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1 Introduction

We consider the one-dimensional compressible Navier-Stokes system in Lagrangian
coordinates:

$\{\begin{array}{l}v_{t}-u_{x}=0,\text{・}u_{t}+p_{x}=\mu[Matrix]_{x},(\epsilon)+\frac{u^{2}}{2})_{t}+(p\uparrow 1)_{x}=(\kappa\frac{\theta}{v}L+\mu\frac{uu}{v}\ )_{x}\end{array}$ (1.1)

for $x\in \mathbb{R}=(-\infty, +\infty),$ $t>0$ , where $v(x, t)>0,$ $u(x, t),$ $\theta(x, t)>0,$ $e(x, t)>0$ and
$p(x, t)$ are the specific volume, fluid velocity, internal energy, absolute temperature, and
pressure respectively, while the positive constants $\mu$ and $\kappa$ denote the viscosity and heat
conduction coefficients respectively. Here we study $t\}_{1}e$ ideal polytropic fluids so $tIiatp$
and $e$ are given by the state equatioris

$p= \frac{R\theta}{v}=Av^{-}e^{L^{-\underline{1}}}R^{s}$ , $e= \frac{R\theta}{\gamma-1}+c.onst.$ ,

where $s$ is the entropy, $\gamma>1$ is the adiabatic exponent and $A,$ $R$ are both positive
constants. We concem the Cauchy problem to the system (1.1) supplemented with the
following initial and far field conditions:

$\{\begin{array}{l}(v, u, \theta)(x, 0)=(v_{0}, u_{0}, \theta_{0})(x), x\in \mathbb{R}_{t}(1.2)(v, u, \theta)(\pm\infty, t)=(v\pm, u\pm, \theta\pm), t>0,\end{array}$

where $v\pm(>0),$ $u\pm$ and $\theta_{\pm}(>0)$ are given constants, and we assume $irif_{\mathbb{R}}v_{0}>0,$ $\inf_{\mathbb{R}}\theta_{0}>$

$0$ , and $(t^{10}, u_{0}, \theta_{0})(\pm\infty)=(v\pm, u\pm, \theta_{\pm})$ as compatibility conditions.
We are interested in the global solutions in time of the Cauchy problem (1.1)(1.2) and

their large time behaviors in $t$}$\iota e$. relations witli tiie spatial $as^{1}ymI$)$totic$ states $(\iota)\pm,$ $u\pm,$ $\theta_{\pm})$ .
It fias been known tfiat $tliest^{s}$, asyrnptotic be$f_{1’d}$viors are well characterized by those of the
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solutions of the corresponding Riemann problem for the hyperbolic part of (1) (Euler
system):

$\{\begin{array}{l}v_{t}-u_{x}=0,u_{t}+p_{x}=0,(e+\frac{u^{2}}{2})_{t}+(pu)_{x}=0\end{array}$ (1.3)

with the initial Riemann data

$(v, u, \theta)(x, 0)=\{\begin{array}{l}(v_{-}, u_{-}, \theta_{-})t x<0,(1.4)(v_{+}, u_{+}, \theta_{+}), x>0.\end{array}$

The system of conservation laws (1.3) has three distinct real eigenvalues for positive $v$

and $\theta$

$\lambda_{1}=-\sqrt{\gamma p}/v<0$ , $\lambda_{2}=0$ , $\lambda_{3}=-\lambda_{1}>0$

which implies the first aiid third characteristic fields are genuinely nonlinear and the
second field is linearly degenerate. Then it is known that the baiic Riemann solutions of
the problem (1.3)(1.4) are dilation invariant solutions: shock waves, rarefaction waves,
contact discontinuities, and the linear combinations of these basic waves ([20]). Sirice
the inviscid system (1.3) is an idealization when the dissipative effects are neglected. it
is of great importance to study the large-time asymptotic behavior of solutions of the
corresponding viscous system (1.1) toward the viscous versions of these basic waves. In
fact, in tlie cases the Riernann solution consists of sliock waves or rarefaction waves,
there have been intensive studies complcted in the theory of viscous conservation laws
since 1985 when the fL$ymptotic stability of the viscous shock waves is studied by a $L^{2}$

elementary energy method in Goodman [2] an$(1$ Matsumura-Nishihara [16]. The viscous
sllock profiles and viscous rarefaction waves have been shown to be asymptotically stable
for quite general perturbation for the compressible Navier-Stokes system (1.1) and more
general systems of viscous strictly hyperbolic conservation laws$([9,10,12-14,17-19,21$ ,
22] $)$ . III particular, the asynrptotics toward the rarefaction waves for (1.1) is established
in Kawashima-Matsumura-Nisbihara [10] by using an energy form associated witli the
physical total energy and a monotone property of rarefaction waves.

$()r1$ the other liaiid. in the case the Riernann solution consists of contact discontinuity,
$t\}_{1e}$ problem is more subtle and the progress has been less satisfactory, except for the
studies in [4, 5, 7, 15, 23]. The stability of a viscous version of contact discontinuity
(“viscous contact wave“) for systems of viscous conservation laws was first studied by Xin
([23]) who obtained the metastability of a weak contact discontinuity for the compressible
Euler system with uniform viscosity, that is, the solution tends toward a viscous contact
wave which approxirnates the contact discontinuity locally in time as zero viscosity limit,
but not uniformly in time. Later Liu-Xin in [15] showed the $meta_{\sim}itability$ of contact
discontinuities for a class of general systems of nonlinear conservation laws with uniform
viscosity, and obtained pointwise asymptotic behavior towards viscous contact waves by
approximate fundamental solutions, which also leads to the a:$ymptotic stability of the
viscous contact wave in $L^{p}$ norms for all $p\geq 1$ . However, the theory in [15, 23] does not
apply to the compressible Navier-Stokes system (1.1) since the viscosity matrix in (1.1)
is only semi-positive definite. For a free-boundary value problem for (1.1) on the half
line, the asymptotic stability of a viscous contact wave is proved by an elementary energy
metliod by Huang-Matsumura-Shi in [4]. However, this $aPl$)$roacl1$ Iieither can be applied
to Cauchy problem case of (1) since the analysis in [4] depen$(ls$ crucially on a Poincar\’e-
type inequality, which cannot be true for Cauchy problem. Recently, Huang-Matsumra-
Xin [5] and Huang-Xin-Yang [7] have made some progresses, that is, they succeeded in
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using the anti-derivative method, motivated by the theory of viscous shock waves $([9])$ ,
to obtain riot only the stability of $tI\iota e$ viscous contact wave but also the convergence rate.
However, their rnet}lod is again not available for the stability of the combination wave of
viscous contact wave with rarefaction waves, since the anti-derivative method htki never
worked for the stability of the rarefaction waves,

More recently, Huang-Matsumura-Xin [6] succeeded in obtaining a new estimate on
heat equations $whic$}$1$ can be applied to the study of the stability of the combination
of viscous contact wave with viscous shock profiles. In this paper, rnotivated by the
argumerits in [6] and [10], we show the asyinptotic stability of the linear combination
wave of viscous contact wave and the rarefaction waves for the Caucby problem of the
compressible Navier-Stokes system (1.1)(1.2) provided the strength of the combination
wave is suitably small.

To state our main results, we first recall the viscous contact wave $(V, U, \Theta)$ for the com-
pressible Navier-Stokes system (1.1) defined in [7]. For the Riemann problem (1.3)(1.4),
it is known that the contact discontinuity solution takes the form

$(\tilde{V},\tilde{U},\tilde{\Theta})(x, t)=\{\begin{array}{l}(v_{-}, u_{-}, \theta_{-}), x<0, t>0,(1.5)(v_{+}, u_{+}, \theta_{+}). x>0, t>0,\end{array}$

provided that

$u_{-}=u+$ , $p_{-}= \Delta\frac{R\theta_{-}}{v_{-}}=p+=\Delta\frac{R\theta_{+}}{v+}$ . (1.6)

In the setting of the coinpressible Navier-Stokes system (1.1), the corresponding wave
$(V, U, \Theta)$ to the contact discontinuity $(V, \tilde{U},\overline{\Theta})$ becornes srnooth and behaves as a diffu-
sion wave due to the dissipation effect. We call this wave “viscous contact wave”, The
viscous contact wave $(V, U, \Theta)$ can be constructed as follows. Since the pressure for the
profile $(V, U, \Theta)$ is expected to be almost constant corresponding to the argurnents in [5],
i.e., we set

$\frac{R\Theta}{V}=p+$ ,

which indicates the leading part of the energy equation $(1.1)_{3}$ is

$\frac{R}{\gamma-1}\Theta_{t}+p+U_{x}=\kappa(\frac{\Theta_{x}}{V})_{x}$ (1.7)

The equations (1.7) and $(1.1)_{1}$ lead to a nonlinear diffusion equation,

$\Theta_{\iota}=a(\frac{\Theta_{x}}{\Theta})_{x}$ $\Theta(\pm\infty, t)=\theta\pm$ , $a= \frac{\kappa p+(\gamma-1)}{\gamma R^{2}}>0$ , (1.8)

which has a unique self similarity solution $\Theta(x, t)=\Theta(\xi),$ $\xi=\frac{x}{\sqrt 1+t}$ due to [1,3]. Further-
more, on one hand, $\Theta(\xi)$ is a monotone function, increasing if $\theta+>\theta_{-}$ and decreasing
if $\theta_{+}<\theta_{-}$ ; On the other hand, there exists some positive constant $\overline{\delta}$, such that for
$\delta=|\theta_{+}-\theta_{-}|\leq\overline{\delta},$ $\Theta$ satisfies

$(1+t)|\Theta_{xx}|+(1+t)^{1/2}|\Theta_{x}|+|\Theta-\theta_{\pm}|\leq c_{1}\delta e^{-arrow x^{2}}\underline{e}_{1+t}$ as $|x|arrow\infty$ , (1.9)

where $r_{1}$ and $0_{2}$ are both positive constants depending $()nly$ on $\theta_{-}$ and $\overline{\delta}$ . Once $\Theta$ is
determined, the contact wave profile $(V, U, \Theta)(x, t)$ is then defined as follows:

$V= \frac{R}{p+}\Theta$ , $U=u_{-}+ \frac{\kappa(\gamma-1)\Theta_{x}}{\gamma R\Theta}$ , $\Theta=\Theta$ . (1.10)
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It is straightforward to $che(k$ that $(V, U, \Theta)$ satishes

$\Vert V-\tilde{V}$ . $U-\overline{U}.\Theta-\tilde{6})\Vert_{L^{p}}=O(\kappa^{1/(2\rho)})(1+t)^{1/(2p)}.p\geq 1_{1}$

which means the nonlinear diffusion wave $(V, U, 6))(x, t)a\iota)proximateb$ the contact dis-
continuity $(\overline{V},\overline{U}.\tilde{\epsilon}))(\tau, /)$ to the Euler $\backslash qyst(\Delta m(1.3)$ in $L^{p}$ iiorin, $p\geq 1$ on any finite time
interval as the heat conductivity coefficierit $\kappa$ tends to zero. More importantly. the contact
wave $(V, U, \Theta)$ solves the $compres_{L}sibleNavier- Stok$ ) $tem(1.1)$ time $a_{\grave{\backslash }2}ym\iota$)$totically$,
ie..

$\{\begin{array}{l}V_{t}-U_{x}=0.U_{t}+(\frac{Re}{V})_{x}=\mu(\frac{U}{V})_{x}+R_{1},(e(V_{1}6))+\frac{U^{1}}{2})_{t}+(p(V, \Theta)U)_{x}=(\kappa\frac{e}{V}+/A\frac{UU}{\iota^{f}}\perp)_{x}+R_{2},\end{array}$

where

$R_{1}$ $=$ $\frac{\kappa(\gamma-1)}{\gamma R}((\ln\Theta)_{xl}-\mu(\frac{p_{+}}{R\Theta}(\ln\Theta)_{x\tau})_{x})$

$=$
$o(\delta)(1+t)^{-\backslash }?/2^{{}^{t}A_{\frac{x^{l}}{t}}}e^{-\sim}1+$ as $|x|arrow\infty$ .

$R_{2}$ $=$ $( \frac{\kappa(\gamma-1)}{\gamma R}I^{2}((\ln\Theta)_{x}(\ln\Theta)_{\tau t}-\mu(\frac{p+}{R\Theta}(\ln\Theta)_{x}(1_{I1}\Theta)_{xz})_{x})$

$=$
$o(\delta)(1+t)^{-2_{e^{-\sim}}^{\prime z_{\frac{x^{2}}{+\iota}}}}1$ as $|x|arrow\infty$ .

We are now in a position to state our main results. Let

$(\phi, \psi, \zeta)(x, t)=(v-V, u-U, \theta-\Theta)(x, t)$ .
For interval $I\subset[0,$ $\infty)$ , we (lefiile a functi$(Jii$ space

$X(I)\subset Y(I)=\Delta C(I;H^{1}(\mathbb{R}))$

as

$X(I)=\{(\phi.\psi, \zeta)\in Y(I)|\phi_{x}\in L^{2}(I;L^{2}(\mathbb{R})),$ $(\psi_{x},\overline{\zeta}_{x})\in L^{2}(I;H^{1}(\mathbb{R}))\}$ .

Our first main result is as follows:

Theorem 1 For any given $(\iota_{-}, u_{-}, \theta_{-})$ , suppose that $(v_{+}.u_{+\}\theta_{+})$ satisfies (1.6). Let
$(V, U, \ominus)$ be the viscous contact wave defined in (1.10) with strength $\delta=|\theta_{+}-\theta_{-}|\leq\overline{\delta}$ .
Then there exist positive constants $\delta_{0}$ and $\epsilon_{0}$ , such that if $\delta<\delta_{0}$ and the initial data
$(v_{0}.u_{0}, \theta_{0})sat\iota sfie,s$

$\Vert(v_{0}(\cdot)-V(\cdot, 0).u_{0}(\cdot)-u_{-}, \theta_{0}(\cdot)-\Theta(\cdot, 0))\Vert_{H^{1}}\leq\epsilon_{0}$ ,

then the $C_{\text{ノ}}auchy$ problem (1.1)(1.2) admits a unique global solution $(v, u, \theta)sati_{6}fying$

$(v-V, u-U, \theta-\Theta)\in X([0, \infty))$ and

$\lim_{tarrow\infty}su\iota)x\in \mathbb{R}|(v-V, u-u_{-}, \theta-\Theta)(x, t)|=0$ . (1.11)

Remark 1 Theorem 1 doesn $t$ give the convergence rate of (1.11) as in [5, $7J$ . However,
$co\gamma npa7E$ to the anti-derivative $rnetf\iota od$ us$ed$ in $[v\ulcorner,$ $7J$, our energy method $\iota selerner\iota ta7y$

und much $si_{7}npler\cdot$ , and more importantly, it can be used to investigute $tf\iota e$ asymptotic
behavior of the solutions toward the combination of viseou.9 eontact wave with $\tau ur\prime efa(.tion$

ones (see Theorem 2 $b\epsilon low$).
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When the relation (1.6) fails, the basic theory of hyperbolic systcm of conservation laws
(e.g., see [20]) irnplies that for any given constant state $(v_{-}, u_{-}, \theta_{-})$ with $v_{-}>0,$ $\theta_{-}>0$

arid $u_{-}\in \mathbb{R}$ , there exists a suitable neighborhood $\Omega(v_{-}, u_{-}, \theta_{-})$ of $(v_{-}, u_{-}, \theta_{-})$ such that
for any $(v+, u_{+}, \theta_{+})\in\Omega(v_{-}, u_{-}, \theta_{-})$ the Riernarm problem of $tI_{1}e$ Euler sysytem (1.3)(1.4)
has a unique solution. In this paper, we only consider the stability of the superposition
of viscous contact wave and rarefaction ones. In this situation, we assume that

$(v_{+}, u_{+}, \theta_{+})\in R_{1}CR_{3}(v_{-}, u_{-}, \theta_{-})\subset\zeta l(v_{-}, u_{-}, \theta_{-})$

where

$R_{1}CR_{3}’(v_{-)}u_{-}, \theta_{-})=\Delta\{(u, v, \theta)\in\Omega(v_{-}, u_{-}, \theta_{-})|s\neq s_{-}$,

$u\geq u_{-}-./^{i^{-1}(A-A}v_{-e}e\ulcorner_{\gamma}-I_{v}\lambda_{-}(\eta, s_{-})d\eta,$
$u \geq u_{-}-\int_{\mp\frac{1}{\gamma}(A-\#)_{v-}}^{v}-\lambda_{+}(\eta, s)d\eta\}$

witb

$s= \frac{R}{\gamma-1}\ln\frac{R\theta}{A}+R\ln v$ , $\iota 9\pm=\frac{R}{\gamma-1}1_{11}\frac{R\theta\pm}{A}+R1\iota\downarrow v\pm$,

and

$\lambda_{\pm}(v.s)=\pm\sqrt{A\gamma v^{-\gamma-1}e^{(\gamma-1)_{\delta}/R}}$ .

It is well-known ([20]) that there exists some suitably small $\delta_{1}>0$ such that for

$(t^{1}+, u_{+}, \theta_{+})\in R_{1}CR_{3}(v_{-}, u_{-}, \theta_{-})$ , $|\theta_{-}-\theta_{+}|\leq\delta_{1}$ , (1.12)

there exist a positive constant $C=C(\theta_{-}, \delta_{1})$ and a unique pair of points $(v_{-}^{m}, u^{m}, \theta^{\underline{m}})$

and $(v_{+}^{rr\iota}, u^{rr\iota}.\theta_{+}^{rr\iota})$ in $\Omega(v_{-}, u_{-}, \theta_{-})$ satisfying

$\frac{R\theta^{\underline{rr}\iota}}{v^{\underline{m}}}=\frac{R\theta_{+^{l}}’’}{v_{+}^{m}}=\Delta p^{\prime n}$ ,

and

$|v_{\pm}^{m}-\iota|\pm|+|u^{m}-u_{\pm}|+|\theta_{\pm}^{m}-\theta_{\pm}|\leq C|\theta_{-}-\theta_{+}|$ ;

Moreover, the points $(?f^{\underline{m}}, u^{m}, \theta^{\underline{m}})$ and $(v_{+}^{m}, u^{m}, \theta_{+}^{m})$ belong to the l-rarefaction wave
curve $R_{-}(v_{-}, u_{-}, \theta_{-})$ and the 3-rarefaction wave curve $R_{+}(v_{+}, u_{+}, \theta_{+})$ respectively, where

$R\pm(v\pm, u\pm, \theta_{\pm})=\{(v, u, \theta)|s=s\pm,$ $u=u_{\pm}- \int_{v\pm}^{v_{\lambda_{\pm}(\eta,s\pm}})d\eta,$ $v>v\pm\}$ .

The l-rarefaction wave $(v_{-}^{r}, u_{-}^{r}, \theta^{\underline{r}})(\frac{x}{t})$ (resp. the 3-rarefaction wave $(v_{+}^{r},$ $u_{+}^{r},$ $\theta_{+}^{r})(\frac{x}{\ell})$ )
coiinecting $(v_{-}, u_{-}, \theta_{-})$ and $(v_{-}^{rr\iota}, u^{rr\iota}, \theta^{\underline{m}})$ $($ resp. $(v_{+}^{m},$ $u^{rr\iota}.\theta_{+}^{rr\iota})$ and $(v_{+},$ $u+,$ $\theta_{+}))$ is $t\}_{1}e$

weak solution of the Riemann problem of the Euler system (1.3) with the following
initial Riemann data

$(v_{\pm}^{r}, u_{\pm}^{r}, \theta_{\pm}^{r})(x, 0)=\{\begin{array}{ll}(v_{\pm}^{m}, u^{m}.\theta_{\pm}^{m}), \pm x<0,(v\pm, u\pm, \theta\pm), \pm x>0.\end{array}$ (1.13)
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Since the rarefaction waves $(\iota_{\pm}, u_{\pm}^{7}, \theta_{\pm})$ are not srnooth eiiough solutions, it is convenient
to construct smooth approximate ones of them. Motivated by [17], the smooth solutions
of Euler system (1.3), $(V_{\pm}^{r}, U_{\pm}^{r}, \Theta_{\pm}^{r})$ , which approximate $(v_{\pm}^{r}, u_{\pm}^{r}, \theta_{\pm}^{r})$ , are given by

$\{\begin{array}{l}\lambda_{\pm}(V_{\pm}^{r}(x, t), s_{\pm})=w_{\pm}(x.t),U_{\pm}^{r}=u_{\pm}-\int_{v\pm}^{V_{\pm}(x,t)}\lambda_{\pm}(\eta, s_{\pm})d\eta,\Theta_{\pm}^{r}=\theta_{\pm}(v_{\pm})^{\gamma-1}(V_{\pm}^{r})^{1-\gamma},\end{array}$ (1.14)

where $w_{-}$ (resp. $w_{+}$ ) is the solution of the initial problem for the typical Burgers equation:

$\{\begin{array}{l}w_{t}+ww_{x}=0, (x, t)\in \mathbb{R}\cross(0.\infty).w(x.0)=(w_{r}+w\ell)/2+((w_{r}-u_{l})/2) tarih x,\end{array}$ (1.15)

with $w_{l}=\lambda_{-}(v_{-}, s_{-}),$ $w_{r}=\lambda_{+}(v^{\underline{m}}.s_{-})$ $($ resp. $w_{l}=\lambda_{+}(v_{+}^{m},$ $s_{+}).w_{\tau}$ . $=\lambda_{+}(v_{+\cdot+}9))$ .
Let $(V^{cd}, U^{cx1}, \Theta^{cd})(x, t)$ be $ti\iota e$ viscous contact wave constructed in (1.10) and (1.8)

with $(v\pm, u\pm, \theta_{\pm})re\iota)1a(t^{1}d$ by $(v_{\pm}^{m}, 0, \theta_{\pm}^{rr\iota})$ respectively. We define

$(\begin{array}{l}VU\Theta\end{array})(x, t)=(\Theta^{cd}+\Theta^{\underline{\frac{r}{r}}}+\Theta_{+}^{r}U^{r\Lambda}+U^{\frac{r}{}}+U_{+}^{r}V^{rd}+V+V_{+}^{r})(x, t)-(\begin{array}{l}v^{\underline{m}}+v_{+}^{m}u^{m}\theta^{\underline{m}}+\theta_{+}^{m}\end{array})$, (1.16)

arid

(4), $\psi.\zeta)(x, t)=(v-V, u-U, \theta-\Theta)(x, t)$ .

Our second main result is as follows:

Theorem 2 For$\cdot$ any given $(v_{-}, u_{-}, \theta_{-})$ , suppose that (1.12) holds for some small $\delta_{1}>0$ .
Let $(V. U. \Theta)$ be as in (1.16) with strength $\delta=|\theta_{+}-\theta_{-}|\leq\overline{\delta}$ . Then $tf\iota ere$ exist positive
cons tants $\delta_{0}$ ( $\leq$ rnin $\{\delta_{1},$ $\overline{\delta}\}$ ) $ar\iota d\epsilon_{0}$ . such that if $\delta<\delta_{0}$ and the initial data $(v_{0}, u_{0}, \theta_{0})$

satisfies
$\Vert(v_{0}(\cdot)-V(\cdot, 0), u_{0}(\cdot)-U(\cdot.0), \theta_{0}(\cdot)-\Theta(\cdot, 0))\Vert_{H^{1}}\leq\epsilon_{0}$ ,

then the Cauchy problem (1.1)(1.2) admits a $ur\iota iq?ie$ global solution $(v, u, \theta)$ satisfying
$(v-V, u-U, \theta-\Theta)\in X([0, \infty))$ and

$\lim_{tarrow\infty}\sup_{x\in \mathbb{R}}(|(v-v^{\underline{r}}-V^{cd}-v_{+}^{r}|(\theta-\theta^{\underline{r}}-\Theta^{A}-\theta_{+}^{r}|(u-u_{\frac{r}{t}}-u_{+}^{r}+++u^{\iota}\theta^{\underline{m}}v_{\frac{m}{\pi}})(++x\theta_{+}^{rr\iota}v_{+}^{m}t))_{(\prime x,t)}^{(x,t)}|)=0$ , (1.17)

where the $(v_{-}^{\gamma}. u^{7}, \theta_{-}^{7})$ (sr, t) and $(v_{+}^{7} , u_{+}^{r}, \theta 1)(x, t)$ are the $1- rar\lrcorner fac\cdot tion$ wave and 3-rarefaction
one uniquely $dete\gamma mined$ by (1.3)(1.13) respectively.

We now make some comments on the analysis of this paper. To show our ideas clearly,
we first consider the stability of the wave only consisting of viscous contact one. As
mentioned above, the elementary energy estimate of [4] cannot be applied directly to
study the asymptotic behavior of viscous contact waves for solutions to Cauchy problems
of (1.1) due to their analysis depending crucially on the availability of a Poincar\’e-type
inequality, which cannot be true for Cauchy problerns. To overcome this difficulty, mo-
tivated by the arguments in [6], we first derive an elementary inequality concerning the
estimate of the term

$\int\int h^{2}\Theta_{x}^{2}dxdt$ ,
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which can be controlled essentially by some estimates of $h_{t}$ (see (2.3) for details). Sec-
ondly, by using the special structure of the viscous contact wave and the compressible
Navier-Stokes system (1.1), we translate the tbird equation of (1.1) to ariother form wbose
advantage is $tIiat$ we can use the first equation of (1.1) and the new form of $(1.1)_{3}$ . to-
gether with the Sobolev inequality to get the desired estimates. Finally, for the stability
of the combination of viscous contact wave with rarefaction waves, cornbining with the
arguments in [10] to use the monotonicity of the rarefaction waves $U_{\pm}^{f}w.r\cdot.t$ . $x$ , we can
modify our method slightly to overcome the difficulties caused by the rarefactioii waves.

No$tatior\iota s$ . Tbroughout this article, several positive generic constants are denoted by
$C_{t}r$. without coiifusions. For functional spaces, $H^{l}(\mathbb{R})$ denotes the $l-$ th order Sobolev
space with its norm

$|1f \Vert_{l}=\sum_{j=0}^{l}\Vert’\theta_{x}f\Vert$ , wIlere $\Vert$ . I $=\Delta\Vert\cdot\Vert_{L^{2}(\mathbb{R})}$ .

2 Key Lemma

For $\alpha>0$ , let

$\omega=\exp\{-\frac{\alpha x^{2}}{1+t}\}$ , $g=(1+t)^{-1/2} \int_{-\infty}^{x}\omega dy$ . (2.1)

It is easy to check that

$4\alpha g_{t}=g_{xx}=(1+t)^{-1/2}\omega_{x}$ , $\Vert g(\cdot, t)\Vert_{L\propto}=\sqrt{\pi}\alpha^{-1/2}$ . (2.2)

Lemma 1 For $0<T\leq+\infty$ , suppose that $h(x, t)$ nati sfies
$h\in L^{\infty}(O, T;L^{2}(\mathbb{R}))$ , $h_{x}\in L^{2}(0.T;L^{2}(\mathbb{R}))$ , $h_{\iota}\in L^{2}(0, T;H^{-1}(\mathbb{R}))$ .

Then the following estimate $f\iota olds$ for any $t\in(O, T]$ ,

$\int_{0}^{t}(1+s)^{-1}\int_{\mathbb{R}}h^{2}\omega^{2}dxds$

$\leq 4\pi\Vert h(0)\Vert^{2}+4\pi\alpha^{-1}\int_{0}^{t}\int_{\mathbb{R}}h_{x}^{2}dxd_{9}+8\alpha\int_{0}^{t}\langle h_{l},$ $hg^{2}\rangle_{H^{-1}xH^{1}}ds$ . (2.3)

Proof. By standard arguments, we get

2 $\int_{0}^{t}\langle h_{t},$ $f\iota g^{2}\rangle_{H^{-1}xH^{1}}ds$

$= \int_{\mathbb{R}}h^{2}g^{2}dx-\int_{\mathbb{R}}h^{2}(x, 0)g^{2}(x, 0)dx-\frac{1}{2\alpha}\int_{0}^{\iota}(1+9)^{-1/2}\int_{N}h^{\prime z}g\omega_{x}dxds$

$= \int_{\mathbb{R}}h^{2}g^{2}dx-/\mathbb{R}^{h^{2}(x,0)g^{2}(x,0)dx}+\frac{1}{2\alpha}\int_{0}^{t}(1+s)^{-1}\int_{\mathbb{R}}h^{2}\omega^{2}dxds$

$+ \frac{1}{\alpha}\int_{0}^{t}(1+s)^{-1/2}\int_{\mathbb{R}}fih_{x}g\omega dxds$

$\geq-\frac{\pi}{\alpha}\int_{\mathbb{R}}f\iota^{2}(x, 0)dx+\frac{1}{4\alpha}\int_{0}^{t}(1+s)^{-1}\int_{\mathbb{R}}h^{2}\omega^{2}dxds-\frac{\pi}{\alpha^{2}}\int_{0}^{t}\int_{\mathbb{R}}h_{x}^{2}dxds$ ,

which yields (2.3) directly.
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3 Sketch Proof of Theorem 1

We will establish the following inain a priori estimate.

Proposition 1 (A priori estimate) There exist positive cons tants $\delta_{0}\leq\min\{\delta_{1}, \overline{\delta}, 1\}$ ,
$\epsilon_{0}\leq 1$ and $C$ , such that for $T>0$ and $(\phi, \psi, \zeta)\in X([0, T])$ satisfying

$N(T)=\backslash up0^{\iota’}\leq t\leq T\Vert(\phi, \psi, \zeta)(t)\Vert_{1}^{2}<\epsilon_{0}$, $|\theta_{-}-\theta_{+}|=\delta<\delta_{0}$ , (3.1)

it follows the estimate

$\Vert(\phi, \psi, \zeta)(t)\Vert^{2}+\int_{0}^{t}\Vert(\psi_{x}, \zeta_{x})(s)\Vert^{2}ds$

$\leq C(\delta^{1/2}+\Vert(\phi_{0}, \psi_{0}, \zeta_{0})\Vert^{2}+\delta^{1/2}\int_{0}^{t}\Vert\phi_{x}(s)\Vert^{2}ds)$ .

Proof. We rewrite the Caucliy problem (1.1)(1.2) as

$\{\begin{array}{l}\phi_{t}-\psi_{x}=0,\psi_{\iota}+(\frac{R\zeta-t!+\phi}{v})_{x}=\mu(\frac{\psi_{x}}{\iota})_{x}+F,\frac{R}{\gamma-1}\zeta_{\ell}+pu_{1}-p+U_{J}=\kappa(\frac{\Theta_{J}+\zeta_{x}}{V+\phi}-\prec e\nu)_{T}+G,(\emptyset, \psi, \zeta)(\pm\infty, t)=0,(\phi, \psi, ()(x, ())=(\phi_{0}, \psi_{0}, (())\end{array}$ (3.2)

where

$F=-U_{\ell}+\mu(v^{-1}U_{x})_{x},$ $G= \mu\frac{(U_{l}+\psi_{J})^{2}}{v}$ .

Multiplying $(3.2)_{1}t_{)}y-R\Theta(v^{-1}-V^{-1}),$ $(3.2)_{2}$ by $\psi$ and $(3.2)_{3}$ by $\zeta\theta^{-1}$ , then adding the
resulting equations together, we have

$\Vert(\phi, \psi.\zeta)(t)\Vert^{2}+./0^{\iota}\Vert(\psi_{1}, \zeta_{x})(.s)\Vert^{2}ds$

$\leq C\Vert(\phi_{0}, \psi_{0}, \zeta_{0})\Vert^{2}+C\int_{0}^{t}\Vert F\Vert_{L^{1}}^{4/3}ds$

$+C \int_{0}^{t}\int_{N}(\zeta^{2}+\phi^{2})(|\Theta_{xx}|+\Theta_{T}^{2})dxds$

$\leq C\Vert(\phi_{0}, \psi_{0}, \zeta_{0})\Vert^{2}+C\delta^{4/3}+C\delta^{4/3}\int_{0}^{t}\Vert\phi_{\iota}\Vert^{2}ds$

$+C \delta\int_{0}^{\downarrow}(1+s)^{-1}\int_{\mathbb{R}}(\zeta^{2}+\phi^{2})c^{-c_{2}x^{2}/(1+6)}dxds$. (3.3)

We claim tbat

$\int_{0}^{t}(1+s)^{-1}\int_{\mathbb{R}}(\phi^{2}+\psi^{2}+\zeta^{2})’\omega^{2}dxds$

$\leq C+C\int_{0}^{\ell}(\Vert\phi_{\iota}\Vert^{2}+\Vert\psi_{x}\Vert^{2}+\Vert\zeta_{x}\Vert^{2})ds$. (3.4)

Proposition 1 thus follows directly from (3.3) and (3.4) by choosing $\delta$ suitably small.
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Now we are suppot ed to prove (3.4). Multiplying $(3.2)_{2}$ by $(R \zeta-p+\phi)v(1+t)^{-1}\int_{-\infty}^{x}\omega^{2}dy$,
integrating the resulting eqiiation over $\mathbb{R}$ leads to

$\int_{0}^{t}\frac{1}{1+fi}\int_{JR}(R\zeta-p+\phi)^{2}\omega^{2}dxds+\int_{0}^{t}\frac{1}{1+s}\int_{\mathbb{R}}\psi^{2}\omega^{2}dxds$

$\leq C+C\int_{0}^{\ell}(\Vert\phi_{x}\Vert^{2}+\Vert\psi_{x}\Vert^{2}+\Vert\zeta_{L}\Vert^{2})ds$

$+C \delta\int_{0}^{t}\frac{1}{1+s}\int_{\mathbb{R}}(\phi^{2}+\zeta^{2})\omega^{2}dxds$ . (3.5)

With (3.5) at hand, we are supposed to use Lemma 1 to get

$\int_{0}^{t}\frac{1}{1+8}\int_{\mathbb{R}}(R\zeta+(\gamma-1)p+\phi)^{2}\omega^{2}dxds$

$\leq C+\frac{C}{\eta}\int_{0}^{t}(\Vert\phi_{x}\Vert^{2}+\Vert’\psi_{x}\Vert^{2}+\Vert\zeta_{x}\Vert^{2})ds$

$+C( \delta+\eta)\int_{0}^{t}\frac{1}{1+s}\int_{1R}(\phi^{2}+\zeta^{2})\omega^{2}dxdn$, (3.6)

wliicll together with (3.5) thus iInplies (3.4) by taking first $\eta$ tben $\delta$ suitably srnall.
To get (3.6), we take $h=R\zeta+(\gamma-1)p+\phi$ in Lemma 1 and use

$\frac{h_{\ell}}{\gamma-1}=-\frac{R\zeta-p+\phi}{v}(\psi_{x}+U_{x})+\kappa(\frac{V\zeta_{x}-\phi\Theta_{x}}{Vv})_{x}+G$ , (3.7)

to derive

$\langle h_{\ell},$ $hg^{2}\rangle_{H^{-1}xH^{1}}$

$=-( \gamma-1)\int_{\mathbb{R}}\frac{R(-p+\phi}{v}h^{}\psi)xg^{2}dx-(\gamma-1)\int_{\mathbb{R}}\frac{R\zeta-p+\phi}{v}hU_{x}g^{2}dx$

$- \kappa(\gamma-1)J_{\mathbb{R}}\frac{V(x-\phi\Theta_{x}}{Vv}(hg^{2})_{x}dx+(\gamma-1)\int_{\mathbb{R}}Ghg^{2}dx$

$\leq C+\frac{C}{\eta}(\Vert\phi_{x}\Vert^{2}+\Vert\psi_{x}\Vert^{2}+\Vert\zeta_{x}\Vert^{2})+\frac{C(\delta+\eta)}{1+s}\int_{\mathbb{R}}(\phi^{2}+\zeta^{2})\omega^{2}dx$

$-(\gamma-1)J$, (3.8)

with

$2J$ $=$ 2 $\int_{\mathbb{R}}v^{-1}(h^{2}-\gamma p+h\phi)\psi_{x}g^{2}dx$

$=$ 2 $\int_{\mathbb{R}}v^{-1}(h^{2}-\gamma p+h\phi)\phi_{t}g^{2}dx$

$=$ $J_{R}(2v^{-1}h^{2}g^{2}\phi_{t}-\gamma p+v^{-1}hg^{2}(\phi^{2})_{\ell})dx$

$=$ $( \int_{\mathbb{R}}v^{-1}hg^{2}\phi(2h-\gamma p+\emptyset)dx)_{t}-\int_{\mathbb{R}}v^{-1}g^{2}\phi(4h-\gamma p+\phi)h_{t}dx$

$- \frac{1}{2c\iota\sqrt{1+t}}\int_{R}v^{-1}hg\phi(2h-\gamma p+\emptyset)\omega_{x}dx$

$+ \int_{\mathbb{R}}v^{-2}v_{t}g^{2}h\phi(2h-\gamma p+\phi)dx$. (3.9)
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Estimate (3.6) thus holds due to (3.7).
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