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Abstract

For a numerical semigroup H we define the toric dimension of H, which
is denoted by Tdim H. In the case where H is generated by three elements
or H is a symmetric semigroup generated by four elements we calculate the
range of Tdim H. Moreover, we determine the range of Tdim H when H is
a non-symmetric n-semigroup with n = 4 or 5 generated by four elements.

1 The toric dimension of a numerical semi-
group

Let Ny be the additive semigroup of non-negative integers. A numerical
semigroup H means a subsemigroup of Ny whose complement Ny\ H is a finite
set. We call the cardinality §(No\H) the genus of H, which we denote by
9(H). Let a4, ..., a, € Ny. The semigroup generatd by ay, .. ., a., is denoted
by (a1,...,am). We denote by M(H) = {a1,as,...,a,} the minimum set of
generators for H. We set ¢(H) = min{c € Nglc + Ny € H}, which is called
the conductor of H. We know that ¢(H) < 2g(H). A numerical semigroup
H said to be symmetric if ¢(H) = 2g(H).

Example 1.1 Let H be a numerical semigroup with M(H) = {a1,a2}.
Then

(a1 — 1)(az — 1)
2

g(H) = and c(H) = (a1 — 1)(az — 1) = 2g(H).

Hence, every numerical semigroup generated by two elements is symmetric.

1This paper is an extended abstract and the details will appear elsewhere.
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Example 1.2 Let H = (3,4,5) = {0,3 —} where “—” denotes the
consecutive integers. Then we have g(H) = 2 and ¢(H) = 3. Hence H =
(3,4,5) is non-symmetric.

In this paper k denotes an algebraically closed field of characteristic 0. Let
M(H) = {a1,as,...,a,}. We define a k-algebra homomorphism

o k[X1,..., Xn] — k[H] = k| t" lhen

sending X; to t*. It is important to study about the ideal Ker ¢y for inves-
tigating a relation between H and an affine toric variety.

Example 1.3 Let H be a numerical semigroup with M(H) = {a1,a2}.
Then Ker oy = (X2 — X3*).

Example 1.4 Let H be a numerical semigroup with M(H) = {a; = 3,a; =
4, az = 5} Then Ker Yy = (X13 - X2X3,X22 - X]Xg,Xg - X12X2)

Example 1.5 Let H be a numerical semigroup with M(H) = {a; = 4,a; =
5,a3 = 6}. Then H = {0,4,5,6,8 —}. Hence, g(H) = 4 and c¢(H) = 8,
which implies that H is symmetric. Then Ker oy = (X3 — X2, X2 — X, X,).

Let H be a numerical semigroup with §M(H) = n. It is said to be -
dimensionally toric if there exists an affine toric variety X of dimension [
such that we have a fiber product

“on

Spec k[H] < A™ = Spec k[X1,...,X,]
l O L
X <5 A=l = Spec kY1, ..., Yoi1]

where ¢ is a closed immersion and g; = 7(Y;) ’s are non-constant monomials.

Here, we review the notion of_an affine toric variety. Let G,, = k> be
the multiplicative group. We set T = G!_. An affine variety X is called an
[-dimensionally affine toric variety if it contains T as a dense open subset
and the multiplication map on T extends to T' x X as follows:

T xT — T x X
| multip s
T — X
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Example 1.6 Let H be a numerical semigroup with M(H) = {a1,a,}.
Then H is 1-dimensionally toric. In fact, we have a fiber product

Spec k[H] <% A% = Spec k[X1, X3]
! U L

A' = Spec k[T Joar= Spec k[Y}, Y3

where n(Y1) = X%, n(Y2) = X3t and ¥(Y;) =T fori = 1, 2.

Example 1.7 Let H be a numerical semigroup with M(H) = {3,4,5}.
Then H is 4-dimensionally toric. In fact, we have a fiber product

- %pop

Spec k[H] < A3 = Spec k[X1, X3, X3]
l L
Spec k[T*]ses L5 as= Spec k[Y1, ..., Y]

where 1 sends Y3, ..., Y5 to X1, X2, X3, X, X3, X3 respectively and S is the
saturated subsemigroup of Z* (i.e., r € Z* with nr € S for some non-zero
n € Ny implies that 7 € S) generated by e;’s, (1,1,~1,0) and (-1,0,1,1)
where e; is the vector whose i-th component is 1 and all the other components
are 0 for i = 1,2, 3,4.

For a numerical semigroup H we want to know the minimum [ where H is
[-dimensionally toric. For this reason we introduce the notion of the toric
dimension of a numerical semigroup as follows: We set

Tdim H = min{l | H is | — dimensionally toric},

which is called the toric dimension of H. If H is not [-dimensionally toric
for any [ , then we set Tdim H = oo.

Example 1.8 Let H be a numerical semigroup with M(H) = {ay,az}.
Then Tdim H = 1.

Example 1.9 Tdim (3,4,5) < 4.

Remark 1.1 If Tdim H < oo, then H is Weierstrass, i.e., there exists a
pointed non-singular curve (C, P) such that

H={neNg|3f € k(C) s.t. (f)oo =nP}
where k(C') is the field of rational functions on C. (Sée [4])
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Example 1.10 We have Tdim (13,14,15,16,17, 18,20, 22, 23) = oc.
Proof. Buchweitz [2] showed that the above semigroup is not Weierstrass. O

For any n = 2 we give numerical semigroups H with §M(H) = n and
Tdim H = 1.

Theorem 1.2 Letn 22 and 2 S 71, < 71p_y < - < To <711 with (ry,7) =
14fi # 5. Weseta, = ry---riyrig1---7rqo fori =1,...,n. Let H
(a1, as,...,an). Then we have the following:

i) (a1,az,...,a,) =1, hence H is a numerical semigroup.

11) M(H) - {al, as, . .. ,an}.

iii) H s symmetric.

iv) Ker py is generated by X' — X 24'’,1=1,2,...,n — 1.

v) Tdim H = 1. |

I

Proof. Tt is not difficult to prove i) ~ iv) .
v) We have a fiber product

Spec k[H] <5 A" = Spec k[X1,...,Xn]
1 0 L
Al = Spec k[T] <% A" = Spec k[Yi,...,Y,]
where n(Y;) = X' and ¥(Y;) = T'fori = 1,...,n. Hence we get Tdim H = 1.
O

2 The toric dimension of a numerical semi-
group generated by three elements

Example 2.1 Let H = (4,6,5). We set a; = 4,a; = 6,a3 = 5. This
semigroup is symmetric, but not the type as in Theorem 1.2. We have
Tdim H < 2.

Proof. We have a fiber product

Spec k[H] ¥ A3 = Spec k[X1, Xz, Xa]
! O L
A? = Spec k[T1,Ty] <5 A* = Spec k[V4,. .., Y]
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where n(Y1) = X;, n(Y2) = X3, n(Ys) = X3, n(Yy) = X and y(V1) = Ty,
Y(Ya) = T3 )(Y3) = Ty, ¥(Ys) = Ty Ty. Hence, we get Tdim H < 2.

For a numerical semigroup H with M(H) = {ai,...,a,} we set
a; = min{f € Ny > 0| fa; € (a1, - ,ds, - ,an)}
fori=1,...,n.

Proposition 2.1 Let H be a numerical semigroup with M(H) = {a1, az,as}.
If H is symmetric, then Tdim H < 2.

Proof. By the result of Herzog [3] if we renumber a1, as, a3, we may assume
Q101 = (203, azaz = fra; + Saas.

If (61,82) = (a1,0) or (0,az), the same way as the proof in Theorem 1.2
works well. Hence, Tdim H = 1. Otherwise, the similar way to that of
H = (4,5,6) works well. So, we get Tdim H < 2. O

Proposition 2.2 Let H be a numerical semigroup with M(H) = {a1, az,a3}.
If H is non-symmetric, then 2 < Tdim H < 4.

Proof. Using the result of Herzog (3] the similar way to that of H = (3,4, 5)
works well. So, we get Tdim H £ 4. If Tdim H = 1, then the ideal Kerpy
is a complete intersection. Hence, we get 2 < Tdim H. a

Remark 2.3 H with M(H) = {3,4,5}. We can get Tdim H < 2, hence
Tdim H = 2.
Proof. We have a fiber product
‘o 3
Spec k[H] < A% = Spec k[X}, X3, X3]

! O L

Spec k[T%lies <5 A* = Spec k[Ys, ..., Yi]

where 7 sends Y1,..., Y, to X3, X1, X2, X5 respectively and S = N M is the
saturated subsemigroup of Z? generated by e;’s, 3e; — 2e, and 2e; — e,. Here,

o = 02,3 = Roy(1,0) + Rp(2,3) where R denotes the set of non-negative real
numbers. O
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Theorem 2.4 We give the toric dimension of H with fM(H) = 3 in the
following table:

Tdim H | Symmetric | Non-symmetric
1 3 X
2 O 3
3 X O
4 X O
=25 X X

”(O7” means that such a semigroup probably exists.

3 On the toric dimension of a numerical semi-
group generated by four elements

In this section we will consider the toric dimension of H with {M(H) = 4.
First we study about the symmetric case. By the result of Bresinsky [1] the
symmetric semigroups are divided into three types. We explain these three
kinds of symmetric semigroups by examples.

Example 3.1 Let H = (10,25,14,21). We set a; = 10,a; = 25,a3 =
14,a4 = 21. We have (minimal) relations

5(11 = 20,2, 3a3 = 20,4, a1 +ag = a3 + ay.
In this case, g(H) = 29 and ¢(H) = 58.

Example 3.2 The semigroup (30,42, 70,105) as in Theorem 1.2 is a special
case of the above type. In this case, let 1y =2, r, =3, r3 =5and ry = 7 in
Theorem 1.2.

Example 3.3 Let H = (8,12,10,19). Weset a; = 8,a; = 12,a3 = 10, a4 =
19. We have (minimal) relations

3a; = 2a3, 2a3 = a; + ag, 2a4 = 2a; + ay + ag,

which are similar to H = (4,5,6) in Example 1.5. In this case, g(H) = 17
and ¢(H) = 34.
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Example 3.4 Let H = (5,7,8,9). We set a1 = 5,02 = 7,a3 = 8,a4 = 9.
We have (minimal) relations

3a; = ag+asz, 2a; = a;+ag, 2a3 = az+ay, 2a4 = 2a1+a3, 2a1+az = az+ay,
which are similar to H = (3,4, 5) in Example 1.4. In this case, g(H) = 6 and
c(H) =12.

For the above three types of symmetric numerical semigroup H generated by
four elements we will construct an affine toric variety of which fiber product
is Spec k[H]. '

Example 3.5 Let H = (8,12,10,19). We have a fiber product

Spec k[H] A= Spec k[X1,...,X4]
! O i

A3 = Spec k[T, T3, T3] 2 AS = Spec k[Y1,..., Y]
where
(Y1) = X1, n(Ya2) = Xz, n(Ys) = Xz, n(Ya) = X3, n(Ys) = X3, n(Ys) = X7,
V() =T,i=1,2,3,¢Y,) =TF, v(¥s) = TvTa, ¥(Ye) = T{ T2 Ts.
Hence, we get Tdim H < 3.

Example 3.6 Let H = (5,7,8,9). We have a fiber product

Spec k[H] LAt = Spec k[X1,. .., X4]
! 0 L
Spec k[T%)ses Js o At = Spec k[Y, ..., Ys)
Let S be the saturated subsemigroup of Z°® generated by ej,...,es,e1 +
e; — €e3,e3 + e4 — e1,e; + e3 — e3 — eq4 + e5. The ring homomorphism 7
sends Y7,...,Ys to X, X2, Xy, X,, X3, X3, X4, X4 respectively. 15 sends
Yi,..,YstoTh,. .., Ts, NToTy T T Ty, TToT; T, 'Ts respectively. Hence
we get Tdim H < 5.

Example 3.7 Let H = (10,25,14,21). We have a fiber product

Spec k[H] P At Spec k[ X1, ..., X4]
l O Lo

g

Spec k[T?|ses — A7 = Spec k[Y1,..., Y]
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where S is the saturated subsemigroup of Z* generated by ej,...,eq, €1 +
e3 — es. The morphism 7 sends Y3, ..., Y7 to X1, X3, X, X3, X2, X2, X4 re-
spectively and g sends Yi,..., Y7 to Th,..., Ty, TP, Ty, A T3 T, ! respectively.
Hence, we get Tdim H < 4.

Theorem 3.1 We give the toric dimension of a symmetric numerical semi-
group H with §M(H) = 4 in the following table:

Tdim H Symmetric
1 3

O

2
3 OEx.3.3(3.5)
4 (OEx.3.1(3.7)
5

=

(OEx.3.4(3.6)
6 X

A numerical semigroup H is called an n-semigroup if n is the minimum
positive integer in H. In the case of a non-symmetric numerical semigroup
H with §M(H) = 4 we will investigate the toric dimensions of 4-semigroups
and 5-semigroups. By the result of [4] the 4-semigroups are divided into two
types. We explain these two kinds of 4-semigroups by examples.

Example 3.8 Let H = (4,9,10,15). We set a; = 4,a;, = 9,a3 = 10,a4 =
15. We have (minimal) relations

5a1 — 2a3tiv), 20:2 — 2(],1 + aBV), 2a4 - 50:1 + CL3Vi),

ti tiii ti
ay + a4 = az + ag ), a1+ 2a3 = az + ay ),4a1+a2 = a3 + a4 1).

In this case, g(H) = 7 and ¢(H) = 12. We have a fiber product

Spec k[H]| £E A% = Spec k(X1,...,X4]

! 0 L
Spec k[T%)ses Y5 AT = Spec k[Y3, ..., Y]
where S is the saturated subsemigroup of Z* generated by e;,...,eq, €1 +
e; — €3, ea — €3 + e4, 2e; — e3 — e4. The morphism 7 sends Yi,...,Y7 to

Xa, X3, X1, X3, X4, X{, X1 respectively and 15 is determined by the above
minimum set of generators of S. Hence, we get Tdim H =< 4.
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Example 3.9 Let H = (4,9,11,14). We set a1 = 4,a; = 9,a3 = 11,a4 =

14. We have (minimal) relations
a1 = ag + az, 2a; = a1 + a4, 2a3 = 2a; + aq4,

2a4 = 2a;1 + a2 + a3, 4a; + as = a3z + a4, 3a; + a3 = ay + ag4.

In this case, g(H) = 7 and ¢(H) = 11. We have a fiber product

Spec k[H] LE A= Spec k[X1,. .., X4]
! O L

Spec k[T%]ses - s a0 Spec k[Y1, ..., Yq]

where S is the saturated subsemigroup of Z° generated by e;, ..., eq, €1 +e2+

€3 — €4, —€1 +e4+ €5, e; + ez —es + eg. The morphism 7 sends Y, ..

., Yy to

X1, X%, X2, X2, Xa, X3, X3, X4, X4 respectively and g is determined by
the above minimum set of generators of S. Hence, we get Tdim H < 6.

Theorem 3.2 We give the toric dimension of a non-symmetric 4-semigroup

H with {M(H) = 4 in the following table:

Tdim H | Non-symmetric 4-semigroup

1 X
2 O
3 O
4 OEx3.8
5 O
6 OgEx.3.9

=7 X

By the result of [5] the 5-semigroups are divided into two types. We explain

these two kinds of 5-semigroups by examples.

Example 3.10 Let H = (5,7,13,16). We set a; = 5,ay = 7,a3 = 13,04 =

16. We have (minimal) relations
4a; = ay + a3, 3az = a1 + a4, 2a3 = 2a; + ag,

2a4 = a; + 2a3 + a3, 3a1 + 202 = a3 + a4, 2a; + a3 = az + aq4.
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In this case, g(H) = 8 and ¢(H) = 12. We have a fiber product

Spec k[H] <& A* = Spec k[X1,. .., Xd]

! O 1
Spec k[T?)ses 25 a0 = Spec k[Y7,. .., Y]
where S is the saturated subsemigroup of Z° generated by e, ..., es,e1+e2+
€3 — €4, €2 + €3 — €4 + €5, —€3 + €4 + 5. The morphism 7 sends Y;,...,Ys to

X1, X2, X1, X3, X2, X3, Xa, X4, X4 respectively and 1)s is determined by
the above minimum set of generators of S. Hence, we get Tdim H < 6.

Example 3.11 Let H = (5,13,21,22). We set a; = 5,a; = 13,a3 =
21, a4 = 22. We have (minimal) relations

70,1 = ay + a4, 202 =a; + as, 2CL3 = 4&1 + Q4,

2(14 = 2(1,1 + as + as, 60,1 4+ ag = a3z + a4.
In this case, g(H) = 16 and ¢(H) = 30. We have a fiber product

on

Spec k[H] < A% = Spec k[X1,...,X4]
l U L
s

Spec k[T®)ses — A% = Spec k[Y1,...,Yq]

where S is the saturated subsemigroup of Z® generated by e;,...,es,e1+e2+
e3—e4, —€1+es+es, —e) —ex+es+es+eg. The morphism 7 sends Yi, ..., Yy
to X1, X¢, X2, Xa, X2, X3, X4, X3, X4 respectively and 9 is determined by
the above minimum set of generators of S. Hence, we get Tdim H < 6.

Theorem 3.3 We give the toric dimension of a non-symmetric 5-semigroup
H with {M(H) = 4 in the following table:

Tdim H | Non-symmetric 5-semigroup

1 X
2 O

3 O

4 O
5 O
6 Oegx.3.103.11

27 X
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Problem 1 What is the minimum number n such that Tdim H < n for
any non-symmetric 6-semigroup H with §M(H) =47

Problem 2 Have we Tdim H < oo for any non-symmetric numerical semi-
group H with {M(H) =47
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