDL& D, ¥ 2Ny D unbounded subset TH 5.
EBLY, xPr L xD¥ 1% eub for (ff : £ <) £72%. eub iZ modulo K, T—BR
T, {u € D, : sup(z Nu).= sup(y N p)} i » T unbounded &722%. p € D, T
sup(zNp) =sup(yNp) 2BbDICHL T, peD, CaNy &3, L>T XDEELY,
TAp=yNuBRIT3. ZOX57% ui¥ v Tunbounded CHEETHDT,c=y LR
5. O[Claim]

O
EXY, RO X I 2ERBF/BOND.
Corollary 4.16. A % uncountable cardinal T S % P()\) @ stationary set &3 %. TD
L &% ke crit(S) IRL T, Part({z € S : Nk € K}, k) BAILT 5. 4§ Part(S, ) #*
RRALT 3.
Proof. £ 5 CRWEEETS. Part({z € S : s Nk € k},5) BFRRLRDT, ideal
I:=NSppyl{z € §: zN K € x} iX n-saturated &2 5.

Case 1. cf()\) < k. regular cardinal ® ERFI (X : 6 < cf(A)) T ATPIRL, & < Ao
LARBbHDE LD, J; % projection of I onto A &35, J; iX s-saturated T {y C Ai :
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yNK €K} €J;. £oTLemma3.20&Y, X; € JF T |Xi| =\ LB LONEAS.
S'={zref:Vi<ct)(znX) e X;} eI* L +3. § it §D stationary subset T, 3
RTDYy<AZHLT {zNyv:v€z,z€ 8} <A LARB. Zhit Proposition 4.1 IZK
T 5.

Case 2. s < cf()). Proposition 4.5 & Proposition 4.9 X Y, stationary subset T C
{z€S: 2Nk e} TIT| = ALRBZLORBMN B, ZDL & Proposition 4.1 &£ Y
Part(T, k) SRILL, 42 0 FETH 5. ' O

Corollary 4.17. fEEDITWKS A & P(A) © stationary set S 125 L T Part(S,w;)
BRRILT B,

5. MM

B 413 stationary set S & & € crit(S) iIZL T Part(S, x) BRI T B2 L &RLE, —
FTA>KkTHoTH st BOLBNI—ARITMEETE RV Gitik [7) 11 %2 E XM
BOREDTT, 32 inaccessible k & stationary SC {z C kt : 2Nk € K, |z| < K} T
Part(S,xt) 23 BILL 72V  model ZEoTW5. ZhE VRO X 52 HARBRBNAL 5.

Question 1. % & < A & stationary SC {z C A : Nk € &, |z| > £} T Part(S, s+) 2
FRILL 22\ Z L 13 consisntent 23?7 §HIZ k = w; & A\ = wy DIBRIXY 5TH B 557

CZTRICERL THRL:

Fact 5.1. K < AMZHL TRIZFAMETH S
(1) {z CA:zNk € K, |z| > &} 3 P()) T stationary.
(2) (X 5) —» (5, < K).

FIZ {x Cwo: T Nwy € Wy, [z| = wr} A stationary TdH B Z & & Chang’s conjecture IX A
EThs.
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