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Abstract

This is a reserCh for a subclass of univalent holomorphic functions on the unit disc
normalized by $f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}$ , which can be extended to k-quasiconformal map-
pings on the disc $1z||z|<R\}$ where $R\succ 1$ . Such a subclass is denoted by $S(k,R)$. In this
note, the class $S(k,R)$ is introduced through the observation of Becker’s theorem which
ensuies a kquasiconformal extendibility of univalent holomorphic functions on the disc
to he Rirnarmspheme with $\mathfrak{U}wn\alpha$ chains.

1 Motivation

Let $D=1z||z|<1\}$ and

$S=$ {$f|f$ is holomorphic and univalent on $D,$ $f(O)=f’(O)-1=0$},

$S(k)=$ {$f|f\in S,f$ can be extended to a k-quasiconformal mapping on $\overline{\mathbb{C}}$},

$S_{0}(k)=$ {$f|f\in S(k)$, the extended mappings fix $\infty$ },

respectively, where $k\in[0,1)$. The class $S(k)$ has been studied by numerous authors in
connection with the theoiy of Teichm(iller spaces. In those invesuganons, an interesting
method for quasiconformal extension of univalent functions was obtained by Becker ([1], see
also [5] $)$ which relies on the Lbwner chains described by the Wwner equation

$\frac{\partial f(z,t)}{\delta t}=zp(z,t)\frac{\partial f(z,t)}{\partial z}$ (1)

for $z\in D$ and $t\in[0.\infty)$ . This equation determines an expanding flow. Here, the function
$f(z,t)=e’z+ \sum_{n=2}^{\infty}a_{n}(t)f$ is holomoiphic in $|z|<1$ for each $t\in[0,\infty)$, absolutely continuous
in $t\in[0,\infty)$ for each $|z|<r_{0}$ and satisfies the inequality $|f(z,t)|\leq K_{0}e^{t}(|z|<r_{0},t\leq 0)$

for some positive constants $K_{0}$ and $r_{0}$ . Also a fimction $p(z,t)$ is measurable on Dx $[0, \infty)$.
holomorphic in $|z|<1$ , and satisfies $Rep(z,t)>0$ and the $par\alpha al$ differential equation (1) for
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a.e. $t$ .

Theorem 1 ([1]). If$f(z,t)$ is a univalent solution to (1) with $p(z,t)sati\phi ing$ the condition

$| \frac{p(z,t)-1}{p(z.t)+1}|\leq k<1$ (2)

then, for each $t\geq 0,$ $thef\ell nctionf,(z)=f(z,t)$ maps $D$ onto a $Jo\ovalbox{\tt\small REJECT} n$ domain bounded by a
k-quasiconformal image of $\partial D$, and the map $\hat{f}(z)$ defined by

$\hat{f}(re^{l\theta})=\{\begin{array}{ll}f(re^{i\theta},0) r\leq 1f(d^{\theta},\log r) r>1\end{array}$

is a k-quasiconfo’7nal extension $\phi f(z,0)$ onto $\hat{C}$ with $\hat{f}(\infty)=\infty$ $($thus $f(z)ES_{0}(k))$.

Observe that $p(D,t)$ must be contained in the disc $|z-(1+k^{2})/(1-k^{2})|\leq 2k/(1-k^{2})$

for all $t\in[0,\infty)$ so that we can apply Theorem 1 to the $L6wner$ chains (Fig.1). Thuis strong
assumption can be weakened by $\infty s\alpha icung$ the range of the parameter $t$. In fact, the following
is true;

Figure 1 ; $p(z,t)$ must be in this circle for all $z\epsilon D$ and $\iota\epsilon[0,\infty)$.
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Corollary $2_{n}$ If$f(z,t)$ is a univaknt solution to (1) and there exists $t_{0}>0$ such thatfor all
$t\in[0,t_{0}]p(z,t)$ satisfies the condition

$| \frac{p(z_{l}t)-1}{p(z_{2}t)+1}|\leq k\prec 1$ , (3)

then the $m\varphi\hat{f}(z)$ is a k-quasiconformal $\ovalbox{\tt\small REJECT} ension$ of $f(z,0)$ defined on $\{z||z|<e^{\Phi}\}$ with
$f\neq\infty$.

Now we shall introduce the classes $S(k,R)$ and $b(k,R)$; namely

$S(k_{*}R)=\{f|f\in S,f$ can be extended to a k-quasiconformal mapping $f$ on $\{|z|<R\}|$

and

$S_{0}(k,R)=$ {$f|f\in S(k,R)$, the extended mapping $f$ doesn’t take $\infty$ on $\{|z|<R\}$}

respectively, where $R>1$ .

2 Properties of the class $S(k,R)$

The class $S(k,R)$ was studied by some authors in another context. We shall give some
known results for the classes $S(k,R)$ and $Z(k,r)$, where $\Sigma(k,r)$ is a ffimily of univalent holo-
morphic functions on $1z\in$ C-D} which can be extended to a k-quasiconformal mapping on
$\{|Z|>r\},r<1$ .

McLeavey [8] (see also [9]) flrst considered the subclass of $\Sigma$ with $K(|z|)$-quasiconformal
extensions into the interior of $D$ where $K(|z|)$ is a piecewise continuous fUnction of bounded
variation on $[r, 1],$ $0\leq r<1$ . She obtained for this class the analogs of the classical Grunsky
and Goluzin inequalities and sharp estimates for the coefficients $b_{0}$ and $b_{1}$ of $\Sigma(k,r)$ and $a_{2}$

of $S_{0}(hR)$ with extremal function as follow;

Theorm 3 ([8]). If$g\in\Sigma(k,r)$ and $g(z)=z+ \sum_{n4}^{\infty}b_{n}z^{-n}$for $|z|>1$ , then

$|b_{1}| \leq\frac{k+r^{2}}{1+kr^{2}}$ .
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Equality occurs ifand only if

$g(z)=\{\begin{array}{ll}z+b_{0}+(\frac{k+r^{2}}{1+k\rho})\frac{d^{\sigma}}{z} |z|\geq 1(\frac{1}{1+k\rho})(z+\frac{\prime d^{\alpha}}{z}+ke^{la}\overline{z}+\frac{k\prime}{\overline{z}}) r<|z|\leq 1.\end{array}$

Corollary 4 ([8]). Suppose $f\in S(k,R)$ and $f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}$ for $z\in$ D. Then

$|a_{3}-d| \leq\frac{1+kR^{2}}{k+R^{2}}$ .

$lf$ in addition, extend mappings do not $M\infty$ on $\{|z|<R\}$, then

$|a_{2}| \leq 2\frac{1+kR}{k+R}$ . (4)

Kthnau [6] also proved similar $r\infty ults$ of those through inboducing the class
$\Sigma(Q_{1}, \cdots , Q_{n})$ of $K(k|)$-quasiconformal mpping of the plane which are $\infty nformal$ on
$1z;|z|>1\}$ with a development $f(z)=z+ \sum_{n\triangleleft}^{\infty}b_{n}z^{-n}$ and which have piecewise bounded
dilatation in $D$ ; $K(|z|)\leq Q_{i}(Q_{i}\geq 1)$ in $R_{t}<|z|<R_{\dot{|}-1}(i=1, \cdots ,n)$, with $R_{r}=1,$ $R_{n}=0$.
Schober [9] mentioned above results in his book, Chap.14. He also gave some more results,

for instmce, generalized Gronwall’s ma theorem for $\Sigma(k,r)$ ;

Theorem 5 ([9]). If$g \in\Sigma(k,r)a\prime dg(z)=z+\sum_{n=0}^{\infty}b_{n}z^{-n}for|z|>1$, then

$\sum_{\iota n=1}^{\infty}m|b_{m}|^{2}\leq(\frac{k+r^{2}}{1+kr^{2}})^{2}$ (5)

Under the more general case, Lehto [7] showed a majorant pninciple for a holomorphic
fimctional as follow;

Let $A$ be a domain in $\hat{C}$ which is bounded by a quasicircle, $B$ be a domain whose closure
$\overline{B}\subset A$, and $F_{l},$ $0\leq k<1$ , be a family of functions which are k-quasiconformal on $A$ and
confomal on $\overline{B}$. Denote by $\mathcal{F}’\downarrow$ the family of all conformal mappings on $B$.

We introduce four different normahzations to cover a large number of cases appearing in
applications. Let $Z1,Z2,Z3$ be disin$\alpha$ points of $B$ and $a_{1},\alpha 2,\alpha 3,\beta$ are complex numbers, the
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$a$’s aoe different from each other and $\beta\neq 0$. The famihes $r_{k}$ and $\mathcal{F}_{1}’$ are called nomalized if
all the functions $f$ of $A$ contained in $\mathcal{F}_{k}’$ or $r_{1}$ have one of the following condiuons;

1. $f(z_{i})=\alpha_{i},$ $i=1,2,3$,

2. $f(z_{i})=\alpha_{i},$ $i=1,2$, and $f(z)\neq\infty$ in $A$,

3. $f(z_{1})=\alpha_{1},$ $f’(z_{1})=\beta$ and $f(z)\neq\infty$ in $A$ ,

4. If $\infty\in B$, then $f(z)-z\neg 0$ as $zarrow\infty$ .

We shall suppose here $F_{k}$ and $\mathcal{P}_{1}$ are normalized. Remark that nomalized $r_{k}$ and $F_{1}$ are
closed normal ffimilies.

Let $\Psi$ be a holomoiphic mncrional defined on the family $F_{k}$ or $F_{1}$ , i.e. $\Psi\omega=$

$\omega(f(\infty),f’(z_{1}),\cdots ,\oint^{n)}(z_{n}))$ , where $\omega$ is a complex-valued holomorphic function of the
variables $J^{\text{く}\iota)}(z_{t}),i=1,2,$ $\cdots$ , each $J^{\text{く}\iota 7}(\ )$ being the value at fixcd point $z_{i}\epsilon B$.

Set
$M(k)= \sup|\Psi U)|$, $0\leq k\leq 1$ .

$f\epsilon r_{k}$

Since $\mathcal{F}\iota$ is a closed normal family, there exists an exbemal function $\ovalbox{\tt\small REJECT} ing|\Psi(f)|$ in
$F_{k}$ .
Theorem 6 ([7]). For a holomorphicfunctional in $\mathcal{F}_{k}$,

$M(k) \leq M(1)\frac{k+^{M}\#_{(0)}^{1}}{1+k^{M}\#^{1}\#)}$ . (6)

This result contains some coefflcient estimates as corollaries; for the class $Z(k,r)$

$\max|b_{n}|\leq\frac{k+f^{+1}}{1+k\rho+1}\max_{Z}|b_{n}|z(k\gamma)$ . $n=1,2,$ $\cdots$ ,

which imply

$|b_{1}| \leq\frac{k+r^{2}}{1+kp}$ and $|b_{2}| \leq\frac{2}{3}\frac{k+r^{3}}{1+kr^{3}}$ .
The Grunsky type inequalities for $\Sigma(k, r)$ also follow easily ffom the general inequality (6).

For $f\in\Sigma$, let $A_{nu},$ $m,n=1,2,$ $\cdots$ , be the numbers detemined by

$\log\frac{f(z)-f(\zeta)}{z-\zeta}=\sum_{n1.n=1}^{\infty}A_{}z^{-m}\Gamma^{n}$ .
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Then for any complex numbers $x_{1},$ $x_{2},$ $\cdots$ , $x_{N}$,

$| \sum_{n,n}^{N}A_{m}x_{m}x_{n}|\leq\frac{k+\prime}{1+kp}\sum_{n}^{N}\frac{|x_{n}|^{2}}{n}$ (7)

and

$\sum_{n}^{N}n|\sum_{m}^{N}A_{}x_{m}|^{2}\leq(\frac{k+r^{2}}{1+kr^{2}})^{2}\sum_{n=1}^{N}\frac{|x_{2}|^{2}}{n}$ . (8)

Remark that (7) and (8) is not sharp (see [8]).

Deiemann $\Re ats$ several similar pioblems of those in [2] and [3] with the method of
$ext\infty mal$ length. Recently, Krushkal gives a short mention for those reseiches in his survey
[4], Chap.6.3.

3 Main Results

Now the more applications of Theorem 6 are given to $S_{0}(k,R)$ and $\Sigma(k.r)$ (again remark
that these results are not sharp because (7) and (8) is not sharp) ;

$\sup|a_{n}|\leq n\frac{1+kH^{-1}}{k+R^{n-1}}$ .
&(kr

Proof Let us take $F\kappa=b(k,R)$, then $\mathcal{F}_{1}$ is the well-known class S. $Ch\infty se\Psi(f)=a_{n}$ .
Then $M(1)=n$, and $M(O)=n/R^{n-1}$ because $Rf(z/R)\in S$ for arbitrary $f\in f_{0}$. Hence the

inequahq (6) follow the theorem. ロ

Theorm 8 (Generahized Golnin inequality). If $g\in\Sigma(k,r)$ and $z_{v}\in\hat{C}-D,$ $\gamma_{v}\in C(v=$

$1,2,\cdots$ , $n),$ $n=1,2,\cdots$ , then

$| \sum_{\mu}\sum_{v}\gamma_{\mu}\gamma_{v}\log\frac{g(*)-g(z_{v})}{z_{\mu}-z_{v}}|\leq\frac{k+r^{2}}{1+kr^{2}}\sum_{\mu}\sum_{v}\gamma_{\mu}\overline{\gamma_{v}}\log\frac{1}{1-(z_{\mu Z_{v})^{-1}}^{arrow}}$. (9)

Proof We shall apply the inequahty (7) with $x_{m}= \sum_{v=1}^{N}\gamma_{v}z_{v}^{-m}$ . $m=1,2,$ $\cdots$ . In fact, we
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have

$\sum_{\mu}\sum_{v}\gamma_{\mu}\gamma_{1}\cdot\log\frac{g(z_{\mu})-g(z_{v})}{a-z_{v}}=-\sum_{m_{1}n}\sum_{\mu_{1}v}A_{mn}\gamma_{\mu}\gamma_{v}z_{\mu}^{-\iota n}z_{v}^{-n}$

$=- \sum_{1n,n}A_{nn}x_{m}x_{n}$ .

Hence (7) shows that the left-hand side of (9) is

$\leq\frac{1+kr^{2}}{k+r^{2}}\sum_{n}\frac{1}{n}|x_{n}|^{2}\simeq\frac{1+k_{l}^{2}}{k+r^{2}}\sum_{n}\frac{1}{n}\sum_{\mu,v}\gamma_{\mu}\overline{\gamma_{v}}z_{\mu}^{-k}z_{v}^{-k}$

$= \frac{1+kr^{2}}{k+r^{2}}\sum_{\mu,v}\gamma_{\mu}\overline{\gamma_{\nu}}\log\frac{1}{1-(z_{\mu}\overline{z_{\mathcal{V}}})^{-1}}$ .

This completes the proof of the theorem. $D$

Theorem 9. For $f\epsilon S_{0}(k,R)$ and $z\in D_{2}$

$| \log\frac{zf’(z)}{f(z)}|\leq\frac{1+kR}{k+R}\log\frac{1+|\triangleleft}{1-|z|}$ .

Proof In (9) let $n=2,$ $\gamma_{1}=1,$ $\gamma_{2}=-1$ , then

$| \log\frac{g’(z)g’(\zeta)(z-\zeta)^{2}}{(g(z)-g(\zeta))^{2}}|\leq\frac{k+r^{2}}{1+kP}\log\frac{|z\overline{\zeta}-1|^{2}}{(|z|^{2}-1)(|\zeta|^{2}-1)}$ $(z,\zeta\in\hat{C}-D)$ . (10)

We want to appply (9) to the function $f\in S_{0}(k,R)$ . If we put

$g(\zeta)=1/\sqrt{f(\zeta^{-2})}$, (11)

then $9\in\Sigma(k, 1/\sqrt{R})$ . Since $\epsilon$ is odd function, it foUows from (10) with $z=-\zeta$ that

$|2 \log\frac{\zeta g’(\zeta)}{g(\zeta)}|\leq\frac{k+(1/R)}{1+k(1/R)}2\log\frac{|\zeta|^{2}+1}{|\xi|^{2}-1}$ $(|\zeta|>1)$ .
If we choose $z=\zeta^{-2}$ and use (11) we obtain the desire inequality. $0$

Corollary 10. For $f\in S_{0}(k,R)$ and $z\in D$,

$( \frac{1-|z|}{1+|z|})^{(1+kR)/(k+R)}\leq|\frac{zF(z)}{f(z)}|\leq(\frac{1+|z|}{1-|z|}I^{(1m)/(k+R)}$
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