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On a sufficient condition for starlikeness
of meromorphic functions

Mamoru Nunokawa.

Abstract
A function f(z) = z + }: an2™ is called convex of order o, 0 < < 1 if f(2) is analytic
in E={2]|2] <1} and satlsﬁes the following inequality

zf"(z)
1+Re2L22 S o iy E.
f'(2)
Then we denote by f(z) € K(a).
The family of starlike functions of order a, 0 < o < 1 shall be denoted by S*(a) and is

defined by the conditions that f(z) = z + E anz™ satisfies

n=2

zf'(2)
)
Then it is well known that f(z) € K(c) implies f(z) € S*(8) where

>a in E.

1~2a . 1
22-2a(] — 22a-T) if a# 2
' p= 1 1
2log 2 i a=g3
The above result was completed by 3 papers by Jack [1], MacGregor [2] and Wilken and

Feng (5].
In this paper, we will obtain the order of starlikeness of the function F(z) = l + Z an™
which is meromorphic in E and satisfies the inequality

zF"(2)

2 .
...(1+R F’())< a, §<a<1, in E.

1 Introduction
Let X denote the class of normalized functions F(z) which are meromorphic in E and defined by

1 o0
F(z) = -+ Zanz"
n=0

with a simple pole at the origin.
Also let £*(a), 0 < a < 1, denote the subclass of ¥ consisting of the functions F(z) which are

univalent and starlike with respect to the origin in E or

2F'(2)

REG)

in E,
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and let Zx(a), 0 < a < 1, denote the subclass of ¥ consisting of the functions F(2) which are
univalent and convex in E or
2F"(2)

- (1 + Re F2)

>>a in E.

2 Lemma

Lemma 1 Let p(z) be analytic in E, p(0) =1 and suppose that there ezists a point 20 € E such
that
Rep(z) >0 for |z| < |z

Rep(2) =0 and p(2) # 0.

zop' (20)
p(z0)

Then we have
=i1K

where K is real and

K

v
N =

(a + Zli) when p(z) =1a and 0 < a,

and
K< -

Nt =

(a + %) when p(z) = —ia and 0<a.

A proof can be found in [3].

3 Theorem

Theorem 1 Let p(z) be analytic in E, p(0) = 1 and suppose that

Re (p(z) - z;:éS)) < —g-a, % <a<l in E,

and suppose that for arbitraryr, 0 <r <1

min Re p(2) = Rep(20) # p(20), |20l =71

lzlsr

or Rep(2) on any circle |z| =7, 0 <r < 1 does not take its minimum value on the real azis.
Then we have ,
Rep(z) >a in E.

Proof. If there exists a point 29 € E such that
Rep(z) > a for |z| < |z

and
Re p(z0) = @ # p(20),

putting
2)—a
p(z) — @ q(0) =1

9(z) = —7——>
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it follows that
Reg(z) >0 for |z| < |z]-

From the hypothesis of Theorem 1 and Lemma 1, we have
Reg(z) =0 and g(z)#0

2d (%) _ 2P (20) _ .0
(%) p(n) -«

where ,
(a—i—a) when p(z) —a=1ia and 0<a,

and .
K§——(a+a> when p(2) —a = —ia and 0<a.

For the case, p(2) — a = ia, 0 < a, we have

wp () _ 2p'(z) po)-—a _ .. i

p(wn) plao)—a  p() a+ia
_ iKia(a —ia) ook —id®K
o’ + a? a? 4+ a2
Putting
q(a):-—l-i_—-(ﬁ 0<a and O<axl
a? 4+ a?’

then it follows that

_ 2a(a®—1)
ql(a) - (a2+a2)2 < 0

and

lim g(a) = 1.
Therefore we have ()

wp(»n) o
Re (%) = a2+a2aK
a 1+ a? a

Then it follows that , 5

p(z0) 2 2
This is a contradiction and for the case p(z) — a = —ia, 0 < a, applying the same method as the
above, we also have a contradiction. It completes the proof. O

From Theorem 1, we have the following corollary.

Corollary 1 Suppose that

zF”(2) 3 2 .
— bl ol 2 1
(1+Re F’(z))<2a’ 3<oz< in E
and for arbitraryr, 0 <r <1

s () = (re) * e
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where || = 7.
Then we have
F(z) € Z*(a).

In [4, Theorem 3 and 4], Robertson obtained the following result.

1 00
Robertson’s result Let F(z) = Pl Y- an2™ be meromorphic in E and suppose that
n=0

F(z) € *(0).

Then it follows that

2F'(2)\ 5 4 < L
—-(1+Re Flz) ) 20 in |2| = 73
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