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1 Introduction

J.Taylor’s list ([T]) of configurations for so-called (M, 0, §)-minimal sets ([Alm]) in R? include a
singularity type where three minimal surfaces are meeting along a real analytic ([KNS]) singular
curve with 120° degree angle. In this article we introduce a local conformal parametrization
of such a configuration by a 2-dimensional simplicial complex Y, consisting of three half discs
whose diameters are identified to form a 1-dimensional face. The parametrization functions as an
isothermal coordinate system of the neighborhood of the singular surface.

We introduce two different methods in order to construct such parametrizations, both utilizing
the real analyticity of the singular surface, and the Euclidean ambient geometry. What is required
to establish a conformal parametrization is a Beltrami equation locally defined on a half plane.

Then we point out that the conformal parameterization from the 2-dimensional simplicial
complex into the singular surface with the three balanced surfaces has a mean value property.
There has been much work on the subject of harmonic analysis on Euclidean buildings where
harmonic functions are defined on the buildings. The conformal harmonic parameterization of
the singular minimal surfaces can be regarded as a graph of a harmonic function defined over the
simplcial complex Yj.

The content of this article is a part of an ongoing project( cf. [MY],[MY2]) by C.Mese and the
author.

2 Identifying Beltrami equation

Let
At ={(z,y) e R?: 2?2 +y* < 1,y > 0}

and consider three copies of At and label them A}, A, A to distinguish one from another. Let

Ai={(z,y) eR%2:-1<z< 1,y=O}C—A—;T._



110

Identify the points of A; and A; by the identity map Id : A; — A; and Yo be the union of the 3
half-discs /A\; with this identification on A;’s and denote the A4;’s by A. For a map o from domain
Y,, we will denote the restriction of a to Af by o; and write a = (a1, a2, an).

Lemma 1 Let ' C R3 be a real-analytic curve and &; C R® (i = 1,2, 3) be a real-analytic surface
so that T;UT is a real-analytic surface with boundary I'. We assume further that the three surfaces
are balanced, namely meeting along T’ at 120° degree angle. Then for every po € I, there exists a
real-analytic map u; : ATUA — T,UT so that u(A1) C I; and po € u;(A) CT'. Furthermore, u;|4
is a constant speed parametrization of T' in a neighborhood of ps, with the constant speed shared by
u1|a,u2|a and us|a.

PROOF.[Construction 1] We will present a version of the proof where the regularity is optimal.
Then the statement for the real analytic data follows from the stronger statement. Let ¥ be
for now. Let v : (—to,to) — ' be an arclength parametrization of I' so that ¥(0) = po. Then
t € (—to,to) — ' (t) is a C* map. Let P(t) C R" be the hyperplane containing the point ~(t)
and perpendicular to v/(t). Because I is C?, for a sufficiently small neighborhood V of py, every
point p € V belongs to a unique P(t). The size of V is only dependent on the curvature of I.
Define a map P : V C RY — R so that P is the hyperplane P(t) containing p. In other words,
if 70 : V — I is the nearest point projection map, then P(p) = P oy~ ! o mp(p). Since I is a C?
curve, r is C! ([Si] 2.12.3). Therefore, as a composition of C* maps, P is also C*. Furthermore,
since ¥ is C2, the map 7 which takes p € (SUT) NV to the 2-plane tangent to £ at p is C*.
Since P and 7T are C* maps, we can let V : (SUT) NV — RY be the C' map so that V(p) is
the unit vector associated to the line P(p) N T(p). Now define a C! map H : (SUuT)NY — RN
by setting H(p) to be the unit vector perpendicular to V(p) in the plane 7 (p). Thus V and H
are orthonormal vector fields on (X NT) N V. Let 0¢(s) be an arclength parametrization of the
curve (X NT) N P(t) with 6,(0) = v(t). By construction oj(s) = V(04(s)), i.e. oy is a characteristic
curve of the vector field V. We define ~,(t) as the characteristic curve of the vector field H with
condition 7,(0) = oo(s). The existence and uniqueness of 7,(t) follows from the standard ODE
theory because H is a C* vector field on (EUT) NV and v = 7 is the characteristic curve of
H whose image is I N V. In this way, we have constructed a pair of orthogonal foliations on a
neighborhood U C £ UT (with U chosen smaller than V if necessary) of po.

We define a map ¢ : Y — R? as follows. For p € U, let the v, and o; be the curves intersecting
at p. Then we set ¢(p) = (t, s). Then the C? map ¢~! defines a parametrization of a neighborhood
of po by an open neighborhood of the upper half space of the ts-plane. Furthermore the pulled-back
metric (¢~1)*go of the 3-dimensional Euclidean metric go, which we denote by G is represented
on the upper half ts-plane as a diagonal matrix near the origin, since the surface is orthogonally
foliated by the leaves {o;} and {,}. We are done by choosing 7 > 0 sufficiently small and letting
u: At UA — L UT be defined u(z,y) = ¢~ (rz, Ty).

Repeat the same argument for ¢ = 2 and 3. Q.E.D.

Proor.[Construction 2] We use the so-called hodographic projection of [KNS] to param-
eterize a neighborhood of po. The surfaces £ and X3 are locally graphs over the tangent plane
Ty, Z1. We suppose that L3 lies above the plane, ¥ below. Let II; and II3 be the orthogonal
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projection maps from X, N Bs(pe) and X3 N Bs(po) to Tp,X; for sufficiently small §. We can
choose the coordinates so that po = (0,0,0) € R3, the tangent line to v at py is the z;-axis
and T, X, is the zizo-plane. Define uy, u3 by the conditions I3 (z1, T2) = (71, To, uz(7)) € Xy
and II3 (1, z2) = (71, T2, us(z)) € N3. Near the origin, the map h(z1,z2) := (71, us(z) — uz(z))
is of rank two. It sends II3(y) = II3(vy) to the z;-axis and its image is contained in the upper
half plane. The map h o II; is the hodographic projection and its inverse map II;* o A~! defined
on a sufficiently small half disk centered at the origin defines the real analytic parameterization
of £y around ¢, while II;! o A~! defines that of 3. Similarly, £; can be parameterized using
the tangent plane Tp,(X2). Denote these three maps parameterizing the neighborhood of py by
u = (uy,uz,u3) : Yo — (UL ,Z;)Uv with u; : AFfUA; — X;. The real analyticity and the continuity
of H follows from the construction. Q.E.D. ‘

3 Construction of isothermal coordinates

Theorem 2 Let I' C R3 be a real-analytic curve and £; C R3 (i = 1,2,3) be a real-analytic
surface so that 2; UT is a real-analytic surface with boundary I'. We assume further that the three
surfaces are balanced, namely meeting along T' at 120° degree angle. Then for every po € T', there
exists an isothermal coordinate system of a neighborhood of pe by a conformal map from (Y5, Go)
where Gy is the triplet of standard Fuclidean metric ‘Go on each face ;.

PROOF. By Lemma 1, there exists a parameterization of a neighborhood of pg in the singular
surface so that u; is real analytic in A U A;. Let !G be the the pull back of the Euclidean metric
on R™ under the map u;. With respect to the Euclidean coordinates of A;, denote the metric
components of ‘G by ‘G,s. We now wish to find an isothermal coordinate by solving the Beltrami
equation

Wz = pw,

where Beltrami coefficient u is given by

iGn + 1Gn +2¢/iGn1 G — Gl

Note here that the Beltrami coefficient u is represented by the pull-back metric G = (u)*Go.
The Beltrami coefficient 1 has moduli strictly less than one. Furthermore, the metric components
iGup are given by

8’!1;,' Bu,-

%;1 5;5}11" .

Thus, the components of ‘G are real analytic on A} U A; since the map u; is real analytic there.
Note that the quantity \ﬁGu iGqyy — iG3, is the pulled-back area form of the immersed surface
u;(AF UA;) in R by a real analytic map u;. As the differential of the map u; is non-degenerate by
construction, the term {Gy; {Gqyy —* G2, is strictly positive. Then the quantity \/rGu iGyy — G,

iGaﬁ — (
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is real analytic. (Gi1 — Ga2 + 2v/=1G12)(z,y) and (G11 + Ga2 + 2y/G11G22 — G3,)(z,y) on the

open set R near the origin.

Let P = u;(p) be a point on the free boundary with p = (20,0) € RN A. We set w(2,%2) =
a(z,y) +i8(z,y) and u = n(z,y) + i¢(z,y) to rewrite the Beltrami equation defined on the half
disk A} as the following system of equations with real analytic coefficients:

-1
( Qy ) ¢ (1+n) (1 —n)us + Cus
By 1-n7) ¢ ~Cuy — (1 4+ n)vs
The inverse matrix on the right hand side exists because |u|? = 7? + (2 < 1. We also have the

Cauchy initial data
a(z,0) =z — 2 and B(z,0) =0

for (z,0) € A; near (zo,0) € A;. Therefore, we can apply the Cauchy-Kowalewski Theorem and
obtain, in some neighborhood of the point p, a unique solution to the Beltrami equation. This
solution w; is a quasiconformal diffeomorphism from a neighborhood U; C A} U A; of (zo,0) to
a neighborhood V; C A} U A; of (0,0). By construction, the pulled-back metric of the Euclidean
metric Go of A} under w; is conformal to !G. Thus the map w; ! provides a parameterization of
the neighborhood of p = (z0,0) in (AF U 4;,*G) by an open set V; in A} U A;. After scaling,
we have constructed an isothermal coordinate system F = (Fy, F3, F3) : (Yo,Go) — (Yo, G) of
p € A. The map f = (f1, fo, f3) with fi = u; o F; satisfies the desired properties of the isothermal
coordinate system of P € I'. Q.E.D.

4 Harmonic functions on simplicial complexes

Let f = (f1, fa, f3) : (Yo, Go) — R3 be as in Theorem 2. The equality

fi(z,0) = f;(z,0) (1)
for 4,5 = 1, 2,3 implies of 5f,
i vJji
— 2
L (2,0) = L (z,0). 2
Using the conformality of f;, the balancing of the three surfaces along the singular curve I' can be
written as
3 Qﬁ. 3 _..fi
Z Y—(z,0) =
i=1 l i=1
This combined with (2) implies
3 E) f
0= *(x,0 3
> 5 @0 3)

If we let

A = Al =)+ 33 Alm =) @
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then (1) and (3) imply that

o1

f1($,0)=f1(:v,0) and :_%_(x 0) = 6f1

By & 0) (5)
We claim (5) shows U; : A — R™ defined by setting

| filz,y) fory >0
Ui(z,y) = { fi(z,y) fory <0

is harmonic. Indeed, for any smooth £ : A — R™ with compact support, integration by parts
gives

- /A V€ Vldedy = /A €0 fudody ~ /I 5551(35,0)435
and
— / V¢ - VU dzdy = / ¢Afrdzdy + / g1 (:c 0)dt

where At = {(z,y) e A:y >0}, &7 ={(z,y) € & :y <0} and I ={(z,y) € 0A* :y =0}.
Summing up the above two equations and using the harmonicity of f; and f;, we obtain

- /A Ve - VU dzdy = 0.

By Weyl’s Lemma, U; is a C% harmonic map. Similarly, there exists C* extensions U,, Uz of f5
and f3. We call this construction of the real analytic extension U; of f; the multi-sheeted reflection.
By summarizing the argument above, we have

Theorem 3 Let Xy, Xg, X3 and v as in Theorem 2. The surface ¥; can be extended real analyt-
ically across the curve y. This extended surface is parametrized by the conformal, harmonic map
U; via the multi-sheeted reflection.

We note that the extendability of the minimal surface ¥; across a real analytic boundary curve
~v follows from a celebrated result of H.Lewy [Le]. On the other hand, Theorem 3 gives a more
precise picture of the extension. Indeed, the extension of the parameterization f; of £; is given in
terms of a linear combination of odd reflections of fy, fa, f3 as defined in (4).

When three minimal surfaces are geometrically balanced along a C¥ curve in R? (i.e. the unit
outer normal of the three surfaces sum to zero as in (3)), the entire configuration is completely
determined by one of the three surfaces. This follows from the so-called Bjoling’s problem resolved
by H.Schwarz. We will explain below how to use this and arguments in the proof of Theorem 3
to give a construction of Lewy’s extension.

Theorem 4 A minimal surface in R® with a real analytic boundary can be extended across the
boundary by a multi-sheeted reflection. '
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PROOF. We start with a surface ¥; with a real analytic boundary curve . Let 7; be the unit
outer normal to the surface I, along v. Let 7, and 73 be the two unit vector fields defined on ~,
normal to 7, each making the angle of m/3 to 7, Note here n; + 7; + 73 = 0. The solution by
Schwarz of the Bjorlng’s problem ([Ni] III §149) then provides locally defined, uniquely determined,
minimal surfaces ¥; and X3 along < so that 7; and 73 are unit outer normals to T3 and X3 along
~ respectively.

Recall that we have the harmonic and conformal parameterization f; : AFfUA; — (Z;UT’) c R3
without branch point. Furthermore, we also have

3

Zafz — czm -0
i=1

where ¢ = ‘%ﬁ*l (—53 Now each f; : /A; — R? can be extended across the real axis A; by f1 of

(4). In particular, we have a conformal parameterization of the extension of £; as in Theorem 3.
Q.E.D.

Recall that on a locally finite simplicial complex of dimension [/, a function f is called harmonic
if for every simplex o of dimension | — 1, the average value of the function f on all maximal
simplices whose closure contain o is zero. We demonstrate that the map which provides our local
uniformization by Y; is harmonic in this sense after a normalization. In particular, we show that

Theorem 5 The coordinate functions of the map f : Yo — R? of the singular minimal surface
satisfy the mean value equality:

[ S - £po)] dz =0

= (Po) i=1

where po = (20,0) in A, and B.(po) is a ball of radius € > 0 in (Yy, Go), namely the set {y €
Yold(y, po) < €} where the distance function d is with respect to the Euclidean metric Gy on each
face AF. Here we note fi(po) = f(po) fori=1,2,3.

PROOF. We have shown above that each map f; defined on A} can be canonically extended
across the edge A to the disc A;. The resulting harmonic function U; satisfies the mean value
equality .

722 J5. 00 Ui(z)dz = fi(po).

Rewriting the integral as a sum of integrals over the upper disc B (pp) C A} and the lower disc
B (po) C A7, we get
1 1

72272 J5# o) fi(z)dz = ~ 72272 Jo: (o) fi(z)dz + 2f:(po).

By rewriting fi(z,v) as — fi(z, —y) + % Z;Ll fi(z, —y) for y < 0, and taking a sum over ¢ = 1, 2, 3,
we get

3
Y [, fi@)dz = 3£(po),

im 7!'62/2 B (po)
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which is the mean value equality. Q.E.D.
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