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1 Introduction
We consider the asymptotic behavior of the energy of weak solutions

to the Navier-Stokes equations in $\mathbb{R}^{n},$ $n\geq 2$ ;

$\{\begin{array}{ll}\underline{\partial u}_{-\triangle u}+u\nabla u=0, in \mathbb{R}^{r\iota}\cross(0, \infty),\partial t divu=0, in \mathbb{R}^{n}\cross(0, \infty),u(\cdot, 0)=a, in \mathbb{R}^{r\iota},\end{array}$ (N-S)

where $u=u(x, t)=(u_{1}(x, t), \ldots, u_{r\iota}(x, t))$ and $p=p(x, t)$ denote the
unkown velocity vector and the pressure of the fluid at point $(x, t)\in$

$\mathbb{R}^{n}\cross(0, \infty)$ , while $a=a(x)=(a_{1} (x), . . . a_{n}(x))$ is a given initial velocity
vector field.

For existence of weak solutions of (N-S), Leray [4] constructed a turbu-
len$t6^{c}(lu$ tion on $\mathbb{R}^{3}$ which is a weak solution satisfying the strong en-
ergy inequality and he proposed the famous problem whether or not
$\lim_{tarrow\infty}\Vert u(t)\Vert_{L^{2}(\mathbb{R}^{3})}’=0$ .

There are many results on the decay property of the energy, that is,
the $L^{2}$-norm of the solution of (N-S). Masuda [5] first gave a partial
answer to Leray’s problem and clarified that the strong energy inequality
plays an important role for $L^{2}$-decay of weak solutions. Later, Miyakawa,
Schonbek and et al. investigated the decay rate of the solution of (N-S)
in various domains.
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Kato [3] proved that the $L^{r}$-decay properties for strorig solutioris on $\mathbb{R}^{n}$

with small initial data. He also constructed a turbulent solution in $\mathbb{R}^{4}$ .
Using the uniqueness criterion for weak solutions given by serrin [8], we
may identify the turbulent solution with the strong solution after some
definite time.

Receritly, another aspect of asyniptotic $beI_{1_{C}’t}vior$ of the eriergy of the
solution has been investigated. We consider $tI_{1}e$ asymptotic behavior in
the following sence:

$\lim_{tarrow\infty}\frac{\Vert E_{\lambda}u(t)\Vert_{2}}{\Vert u(t)||_{2}}$ , (1)

$wIiere\{E_{\lambda}\}_{\lambda\geq 0}$ is the spectral decoinposition of the Stokes operator $A$ ,
that is, the identity

$A= \int_{0}^{\infty}\lambda dE_{\lambda}$

holds. $E_{\lambda}u$ is regarded the lower frequency part of $u$ . Indeed, with Fourier
transformation, we obtairi

$\overline{E_{\lambda}u}(\xi)=\chi_{\{|\xi|\leq\sqrt{\lambda}\}}\hat{u}(\xi)$ ,

where $\chi_{\{|\xi|\leq\sqrt{\lambda}\}}$ denotes the characteristic function on the set $\{\xi;|\xi|\leq$

$\sqrt{\lambda}\}$ . Hence, we emphasize that the equation (1) means the energy of the
lower frequency part of $u(t)$ dominates the energy of $u(t)$ as $tarrow\infty$ .

Definition 1 (Energy concentration) We say the energy concentra-
tion occurs in the $ph$ase $\lambda$ , if the equation (1) holds for $\lambda$ .

Skal\’ak proved the energy concentration for the strong solutions of (N-S)
under the assumption that $\lim\sup_{\iotaarrow\infty}\Vert A^{1/2}u(t)\Vert_{2}/\Vert u(t)\Vert_{2}<\infty$ .

Our purpose of the present paper is to characterize the set of initial
data that causes the equation (1). For this purpose, we consider the set
of initial data that causes a lower bound of the decay rate of the energy
of solutions. More precisely, we introduce the set

$K_{rr\iota_{t}\alpha}^{\delta}=\{\phi\in L^{2};|\hat{\phi}|\geq\alpha|\xi|^{m}$ for $|\xi|\leq\delta\}$ (2)

for $\alpha,$ $\delta>0$ and $m\geq 0$ . The set $K_{m,\alpha}^{\delta}$ is a generalization of the set given
by Schonbek [7]. We prove that if the initial data $a$ belongs to $K_{r’\iota_{7}\alpha}^{\delta}$ , then
the turbulent solution satisfies the energy concentration. Furthermore, we
obtain $tI_{1}e$ explicit convergence rate of $u(t)$ in (1).
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2 Results
Before stating our results we iritroduce sorne function spaces and give

our definition of turbulent solutions of (N-S). $C_{0,\sigma}^{\infty}$ denotes the set of
all $C^{\infty}$-real vector functions $\phi$ with compact support in $\mathbb{R}^{n}$ such that
$div\phi=0$ . $L_{\sigma}^{r}$ is the closure of $C_{0,\sigma}^{\infty}$ with respect to the $L^{r}$-norm $\Vert\cdot\Vert_{r}$ ;
$(\cdot,$ $\cdot)$ is the inner product in L. $L^{r}$ stands for the usual (vector-valued)
$L^{r}$-space over $\mathbb{R}^{n},$ $1\leq r\leq\infty$ . $H_{0,\sigma}^{1}$ is the closure of $C_{0,\sigma}^{\infty}$ with respect to
the norrn $\Vert\phi\Vert_{H^{1}}=\Vert\phi\Vert_{2}+\Vert\nabla\phi\Vert_{2}$ , where $\nabla\phi=(\partial\phi_{i}/\partial x_{j})_{i_{1}j=1,\ldots,n}$ . When
$X$ is a Banach space, we denote by $\Vert\cdot\Vert_{X}$ the norm on X. $C^{m}([t_{1}, t_{2}];X)$

and $L^{r}(t_{1}, t_{2};X)$ are the usual Banach spaces, where $m=0,1,$ $\ldots$ , and
$t_{1}$ and $t_{2}$ are real numbers such that $t_{1}<t_{2}$ . In this paper we denote by
$C$ various constants.

Definition 2 Let $a\in L_{\sigma}^{2}$ . A me&$\backslash \cdot$urable function $u$ defined on $\mathbb{R}^{n}\cross$

$(0, \infty)$ is called a $t$ urbulent solutiori of (N-S) if

(i) $u\in L^{\infty}(0, \infty;L_{\sigma}^{2})\cap L^{2}(0, T;H_{0,\sigma}^{1})$ for all $0<T<\infty$ .

(ii) The relation

$\int_{0}^{T}[-(u, \partial\phi/\partial t)+(\nabla u, \nabla\phi)+(u\cdot\nabla u, \phi)]dt=(a, \phi(0))$

holds for almost all $T$ and all $\phi\in C^{1}([0, T);H_{0,\sigma}^{1}\cap L^{n})$ such that
$\phi(\cdot, T)=0$ .

(iii) The strong enegy ineq $n$ality

$\Vert u(t)\Vert_{2}^{2}’+2l^{t}\Vert\nabla u(\tau)\Vert_{2}^{2}d\tau’\leq\Vert u(s)\Vert_{2}^{2}$ (3)

holds for almos$t$ all $s\geq 0$ , includeing $s=0$ , an$d$ all $t>s$ .

We call a function $u$ satisfying the above conditions (i) and (ii) a weak
solution of (N-S). We can redefine aiiy weak solution $u(t)$ of (N-S) on a
set of measure zero of the time interval $(0, \infty)$ so that $u(t)$ is weakly con-
tinuous in $t$ with values in $L_{\sigma}^{2}$ . Moreover, such a redefined weak solution
$u$ satisfies for eacli $0\leq s<t$ ,

$\int_{s}^{t}[-(u, \partial\phi/\partial t)+(\nabla u, \nabla\phi)+(u\cdot\nabla u, \phi)]d\tau=-(u(t), \phi(t))+(u(s), \phi(s))$

(4)
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for all $\phi\in C^{1}([s, t];H_{0,\sigma}^{1}\cap L^{n})$ , see Prodi [6]. The existence of turbulent
solutions for $n=3$ and $n=4$ was given by Leray [4] and Kato [3],
respectively.

Let us define the Stokes operator $A_{r}$ in $L_{\sigma}^{r}$ . We have the following
Helmholtz decomposition:

$L^{r}=L_{\sigma}^{r}\oplus G^{r}$ , $1<r<\infty$ ,

where $G^{r}=\{\nabla p\in L^{r};p\in L_{loc}^{r}\}$ . $P_{\sigma}$ denotes the projection operator
from $L^{r}$ onto $L_{\sigma}^{r}$ . The Stokes operator $A_{r}$ is defined by $A_{r}=-P_{\sigma}\Delta$ with
domain $D(A_{r})=H^{2_{j}r}\cap L_{\sigma}^{r}$ . $A_{2}$ is nonnegative and self-adjoint operator
on $L_{\sigma}^{2}$ . For simplicity, $A$ denotes the Stokes operator $A_{r}$ if we have no
possibility of confusion. $\{E_{\lambda}\}_{\lambda\geq 0}$ denotes the spectral decomposition of
the nonnegative self-adjoint operator $A$ .

Let us introduce the definition of strong solution of (N-S).

Definition 3 Let $n<r<\infty,$ $a\in L_{\sigma}^{n}.$ A measurable function $u$ defined
on $\mathbb{R}^{n}\cross(0, \infty)$ is called a global strong solution of (N-S) if

$u\in C([0, \infty);L_{\sigma}^{r\iota})\cap C((0_{7}\infty);L^{r})$ ,

$\frac{\partial u}{\partial^{r}t},$ $Au\in C((0, \infty);L_{\sigma}^{n})$ ,

a$ndu$ satisfies

$\frac{\partial’u}{\partial t}+Au+P_{\sigma}(u\cdot\nabla u)=0$ , $t>0$ .

Now our results read:

Theorem 1 Let $2\leq n\leq 4$ , aiid let $r>1$ an$dm\geq()$ be

(i) for $n=2$ ,
$1<r<^{\underline{4}}$

3’
$0 \leq m<\frac{4}{r}-3$ ,

(ii) for $n=3,4$ ,

$1<r< \frac{r\iota}{n-1}$ , $0 \leq m<\frac{n}{r}-(n-1)$ .
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$s_{u}^{1})1$ ’ that $K_{m,\alpha}^{\delta}$ is the same as (2). If $a\in L_{\sigma}^{7}\cap L_{\sigma}^{2}\cap K_{m,\alpha}^{\delta}$ for some
$\alpha,$ $\delta>0$ , then for every turbulent solution $u(t)$ there exist $T>0$ and
$C(n, r, \gamma n, \delta, \alpha, a)>0$ such that

$| \frac{\Vert E_{\lambda}u(t)\Vert_{2}}{\Vert u(t)||_{2}}-1|\leq\frac{C}{\lambda}t^{-(n/r-n+1-m)}$ (5)

holds for $a$11 $\lambda$ and for all $t>T$ .

Theorem 2 Let $n\geq 5$ , and let $r>1$ and $rr\iota\geq 0$ be

$1<r< \frac{r\iota}{n-1}$ , $0 \leq m<\frac{r\iota}{r}-(n-1)$ .

Then there exists $\gamma>0$ such that if $a$ $\in L_{\sigma}^{r}\cap L_{\sigma}^{n}\cap K_{rr\iota,\alpha}^{\delta}$ for some
$\alpha,$

$\delta>$ $()$ an$d$ if $a$ satisfies $\Vert a\Vert_{r\iota}\leq\gamma$ , then th$ere$ exists a unique $global$

strong solution $u(t)$ with the following property. There exist $T>0$ and
$C(n, r, m, \delta, \alpha, a)>0$ such that

$| \frac{\Vert E_{\lambda}u(t)\Vert_{2}}{\Vert u(t)||_{2}}-1|\leq\frac{C^{\gamma}}{\lambda}t^{-(n/r-n+1-m)}$ (6)

fiolds for all $\lambda$ an$d$ for all $t>T$ .

Remark 3 Skalak [10] proved the enegy concentration (1) under the as-
sumption $\lim\sup_{tarrow\infty}\Vert A^{1/2}u(t)\Vert_{2}/\Vert u(t)\Vert_{2}<\infty$. From the assumption of
Theorem 1 and of Theorem 2, we can sbow that $\lim_{tarrow\infty}\Vert A^{1/2}u(t)\Vert_{2}/\Vert u(t)\Vert_{2}=$

$0$ . On the other hand, our advantage seems to characterize the set of ini-
tial data which causes an energy concentration. Moreover, we get the
explicit convergence rate of (1). We introduce $t$}$\iota e$ set $K_{m,\alpha}^{\delta}$ of initial
(lata that causes (1), especially, causes the lower bound of the $L^{2}$-decay
of the solutions of (N-S). (See also Schonbek [7].)

3 Outline of the proof of Theorem 1
3.1 Key lemma

The following lemma pl\‘ays an important role in the proof of the The-
orem 1.
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Lemma 4 Let $2\leq n\leq 4$ . Let $r$ and $m$ be as

(i) for $n=2$ ,
$1<r<^{\underline{4}}$

3’
(ii) for $n\geq 3$ ,

$1<r<\underline{n}$

$n-1$ ’

$0 \leq m<\frac{4}{r}-3$

$0 \leq m<\frac{n}{r}-(n-1)$ .

If $a\in L_{\sigma}^{r}\cap L_{\sigma}^{2}\cap K_{rr\iota,\sigma}^{\delta}$ , Then every turbulent solution $u(t)$ of (N-S) satisfies

$\frac{\Vert\nabla u(t)\Vert_{2}^{2}}{||u(t)\Vert_{2}^{2}}\leq O(t^{-(n/r-n+1-m)})$ , (7)

as $tarrow\infty$ .

To prove lemma 4, we need to compare tlie decay rate of $\Vert\nabla u(t)\Vert_{2}$ with
the lower bound of the decay rate of $\Vert u(t)\Vert_{2}’$ . We obtain the lower bound
of $tI_{1}e$ decay rate of $\Vert u(t)\Vert_{2}$ due to the set $K_{m,\alpha}^{\delta}$ .

3.2 Proof of Theorem 1

As we mentioned above, turbulent solutions of (N-S) become strong
solutions after some definite time. So for the turbulent solution $u(t)$ of
(N-S) there exists $T_{*}>0$ such that $u(t)$ is strong solution of (N-S) on
$[T_{*}, \infty)$ . Hence we have the energy identity:

$\frac{d}{dt}\Vert u(t)\Vert_{2}^{2}+2\Vert A^{1/2}u(t)\Vert_{2}^{2}=0$
’

(8)

for $t\geq T_{*}$ . For amy fixed $\lambda>0$ , the second term in (8) is estimated from
below as

$\Vert A^{1/2}u(t)\Vert_{2}^{2}t=\int_{0}^{\infty}\rho d\Vert E_{\rho}u\Vert_{2}^{2}\geq\int_{\lambda}^{\infty}\rho d\Vert E_{\rho}u\Vert_{2}^{l}$

(9)
$\geq\lambda\int_{\lambda}^{\infty}t’$ .

From (8) and (9) we have

$\frac{d}{dt}\Vert u(t)\Vert_{2}^{2}’+\lambda\Vert u(t)\Vert_{2}^{2}’\leq\lambda\Vert E_{\lambda}u(t)\Vert_{2}^{2}$ . (10)
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Dividing both sides of (10) by $\lambda\Vert u(t)\Vert_{2}^{2}$ , we obtain

$\frac{\frac{d}{dt\lambda}||u(t)||_{2}^{2}\prime}{||u(t)||_{2}^{2}}+1\leq\frac{\Vert E_{\lambda}u(t)\Vert_{2}^{2}}{\Vert u(t)||_{2}^{2}}$ . (11)

On the other hand, by (8), we have $(d/dt)\Vert u(t)\Vert_{2}^{l}=-2\Vert A^{1/l}u(t)\Vert_{2}^{2}’=$

$-2\Vert\nabla u(t)\Vert_{2}^{2}$ , from which and (11) it follows that

$1- \frac{\Vert E_{\lambda}u(t)\Vert_{2}^{2}}{\Vert u(t)||_{2}^{2}}\leq\frac{2}{\lambda}\frac{\Vert\nabla u(t)\Vert_{2}^{2}\prime}{||u(t)\Vert_{2}^{2}}$ .

Hence by Lemma 4, there exists $T$ such that

$| \frac{\Vert E_{\lambda}u(t)\Vert_{2}^{2}}{\Vert u(t)||_{2}^{2}}-1|\leq\frac{C}{\lambda}t^{-(n/r-n+1-m)}$

for all $t\geq T$ . This completes the proof of Tlieorem 1.
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