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ABSTRACT. In this paper, we study the existence of fixed points of nonspreading map-
pings and the approximation of fixed points of firmly nonexpansive type mappings in
Banach spaces. Applications to a proximal point algorithm for monotone operators in
Banach spaces are also included.

1. INTRODUCTION

Let $E$ be a (real) Banach space and let $T$ be a mapping from $C$ into itself. We denote
the set of fixed points of $T$ by $F(T)$ , that is, $F(T)=\{z\in C : Tz=z\}$ . The mapping $T$

is said to be nonexpansive if

(1.1) $\Vert Tx-Ty\Vert\leq\Vert x-y\Vert$

for all $x,$ $y\in C$ . It is also said to be firmly nonexpansive [4] if

(12) $\Vert Tx-Ty\Vert\leq\Vert r(x-y)+(1-r)(Tx-Ty)\Vert$

for all $x,$ $y\in C$ and $r>0$ ; see also [5, 11, 19].
The fixed point problem for nonexpansive mappings in Hilbert spaces is related to the

problem of finding zero points of maximal monotone operators in the space. In fact, if $H$

is a Hilbert space and $A\subset HxH$ is a maximal monotone operator, then for each $r>0$ ,
the resolvent $J_{r}$ of $A$ defined by

(1.3) $J_{r}x=\{z\in H:x\in z+rAz\}$

for all $x\in H$ is a single-valued firmly nonexpansive mapping from $H$ into itself and the
equality $F(J_{r})=A^{-1}0$ holds; see [31, 32].

There are two generalizations of the class of maximal monotone operators in Hilbert
spaces to Banach spaces. One of them is the class of m-accretive operators and the other is
that of maximal monotone operators. It is known that the class of resolvents of accretive
operators in Banach spaces coincides with that of firmly nonexpansive mappings. See [5,
24] on convergence theorems and [12, 29] on fixed point theorems for firmly nonexpansive
mappings in Banach spaces.

Let $E$ be a smooth Banach space and let $J$ be the (normalized) duality mapping from
$E$ into $E^{*}$ . Following [1, 15], let $\phi$ be the mapping $homExE$ into $[0, \infty)$ defined by

(14) $\phi(x, y)=\Vert x\Vert^{2}-2\langle x,$ $Jy\rangle+\Vert y\Vert^{2}$

2000 Mathematics Subject Classification. Primary $47H10,47H05$ .
Key worda and phrases. Firmly nonexpansive mapping, firmly nonexpansive type mapping, flxed

point theorem, nonspreading mapping, relatively nonexpansive mapping, resolvent of monotone oper-
ator, strongly relatively nonexpansive mapping.

数理解析研究所講究録
第 1611巻 2008年 86-94 86



F. KOHSAKA AND W. TAKAHASHI

for all $x,$ $y\in E$ . It is easy to see that $\phi(x, y)\geq(\Vert x\Vert-\Vert y\Vert)^{2}\geq 0$ for all $x,$ $y\in E$ . Let
$C$ be a nonempty closed convex $su$bset of $E$ and let $T$ be a mapping from $C$ into itself.
Then we say that $T$ is nonspreading [16] if
(1.5) $\phi(Tx, Ty)+\phi(Ty, Tx)\leq\phi(Tx, y)+\phi(Ty, x)$

for all $x,$ $y\in C$ . We also say that $T$ is firmly nonexpansive type $[17|$ if
(1.6) $\langle Tx$ - $Ty$ , $JTx-JTy\rangle\leq$ $\langle Tx$ – $Ty$ , $Jx-Jy\rangle$

for all $x,$ $y\in C$ . It is easy to verify that if $E$ is a smooth, strictly convex and reflexive
Banach space and $A\subset ExE^{*}$ is a maximal monotone operator, then for each $r>0$ , the
resolvent $Q_{r}$ of $A$ defined by
(1.7) $Q_{r}x=\{z\in E:Jx\in Jz+rAz\}(=(J+rA)^{-1}Jx)$

for all $x\in E$ is a firmly nonexpansive type mapping. In fact, if $x,$ $y\in E$ and $r>0$ , then
it follows from

(1.8) $(Q_{r}x,$ $\frac{Jx-JQ_{r}x}{r}),$ $(Q_{r}y,$ $\frac{Jy-JQ_{r}y}{r})\in A$

and the monotonicity of $A$ that

(1.9) $\langle Q_{r}x-Q_{r}y,$ $\frac{Jx-JQ_{r}x}{r}-\frac{Jy-JQ_{r}y}{r}\rangle\geq 0$.

This gives us that $Q_{r}$ is a firmly nonexpansive type mapping.
The purpose of the present paper is to state some results for nonspreading or firmly

nonexpansive type mappings in Banach spaces which were recently obtained in [16, 17].
Our paper is organized as follows: In Section 2, we state some definitions and results
needed in this paper. After that, we show that every firmly nonexpansive type mapping
is nonspreading. In Section 3, we obtain fixed point theorems for nonspreading mappings
in Banach spaces. In Section 4, we first show that every nonspreading mapping (resp.
firmly nonexpansive type mapping) with a fixed point is relatively nonexpansive (resp.
strongly relatively nonexpansive). Then we show a weak convergence theorem for a single
firmly nonexpansive type mapping in Banach spaces. In Section 5, we apply our results
to a proximal point algorithm in Banach spaces.

2. PRELIMINARIES
Throughout the present paper, every linear space is real. The sets of positive integers

and real numbers are denoted by $N$ and $\mathbb{R}$ , respectively. Let $E$ be a Banach space with
norm $\Vert\cdot\Vert$ and let $E^{*}$ be the dual space of $E$ . Then the value of $x^{*}\in E^{*}$ at $x\in E$ is
denoted by $\langle x,$ $x^{*}\rangle$ . The strong and weak convergence of a sequence $\{x_{n}\}$ of $E$ to $x\in E$

are denoted by $x_{n}arrow x$ and $x_{n}arrow x$ , respectively. The duality mapping $J$ from $E$ into
$2^{E^{*}}$ is defined by $Jx=\{x^{*}\in E^{*} : \langle x, x^{*}\rangle=\Vert x\Vert^{2}=\Vert x^{*}\Vert^{2}\}$ for all $x\in E$ . The space $E$ is
said to be smooth if the limit

(2.1) $\lim_{tarrow 0}\frac{\Vert x+ty\Vert-\Vert x\Vert}{t}$

exists for all $x,$ $y\in S(E)$ , where $S(E)$ is the unit sphere of $E$ . In this case, the norm of $E$

is said to be G\^ateaux differentiable. The norm of $E$ is also said to be uniformly G\^ateaux

differentiable if for all $y\in S(E)$ , the limit (2.1) converges uniformly in $x\in S(E)$ . The
space $E$ is said to be strictly convex if $\Vert(x+y)/2\Vert<1$ whenever $x,$ $y\in S(E)$ and $x\neq y$ .

87



FIXED POINT THEOREMS FOR NONLINEAR MAPPINGS

It is also said to be uniformly convex if for all $\epsilon\in(0,2]$ , there exists $\delta>0$ such that
$\Vert(x+y)/2\Vert\leq 1-\delta$ whenever $x,$ $y\in S(E)$ and $\Vert x-y\Vert\geq\epsilon$ . The duality mapping $J$ from
a smooth Banach space $E$ into $E^{*}$ is said to be weakly sequentially continuous if $\{Jx_{n}\}$

converges to $Jx$ in the weak* topology of $E^{*}$ whenever $\{x_{n}\}$ is a sequence of $E$ such that
$x_{n}\cdotarrow x$ . We know the following; see, for instance, [10, 32]:

(1) If $E$ is smooth, then $J$ is single.valued;
(2) if $E$ is reflexive, then $J$ is onto;
(3) if $E$ is strictly convex, then $J$ is one-to-one.

Let $E$ be a Banach space and let $A$ be a subset of $ExE^{\alpha}$ . We always identify the
set $A$ with the mapping $\hat{A}$ : $Earrow 2^{E}$ defined by $\hat{A}x=\{x^{*}\in E^{*} : (x, x^{*})\in A\}$ for all
$x\in E$ . Then the domain and the range of $A$ are defined by $D(A)=\{x\in E$ : $Ax\neq$

$\emptyset\}$ and $R(A)= \bigcup_{x\in D(A)}Ax$ , respectively. The operator $A$ is said to be monotone if
$\langle x-y,$ $x^{*}-y^{*}\rangle\geq 0$ whenever $(x, x^{*}),$ $(y, y^{*})\in A$ . A monotone operator $A$ is also said
to be maximal monotone if there is no other monotone operator $B\subset E\cross E^{*}$ such that
$A\subset B$ and $A\neq B$ .

Let $E$ be a smooth Banach space and let $C$ be a nonempty closed convex subset of $E$ .
Then an element $u$ of $C$ is said to be an asymptotic fixed point [23] of $T$ if there exists a
sequence $\{x_{n}\}$ of $C$ such that $x_{n}arrow u$ and 1 $x_{n}-Tx_{n}\Vertarrow 0$ . The set of asymptotic fixed
points of $T$ is denoted by $\hat{F}(T)$ . The mapping $T$ is said to be relatively nonerpansive
$[$20, 21 $]$ if the following conditions are satisfied:

(1) $F(T)$ is nonempty;
(2) $\hat{F}(T)=F(T)$ ;
(3) $\phi(u, Tx)\leq\phi(u, x)$ for all $(u, x)\in F(T)xC$ ;

see also [6, 7, 8, 9, 23] for similar classes of nonlinear operators. A relatively nonexpansive
mapping $T$ from $C$ into itself is also said to be strongly relatively nonexpansive [23] if
$\phi(Tz_{n}, z_{n})arrow 0$ whenever $\{z_{n}\}$ is a bounded sequence of $C$ such that $\phi(p, z_{n})-\phi(p,Tz_{n})arrow$

$0$ for some $p\in F(T)$ .
Let $E$ be a smooth, strictly convex and reflexive Banach space and let $C$ be a nonempty

closed convex subset of $E$ . Then for all $x\in E$ , there exists a unique $x_{0}\in C$ (denoted by
$\Pi_{C}x)$ such that $\phi(x_{0}, x)=\min_{y\in C}\phi(y, x)$ . The mapping $\Pi_{C}$ is said to be the generalized
projection from $E$ onto $C$ ; see [1, 15].

We know the following lemma:

Lemma 2.1 ([17]). Let $E$ be a smooth Banach space, let $C$ be a nonempty closed $\omega nvex$

subset of $E$ and let $T$ be a mapping from $C$ into itself. Then the following are equivalent:
(1) The mapping $T$ is firmly nonexpansive type;
(2) $\phi(Tx, Ty)+\phi(Ty, Tx)+\phi(Tx, x)+\phi(Ty, y)\leq\phi(Tx, y)+\phi(Ty, x)$ for all $x,$ $y\in C$ .

By Lemma 2.1, we know that every firmly nonexpansive type mapping is nonspreading:

Corollary 2.2 ([16]). Let $E$ be a smooth Banach space and let $C$ be a nonempty closed
convex subset of E. Then every firmly nonexpansive type mapping from $C$ into itself is
nonspreading.

We also know the following lemma, which shows that the class of firmly nonexpansive
type mappings coincides with that of resolvents of monotone operators in Banach spaces:
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Lemma 2.3 ([16]). Let $E$ be a smooth, strictly convex and reflexive Banach space, let $C$

be a nonempty closed $\omega nvex$ subset of $E$ and let $T$ be a mapping from $C$ into itself. Then
the following are equivalent:

(1) The mapping $T$ is firmly nonexpansive type;
(2) there exists a monotone operator $A\subset ExE^{*}$ such that $D(A)\subset C\subset J^{-1}R(J+A)$

and $Tx=(J+A)^{-1}Jx$ for all $x\in C$ .

As direct consequences of Lemmas 2.1 and 2.3, we obtain the following corollaries:

Corollary 2.4 ([17]). Let $E$ be a smooth, strictly convex and reflexive Banach space and
let $C$ be a nonempty closed convex subset of E. Let $r>0$ and let $A\subset ExE^{*}$ be a
monotone opemtor such that $D(A)\subset C\subset J^{-1}R(J+rA)$ . Then the resolvent $Q_{r}$ of $A$

defined by $Q_{r}x=(J+rA)^{-1}Jx$ for all $x\in C$ is a firmly $none\varphi ansive$ type mapping, that
$is$,

(2.2) $\phi(Q_{r}x, Q_{r}y)+\phi(Q_{r}y, Q_{r}x)+\phi(Q_{r}x,x)+\phi(Q_{r}y, y)\leq\phi(Q_{r}x,y)+\phi(Q_{r}y, x)$

for all $x,$ $y\in C$ .

Corollary 2.5 ([17]). Let $C$ be a nonempty closed $\omega nvex$ subset of a smooth, strictly
convex and reflexive Banach space E. Then the genemlized projection $\Pi_{C}$ from $E$ onto $C$

is a firmly nonexpansive type mapping, that is,

(2.3) $\phi(\Pi_{C^{X}}, \Pi_{C}y)+\emptyset(\Pi_{C}y, \Pi_{C^{X}})+\phi(\Pi_{C}x, x)+\phi(\Pi_{Cy)}y)\leq\phi(\Pi_{C}x, y)+\phi(\Pi_{C}y, x)$

for all $x,$ $y\in E$ .

3. THE EXISTENCE OF FIXED POINTS OF NONSPREADING MAPPINGS

In this section, we study the existence of fixed points of nonspreading mappings in
Banach spaces. Using the technique developed by Takahashi $[30|$ , we can first show the
following fixed point theorem for a single nonspreading mapping in Banach spaces:

Theorem 3.1 ([16]). Let $E$ be a smooth, $str\dot{v}ctly$ convex and reflexive Banach space, let
$C$ be a nonempty closed convex subset of $E$ and let $T$ be a nonspreading mapping from $C$

into itself. Then there exists $x\in C$ such that $\{T^{n}x\}$ is bounded if and only if $T$ has a
fixed point.

As direct consequences of Theorem 3.1, we obtain the following corollaries:

Corollary 3.2 ([16]). Let $E$ be a smooth, strictly convex and reflexive Banach space, let
$C$ be a nonempty bounded closed $\omega nvex$ subset of $E$ and let $T$ be a nonspreading mapping
from $C$ into itself. Then $T$ has a fixed point.

Corollary 3.3 ([16]). Let $H$ be a Hilbert space, let $C$ be a nonempty closed $\omega nvex$ subset
of $H$ and let $T$ be a mapping from $C$ into itself such that

(3.1) $2\Vert$ $Tx$ - $Ty$ $\Vert^{2}\leq||Tx-y\Vert^{2}+\Vert Ty-x\Vert^{2}$

for all $x,$ $y\in C$ . Then there exists $x\in C$ such that $\{T^{n}x\}$ is bounded if and only if $T$ has
a fixed point.

By Corollary 2.2 and Theorem 3.1, we obtain the following:
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Corollary 3.4 ([17]). Let $E$ be a smooth, strictly convex and reflexive Banach space,
let $C$ be a nonempty closed convex subset of $E$ and let $T$ be a firmly nonexpansive type
mapping from $C$ into itself. Then there exists $x\in C$ such that $\{T^{n}x\}$ is bounded if and
only if $T$ has a fixed point.

We can also show the following common fixed point theorem for a commutative family
of nonspreading mappings in Banach spaces:

Theorem 3.5 ([16]). Let $E$ be a smooth, strictly convex and reflestve Banach space, let
$C$ be a nonempty bounded closed $\omega nvex$ subset of $E$ and let $\{T_{\alpha}\}$ be a commutative family
of nonspreading mappings from $C$ into itself. Then $\{T_{\alpha}\}$ has a common fixed point.

4. THE ASYMPTOTIC BEHAVIOR OF FIRMLY NONEXPANSIVE TYPE MAPPINGS

In this section, we obtain a convergence theorem for a single firmly nonexpansive type
mapping in Banach spaces (Theorem 4.4). To prove the result, we need the following
crucial lemma:

Lemma 4.1 ([16]). Let $E$ be a strictly convex Banach space whose norm is $unif_{07}mly$

G\^ateaux differentiable, let $C$ be a nonempty closed convex subset of $E$ and let $T$ be a
nonspreading mapping from $C$ into itsef. Then $\hat{F}(T)=F(T)$ .

Using Lemma 4.1, we can show the following theorems:

Theorem 4.2 ([16]). Let $E$ be a strictly $\omega nvex$ Banach space whose norm is uniformly
G\^ateaux differentiable, let $C$ be a nonempty closed convex subset of $E$ and let $T$ be a
nonspreading mapping from $C$ into itself such that $F(T)$ is nonempty. Then $T$ is a
relatively nonexpansive mapping.

Theorem 4.3 ([17]). Let $E$ be a strictly $\omega nvex$ Banach space whose norm is $unif_{07}mly$

G\^ateaux differentiable, let $C$ be a nonempty closed $\omega nvex$ subset of $E$ and let $T$ be a fimily
nonexpansive type mapping from $C$ into itself such that $F(T)$ is nonempty. Then $T$ is a
strongly relatively nonexpansive mapping.

Using Theorem 4.3, we can prove the following convergence theorem:

Theorem 4.4 ([17]). Let $E$ be a uniformly convex Banach space whose norm is uniformly
G\^ateaux differentiable, let $C$ be a nonempty closed convex subset of $E$ and let $T$ be a firmly
nonexpansive type mapping from $C$ into itself such that $F(T)$ is nonempty. If $J$ is weakly
sequentially continuous, then for all $x\in C$ , the sequence $\{T^{n}x\}$ converges weakly to an
element of $F(T)$ .

As a direct consequence of Theorem 4.4, we have the following result due to Martinet
[19]:

Corollary 4.5 ([19]). Let $C$ be a nonempty closed convex subset of a Hilbert space $H$ and
let $T:Carrow C$ be a firmly nonexpansive mapping such that $F(T)$ is nonempty. Then for
all $x\in C$ , the sequence $\{T^{n}x\}$ converges weakly to an element of $F(T)$ .

5. APPLICATIONS To A PROXIMAL POINT ALGORITHM

In the final section, we apply our results to a proximal point algorithm for a monotone
operator satisfying a range condition in Banach spaces. The prostmal point algorithm was
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originally proposed by Martinet [18] and generally studied by Rockafellar [28]. Let $H$ be
a Hilbert space and let $A\subset HxH$ be a maximal monotone operator. The proximal point
algorithm generates a sequence $\{x_{n}\}$ by $x_{1}=x\in H$ and $x_{n+1}=J_{r_{n}}x_{n}$ for all $n\in \mathbb{N}$ ,
where $\{r_{n}\}$ is a sequence of positive real numbers and $J_{r}$ is the resolvent of $A$ defined by
$J_{r}=(I+rA)^{-1}$ for all $r>0$ .

By Corollaries 2.4, 3.4 and Theorem 4.4, we can show the following weak convergence
theorem for a proximal point algorithm in Banach spaces; see [13, 14, 22] on similar results
for maximal monotone operators in Banach spaces:

Theorem 5.1 ([17]). Let $E$ be a smooth, strictly convex and refleanve Banach space and
let $C$ be a nonempty closed convex subset of E. Let $r>0$ and let $A\subset ExE^{*}$ be a
monotone operator such that $D(A)\subset C\subset J^{-1}R(J+rA)$ . Let $Q_{r}$ be the resolvent of
A defined by $Q_{r}z=(J+rA)^{-1}Jz$ for $dlz\in C$ and let $\{x_{n}\}$ be a sequence defined by
$x_{1}=x\in C$ and

(5.1) $x_{n+1}=Q_{r}x_{n}$

for all $n\in N$ . Then the follouying hold:
(1) The sequence $\{x_{n}\}$ is bounded if and only if the set $A^{-1}0$ is nonempty;
(2) if $A^{-1}0$ is nonempty, $E$ is uniformly convex, the norm of $E$ is uniformly G\^ateaux

differentiable and $J$ is weakly sequentially $\omega ntinuous_{f}$ then the sequence $\{x_{n}\}$ con-
verges weakly to an element of $A^{-1}0$ .

Proof. By Corollary 2.4, $Q_{r}$ is a firmly nonexpansive type mapping from $C$ into itself.
We also know that $F(Q_{r})=A^{-1}0$ . Indeed, if $u\in F(Q_{f})$ , then we have $Ju\in Ju+rAu$
and hence $0\in Au$ . On the other hand, if $u\in A^{-1}0$ , then it follows $homD(A)\subset C$ that
$u\in C$ . Since $0\in Au,$ we have $Ju\in Ju+rAu$ . Hence we obtain $Q_{r}u=u$ . Thus, by
Corollary 3.4, if $\{x_{n}\}$ is bounded, then $A^{-1}0$ is nonempty; see [13, 14] for the converse
implication. Thus the part (1) holds. By Theorem 4.4, the part (2) holds. $\square$

In the particular case that the operator $A$ is assumed to be maximal monotone, Theorem
5.1 is reduced to the following:

Corollary 5.2. Let $E$ be a smooth, strictly $\omega nvex$ and reflexive Banach space and let
$A\subset E\cross E^{*}$ be a maximal monotone opemtor. Let $r>0$ , let $Q_{r}=(J+rA)^{-1}J$ and let
$\{x_{n}\}$ be a sequence defined by $x_{1}=x\in E$ and (5.1). Then the follouing hold:

(1) The sequence $\{x_{n}\}$ is bounded if and only if the set $A^{-1}0$ is nonemptyi
(2) if $A^{-1}0$ is nonempty, $E$ is uniformly convex, the norm of $E$ is uniformly G\^ateaux

differentiable and $J$ is weakly sequentially $\omega ntinuous$, then the sequence $\{x_{n}\}$ con-
verges weakly to an element of $A^{-1}0$ .

Proof. Since $A$ is maximal monotone, by [3, 27], the equality $R(J+rA)=E^{*}$ holds; see
ako [2, $31|$ . Thus the resolvent $Q_{r}$ is a mapping from $E$ into itself. By Theorem 5.1, we
have the desired result. $\square$

Let $E$ be a Banach space and let $f$ : $Earrow(-$oo $\infty|$ be a function. Then $f$ is said
to be proper if $\{x\in E : f(x)\in \mathbb{R}\}$ is nonempty. The function $f$ is said to be lower
$semi\omega ntinuous$ if $\{x\in E : f(x)\leq r\}$ is closed in $E$ for all $r\in \mathbb{R}$ . The function $f$ is
also said to be convex if $f(tx+(1-t)y)\leq tf(x)+(1-t)f(y)$ whenever $x,$ $y\in E$ and
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$t\in(0,1)$ . For a proper lower semicontinous convex function, the subdifferential $\partial f$ of $f$

is defined by
(5.2) $\partial f(x)=\{x^{*}\in E^{*}:f(x)+\langle y-x, x^{*}\rangle\leq f(y), \forall y\in E\}$

for all $x\in E$ . It is known that if $f$ : $Earrow(-\infty, \infty]$ is proper, lower semicontinuous and
convex and $g:Earrow \mathbb{R}$ is continuous and convex, then
(5.3) $\partial(f+g)=\partial f+\partial g$ .
We denote the set of minimizers of $f$ : $Earrow(-$ oo $\infty|$ by arg min$\nu\in Ef(y)$ .

Using Corollary 5.2, we can study the problem of finding minimizers of proper lower
semicontinuous convex functions in Banach spaces:

Corollary 5.3. Let $E$ be a smooth, strictly convex and reflexive Banach space and let
$f$ : $Earrow(-$ oo $\infty]$ be a proper lower semicontinuous convex function. Let $r>0$ and let
$\{x_{n}\}$ be a sequence defined by $x_{1}=x\in E$ and

(5.4) $x_{n+1}= \arg\min_{y\in E}\{f(y)+\frac{1}{2r}\phi(y, x_{n})\}$

for all $n\in \mathbb{N}$ . Then the following hold:
(1) The sequence $\{x_{n}\}$ is bounded if and only if the set $\arg\min_{y\in E}f(y)$ is nonempty;
(2) if arg min,$\in Ef(y)$ is nonempty, $E$ is uniformly $\omega nvex$, the norm of $E$ is uniformly

G\^ateaux differentiable and $J$ is weakly sequentially continuous, then the sequence
$\{x_{n}\}$ converges weakly to an element of $\arg\min_{y\in E}f(y)$ .

Proof. By Rockafellar’s theorem [25, 26], the subdifferantial mapping $\partial f$ of $f$ is maximal
monotone. It is also known that $( \partial f)^{-1}(0)=\arg\min_{\nu\in E}f(y)$ .

Let $Q_{r}=(J+r\partial f)^{-1}J$ . For each $x\in E$ , it follows from (5.3) that

(5.5) $z=Q_{r}x \Leftrightarrow 0\in\partial(f+\frac{1}{2r}\phi(\cdot, x))(z)\Leftrightarrow z=\arg\min_{y\in E}\{f(y)+\frac{1}{2r}\phi(y, x)\}$

Thus we obtain $x_{n+1}=Q_{r}x_{n}$ for all $n\in \mathbb{N}$ . Hence, by Corollary 5.2, we have the desired
result. $\square$
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