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BEBIANO-LEMOS-PROVIDENCIA INEQUALITY IS MORE STRICT
THAN FURUTA INEQUALITY

Xk T ( Masaru Tominaga )
EILTEmERPIER

(Toyama National College of Technology)
mtommy@toyama-nct.ac.jp

ABSTRACT. AT, 20 AFE %X 5 Furuta inequality:

A>B>0,r20 = A" > (AFBPAR)™ forp>1.
AT ARIADREREZEBTS. '
Furuta inequality # &/ L Bebiano-Lemos-Providéncia %, k% ¥\ /=: For A,B >0
1A B A < |Ad(AfBrA%) 4| fors>t>0.

EITCHEOCHEMREM~, MEOEIMELTT. ThETOICHE0, EARTEX
EINARER L OBHREEBRIBERTORMEES ICTS.

¥iZ, Furuta inequality ® / VAFRER LI, FFRER - HMFASRE U L2 FR
5. £/, FEROMM% grand Furuta inequality (¥ LTHHEAL, £FD/ VAR
SRR HEREXNEL AL Z LIZT 3.

1. IXCDHIT

Furuta inequality 2338, TH2 5 20 AELZHx . ZOM, 2L ORXIZ5IAEhHh,
4%° “Furuta inequality” # % A4 A& TedaCHIT MathSciNet 12X 5 & 100 MEZE X
5. ZZTiX%® Furuta inequality (ZB83 2 EHEOBEDKER ([5], [6]) PHIEHE %R

4= =

1T9.

AR T, YERAFH (operator) iX, A~V FZER EOF FRREEAFE (bounded linear op-
erator) 2Bk L, IE{ERI¥ (positive operator) A % A >0 TR

AfEDER Furuta inequality [8] (see also [4], [9], [14], [16]) IR TR EN D 1EAXER
EXTh5:

The Furuta infquality. If Alz B >0, then for each r > 0, . .
(i) (BiAPB3)* > (BiBPB3)* and (i) (AZA4PA%)¢ > (ARBPA3)s
hold forp >0 andg>1 with (1 +r)g>p+r. '

Z @ Furuta inequality D& IZKiIZ3H 5: For each 7 > 0
(FT) A>B>0 = A% > (A3BrA%)™
holds for p > 1.
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FIZE£ D%, ROD Furuta inequality (FI) D—f{k, 2% ¥ grand Furuta inequality
(10] B EEHENT:

(GFI) A>B>0 = AH" > [AS(A-$BPA3) A5} ok
for0<t<lL,p>1l,s>1landr2>t.

%@ Furuta inequality (FI) X, ROFRARIEARARE, Lowner-Heinz inequality (cf.
[15]) DHLIRE L TLESIT o TV S:

(1.1) A>B>0 = A*>B* (0<a<]l).

Z @ Lowner-Heinz inequality (1.1) 1%, R®D ./ WV AREX, Araki-Cordes inequality ([1],
[3]) ICEME T S: For A,B>0

(1.2) |APBPAP| < ||ABA|P for 0<p<1.

((1.2) ¥X Cordes (cf. [3]) IZ X H2AREX ||APB?|| < ||AB|P iZRMETHB. )
—7%, Bebiano-Lemos-Providéncia [2] IX, &R / /W ATRERX (LAF, BLP norm inequal-
ity) M\ T\ %: For A,B>0

(1.3) |AT B AT || < ||Ad(AfBeAt)AY]  for s>t>0.

ZOFRERX (1.3) i%, MHOTRERXRL H IR ERE TS, ¥, %X (1.3) iX Furuta
inequality (FI) 2252, £/, BREOETIRHZBVELEZTLOTEMA D AT ilE
L-FERELND

|AZB*AS|| < |[(ASB*AS):||  for s>t2>0
i (1.2) KFMETH 5.

% Z CAME 2 ®TiX, Furuta inequality & BLP norm inequality & ®BHRIZDOWT
SERL, #&FR L LT Furuta inequality OB EZHERT 5. £ODIZ, EARRTEX
&/ NVAREAORELRBEHRAIT, BBAZEZICTS. B3IXETIX, F2ETO/ NV
LARERAZ AT, Furuta inequality D AR%3X (reverse inequality), MMX T, @EA%E
. (Complementary inequality) 5% %.

Bz, 4 ETiX, kD% 2, 3 EL RHRIC grand Furuta inequality (GFI) & RE72 /
NAREXE, BiIZZhZEIC (GFI) 0FFREX2%<.



85

2. FURUTA NORM INEQUALITY

A T¥, Furuta inequality (FI) & BLP norm inequality (1.3) & DORE% (ZRE) x>
WTEETD. EOHDOFEL LT, (Léowner-Heinz inequality (1.1) & Araki-Cordes
inequality (1.2) & DOBIRFIHRIZ) BLP norm inequality (1.3) Z2/EARARERICEEZMZ,
¥iZ, Furuta inequality (FI) L EDFBEZ R -ARERDOBEEIC OV THYE REBEREITS
Z &2 %. BLP norm inequality (1.3) i3 2 EARAERITKRDOEY THS: For
A,B>0

(2.1) A':B* < A" forsomes>t>0 = B' < A"
where Aff,B for 0 < a < 1 is defined by
AfoB := A3(A"3BA"%)*A%  for A,B > 0.

(21)I236W\T, B % BF TRE#Z, p:=2(>1) LEFESHDZLKRD L 51272%: For
A,B>0 '

(2.2) A1 BP** < A forsomep>1lands>0 => B < A3,
b 4

ZF8 TrX EREARERX (2.2) % BLP operator inequality &3 3.

—75, Furuta inequality (FI) ICEYRBEMZ EITI LREBDHZ LN TE S:
Theorem 2.1. Let A and B be positive operators. Then
(2.3) A’ BPY* < A forsomep>1lands>0 = B'"* < At

4
Proof. We put :
C:=(A"%BP"A~%)7, or BPY = AICPAS.
Then the assumption says that A > C > 0, and so Furuta inequality (FI) ensures that
B = (ASCPAS)FH < Al

That is, the desired inequality (2.3) is proved. O

T, &Ep>1,5>04&90< Efi% < 1 72D T Lowner-Heinz inequality (1.1)
FRAWA L

(Asupr+s < A1+s = ) Bl+s < A1+s = Bl+-,'; < A1+%.
4

TR, (23) 25 (22) BEPNDZERRLTWADT, &R LT BLP operator
inequality (2.2) {295 Furuta inequality (FI) OB ItEMR DM S.
wix, (2.3) IZEMEA / Vv AAR%R, Furuta norm inequality Téh 5:

Corollary 2.2. Let A and B be positive operators. Then
(2.4) la¥ BreA | < |lAb(aiBrreat)s Al
forp>1ands>0.

Theorem 2.1 & Corollary 2.2 {2 Léwner-Heinz inequality (1.1) @A 3% L RE/RS:
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Corollary 2.3. Let A and B be positive operators. Then

(2.5)  AMaBPY* < A forsomep>1lands>0 = B < A
for t € [0,s], or equivalently

(2.6) |AF B A | < ||aB(ATBPreAR)s A
forp=>lands>t2>0.

Remark 2.4. (2.6) ﬁ‘&E&B’JL BLP inequality (1.3) # M35 LR T& 5. 5%
(2.6) ICBVWT B % Bt TEEHBID L :
jA Bra B < abatB B An)i Al

IIZT, p=2 ki, Bt =1, — s 1y (1.3) #B5.

p(1+1) 1+t

‘3. FURUTA INEQUALITY D#ARERX L @MAEX
 FETI}, /A& Furuta inequaltiy (2.6) DERER, BT MMASRe 5
1131 Fujii-Y. Seo [7] X, &3 “generalized Kantorovich constant” ([11], [13])
1 h?-h ( p~—1 h?
h—1p—1 \WP—h
% A\ T Araki-Cordes inequality (1.2) D#FFREX %2 M /.

@1) K(h,p):=

- 4 .
> 1) for h(#1), pe Rand K(1,p) =1

Theorem A. If A and B are positive operators such that 0 < m < B < M for some
scalars 0 <m < M and h:= X% (> 1), then

(32) |47BP 47| < K(hp) |ABAIP  for p>1.
(12) & (32) #AWBILICEY, (26) DRREXEE2 B

Theorem 3.1. Let A and B be positive operators such that 0 < m < B < M for some
scalars 0 <m < M and h:= % > 1. Then

1
(33)  |AR(AfBPrAR)R Al < K (h“*, ?;—;:—j) " AN B A b
forp>lands>t>0.

Proof. 1t follows from (1.2) and (3.2) that forp>1and s>t >0
la3 (A5 B A)s Al < || AB(ABBPTAR) AR

= A B0y 'd’—'||%
< <h1+t 2::) ”Al-}‘-BlﬂAl%-’-”;ﬁ%’

because Z3 > 1. So the desired inequality (3.3) holds. | 0
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)N ATER (3.3) I FHERERARRERITROBEY :

Corollary 3.2. Let A and B be positive operators such that 0 < m < B < M for some
scalars0 <m < M and h:= 2 > 1. Then

(34) B < AY™ forsomet>0 = A41B""™* < K(h'*!, 1:__::) » AT
b4

for somep>1 and s > t.

Remark 3.3. Theorem 3.1 & Corollary 3.2 iZ8W T t=s &35, (33) & (34) iX
CENEN (24) & (2.3) DEREXRTHEZ LM B

" Theorem 3.1 & Corollary 3.2 235 KD & H i (1.3) & (2.2) DHRLEREES:

Corollary 3.4. Suppose the hypothesis of Theorem 8.1. Then the following inequalities
hold:

(3.5) ladatpratyiat) < K (w, s) |A%S BtAY
for s >t > 0, or equivalently

(3.6) B™*% < AY? forsomep>1ands>0 = A’ﬂ:BH’ < K(h'*'s, p)rAl""

Proof. The inequality (3.6) is given by taking p := 2 > 1 in Corollary 3.2. Moreover the
inequality (3.5) is given by replacing B thh BT+ in Theorem 3.1. O

WOFRIE, B34)IZBNTt=0¢F3ZLi2kvBoh, BiZp=1 LB & Lowner-
Heinz inequality (1.1) OMMAEXS/OLND T LERL TV 5!

Corollary 3.5. Let A and B be positive operators such that 0 < m < B < M for some
“scalars0 <m < M and h:= 2 > 1. Then

37 A>=2B>0 = AH.B* < K(h,p+s)%A1+’ forp>1 ands>0.
P

In particular,
(3.8) A>B>0 = BY < K(h,1+s)A"™ fors>0.

Wiz, Theorem 3.1 DIREDTF, A> 0w LT
|ak(aiBra) b — uA*i‘B“*A-‘%‘n%i—?
DERERDD. TOWEL LTREEHTD: g1 L h:=H (0<m<M)IZHLT

=1 . [dh—1) g(h?— h"“)
a7 femM T AT T YT a1
: 3 tel .
(1 — A\)M? if 0<A<td
— h9
(39) F(m,M,q)) = ,\mq’;l_hl {(,\K(h, Q)& — 1} if xel,

(1= A)m? f A > AT
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A> 0 BELTEE f() = F(m,M,q; X) IZHEFEIIHED L, A = K(h,q)7 (€ L) 1
fA) =0 DHE—FETH 5.

®iZ, M. Fujii-Y. Seo [7] iZ & % Araki-Cordes inequality (1.2) ORI RZER %5 HA4
%: If A and B are positive operators such that 0 < m < B < M for some scalars m < M,
then for each A > K(h,p)!

(3.10) |ABA|? > M||A?B?A?|| + F(m,M,q;\)||A||*  for ¢>1.
INBESATHILIZLD, (24) XHET2HEHAAERNRBLNS:

Theorem 3.6. If A and B are positive operators such that 0 < m < B < M for some
scalars 0 <m < M and h:= % > 1, then for each A € (0, K (h'*+ pte ]

’ 14t
|Ab(aiBreal) Allp < X AT BAT

ARG b By e

forp>1ands>t2>0.
Proof. Since p > 1 and s >t > 0 implies 222 > 1, it follows from (1.2) and (3.10) that
for each A € (0, K (h!*, 22)] ’

' 1+t

ladaiBread)sable < |lAB(ASBPHAR) AR

= |4 B AT
S NAFBHAE | - A Fm, M B8 g
So the desired inequality (3.11) holds. O

Remark 3.7. (i) Theorem 3.6 28\ T p=2 L < L, EED e (0, K(r*,2)] iz
BLTRD L Sz (1.3) 0HMMAREX%2E5:

|A3(AR BT AR) A |E < N|AH BIAT | — AF(m, MM f DllAf e
fors>t>0.
(ii) Theorem 3.6 LRI CREDT, BN A> K (h“‘, ) AL TR 2R/ S:
lat(aiBrreat)rAlp < A4 BrAYE | B
- AR, pr, BES, i)nA-lu el
forp>lands>t>0.

(iii) Theorem 3.6 IZ& D (2.4) DEIZETIHREXEES:
|43 (A8 Brreat)s Ab|PP < || A AT |

- mhhh h;.“ {(K(_h“",p_*'s))—ﬁﬁ _I}HA“p+a

1+t
forp>1land s>t>0.
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4. GRAND FURUTA INEQUALITY (Z[EHMEZR / W ARER L FOWHREX
(GFI) 1%, RO/ NVAFRERICFETH 5.

Lemma 4.1. Let A and B be positive operators. Then the grand Furuta inequality (GFI)
is equivalent to

(41)  |AHEEEASE S < ab{ari(as B Al At A
for0<t<1,p>1,s>1andr >t
Proof. Replace A to A™! and put

C = {AS(A B IE T 4-5) A8)8, or Bt = {AS(ATECPAE) A} B
in (4.1), then we have

1—ttr , (P=t)str

155 < jaioatd.

A~ {A5(4-3cP A %)0A2}<p-z>.+,A—
This is equivalent to the inequality
A>C = AU > [AT(ATSCPA-E) AT} oo
that is, (4.1) is equivalent to (GFI). 0

Remark 4.2. (i) (4.1) IZ8\Tt=0,8=1¢%5%. HiZr & Bi*h¥hst B¥
CEE#Z DL (24) MR D.

(i) [12] iZ3BV T, Furuta i¥ (4.1) CRERFER 2 5 X 7=,
RIZ generalized Kantorovich constant (3.1) AV T (4.1) O#FRERE2 5% 5:

Theorem 4.3. Let A and B be positive operators such that 0 < m < B < M for some
scalars 0 <m < M and h:= % > 1. Then

|AF{A-# (4T B AR Ay A

< K (hl—’:%(f—‘) ____(1 ?s +”')—" ARG g (r-y) g it "4%—)—,:-,,. ey
+

Jor0<t<1l,p>1,s8>21andl+r >1+1 >t, where K(h,p) is the generalized
Kantorovich constant defined by (3.1).

(4.2)

Proof. For p > 1 and s > 1, the Araki-Cordes inequality (1.2) implies that
| A { A~ (A7 BHEREE 45y 1 A 515 Al
< ||AR{A-3(AF BSR40 b Ay A5

A% (AzB‘—lf‘%‘r’ﬂA%)%A"r'n%

< A% (a5 gt AR AS %

”A(p t2)n+rB(r t)l{$+tr)a+r}A(p-t)-+r “Pl
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Moreover, since (p —t)s+r > 1—t+ 1 > 0, it follows from the reverse Araki-Cordes
inequality (3.2) that
“Agg-tlza+rB!r—t!jgg—qlir[Age—tzp+r ”_pL‘

1=t4r
< || AR pr-n iR Sl ey 4

< K0, BO T TyL gt ety g IR

Combining them, we have the desired inequality (4.2). - O

Remark 4.4. grand Furuta inequality (GFI) O#FR%ER (4.2) icBW\WTt=0,8=1 &
L, r,r',B(,h) #ThEh s,t, B AF) KBEMI Bz Licky, (3.3) 2Ebh3.
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