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First, we state the definitions of the non-homogeneous Herz space K, (R") and the
non-homogeneous weak Herz space WK™ (R").

Now, for a measurable set £ C R", we denote the Lebesgue measure of E by
|E| and the characteristic function of the set E by xg. Also, let for k € Z, By =
{:E e R*: ]fE! < Qk}, Ck = Bk\Bkﬁ.l and )2/4: = XC- And let for k£ € N, Pk = Gk, Xk = XP,
and Py = By, X0 = Xp,-

Definition 1. Fora e R, 0<p < o0, 0 <1 <00,

o0 1/r
K, (R") = {f € L, (R™) : [ fllkg, = (Z 2kml1ka“2p) < oo} ;

k=0

ForaeR, 0<p<oo,

KiolB?) = { £ € L2085 17l = 50922 s < oo}

Definition 2. Fora e R, 0<p <o, 0 < r < oo,
WKy (R") = {f € L[, (R") : |fllwkg, < oo},

loc

where )
“f”WKgJ = sup A (Z ko {1 € Py« |f(x)] > )\}lr/p) :
A>0 —
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Fora e R, 0 < p < o0,
WES o (BY) = {f € LL (R") : || fllwrg,. < oo}

loc
where

I fllwks.. =sup Asup2*® [{z € Py : [f(z)] > A}"7.
A>0 k>0

Next, let T be a sublinear operator satisfying that for any integrable function f with
a compact support,
|f W)l

(* Ti@i<e [ O

where ¢ > 0 is independent of f and z.

dy, = ¢ supp f,

Then, for the boundedness of 7" on the non-homogeneous Herz space K¢, .(R"), the

[
p,T
following theorems were proved.

Theorem A (X. Li and D. Yang [LY]). Let 1 <p <00, 0 <7 <0 and —n/p < a <
n/p', and let T be a sublinear operator satisfying (). If T is bounded on LP(R™), then

T: K2.(R") — K2, (R").

Theorem B (Y. Komori [K]). Let 0 < r < o0 and —n < a < 0, and let T be a
sublinear operator satisfying (*). If T is bounded from L*(R™) to LV*°(R"), then

T: K¢ (R") = WK, (R").

Furthermore, we introduce the new definition of the non-homogeneous weak Herz
space WK (R™).

Definition 3. Fora € R, 1 <p<oc and 0 < r < oo,

~ 1/r
Wi, (R7) = {f € LB 1l = (Z 7l ’“”5"”“’) ) OO};

k=0

ForaeR,1<p<oo,

W RS (R) = { € LLRY) 5 1l = 3902 xeloe < 00

Then, note that the following result holds.

Proposition 4 (with J. Soria). Leta € R, 1 < p < o0 and 0 <7 < oo. If o # —n/p,
then WKJ (R") is proper subset of WK (R™).



73

Sketch of proof. Clearly, ’
WK .(R") C WK, (R").
Now, for 5 € R, we put

o
F=Y 2%
k=0
Then, under the conditions o + 3+ n/p = 0 and a # —n/p,

kg, = and 1 fllwkg, < oo

Hence,
f e WKS,.(R") and f e WKZ,.(RY),
i.e.
WKS (R™)\ WK2,(R") # ¢.
O

Then, for the boundedness of 7" on the new non-homogeneous weak Herz space
K¢, (R"), we can show the following weak-type estimate.

Theorem 5 (with J. Soria). Let 0 < r < o0 and —n < a < 0, and let T be a sublinear
operator satisfying (x). If T is bounded from L'(R™) to LV (R™), then

T: K¢ (R") — WK, (R").

Before proving this theorem, we observe the interpolation theorem for a quasi-Banach
space (see [P]).

Definition 6. Let A be any quasi-Banach space. Then, we define fora € R and 0 <7 <
o,

o

1/r
6 (A) = § (@) T - ak € A, [(ar)Zclliaga) = ( > 2k“r|laklil}> <00

k=—o00

for a € R,

) = {(@) % - ou € A, el = Sup 2l <00

Then, the following theorem for the real interpolation method holds.

Theorem C . Let A be any quasi-Banach space, and let « € R and 0 < 7ro,7y < 0.

Then
(€2 (A), 2 (‘4))e,r = £3(A),
where 1/r = (1 —=0)/ro+6/r1 (0 <6< 1).
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Sketch of proof of Theorem 5. First, we prove that when 0 < r < 1,
1T flliwre, < Clifllks,
i.e. T is bounded from K{,.(R") to WKfj,(R”).

Next, we prove the case of r = oo, i.e. T is bounded from K7 (R") to WK oo (R™).
This case is clear by Theorem B, Definitions 2 and 3.

Finally, we prove the case of 1 < r < 0co. From the cases of 0 < r <1 and r = oo
T: K& (RY) » WK (R")

b4

and ~
T: Kf_foo(R") — WKf’jw(R"),
respectively. Furthermore, by applying Theorem C,
(K7 (R™), Kf o (R™)) . = £2(L'(R™)) = K7,(R")

and
(WK (RY), WK ) = £:(LM(R") = WKE, (R"),
where
l—1—-9 ie r———l—— 0<f<1)
ro [ R '

Thus, when 1 < r < 00, .
T: K. (R") - WK{.(R"),
i.e. T is bounded from K¢, (R™) to 7% o (R™). O
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