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Abstract

It has been known that every series-parallel 6-graph has a 2-bend 3-D orthog-
onal drawing, while it has been open whether every series-parallel 6-graph has a
1-bend 3-D orthogonal drawing. We show in this paper that every outerplanar
5-graph has a 1-bend 3-D orthogonal drawing.

1 Introduction

We consider the problem of generating orthogonal drawings of graphs in the space. The
problem has obvious applications in the design of 3-D VLSI circuits and optoelectronic
integrated systems [3, 5).

Throughout this paper, we consider simple connected graphs G with vertex set V(G)
and edge set E(G). We denote by dg(v) the degree of a vertex v in G, and by A(G) the
maximum degree of a vertex of G. G is called a k-graph if A(G) < k. The connectivity
of a graph is the minimum number of vertices whose removal results in a disconnected
graph or a single vertex graph. A graph is said to be k-connected if the connectivity of
the graph is at least k.

It is well-known that every graph can be drawn in the space so that its edges intersect
only at their ends. Such a drawing of a graph G is called a 3-D drawing of G. A graph
is said to be planar if it can be drawn in the plane so that its edges intersect only at
their ends. Such a drawing of a planar graph G is called a 2-D drawing of G.

A 8-D orthogonal drawing of a graph G is a 3-D drawing such that each edge is
drawn by a sequence of contiguous axis-parallel line segments. Notice that a graph G
has a 3-D orthogonal drawing only if A(G) < 6. A 3-D orthogonal drawing with no
more than b bends per edge is called a b-bend 3-D orthogonal drawing.

Eades, Symvonis, and Whitesides [2], and Papakostas and Tollis [6] showed that
every 6-graph has a 3-bend 3-D orthogonal drawing. Eades, Symvonis, and White-
sides [2] also posed an interesting open question of whether every 6-graph has a 2-bend
3-D orthogonal drawing. Wood [8] showed that every 5-graph has a 2-bend 3-D orthog-
onal drawing. Tayu, Nomura, and Ueno [7] showed that every series-parallel 6-graph
has a 2-bend 3-D orthogonal drawing. Moreover, Nomura, Tayu, and Ueno [4] showed
that every outerplanar 6-graph has a 0-bend 3-D orthogonal drawing if and only if it
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contains no triangle as a subgraph, while Eades, Stirk, and Whitesides [1] proved that
it is NP-complete to decide if a given 5-graph has a 0-bend 3-D orthogonal drawing.
Tayu, Nomura, and Ueno [7] also posed an interesting open question of whether every
series-parallel 6-graph has a 1-bend 3-D orthogonal drawing.

We shown in this paper the following theorem.

Theorem I Every outerplanar 5-gmph has a 1-bend 3-D orthogonal drawing.

The proof of Theorem 1 is constructive and provides a polynomial time algorithm to
generate such a drawing for an outerplanar 5-graph. It is still open whether every
series-parallel 6-graph has a 1-bend 3-D orthogonal drawing.

2 Preliminaries

A 2-D drawing of a planar graph G is regarded as a graph isomorphic to G, and referred
to as a plane graph. A plane graph partitions the rest of the plane into connected
regions. A face is a closure of such a region. The unbounded region is referred to as
the external face. We denote the boundary of a face f of a plane graph I by b(f). If I
is 2-connected then b(f) is a cycle of T".

Given a plane graph I, we can define another graph I'* as follows: corresponding to
each face f of I there is a vertex f* of I'*, and corresponding to each edge e of I" there
is an edge e* of I'*; two vertices f* and g* are joined by the edge e* in I'* if and only
if the edge e in T lies on the common boundary of faces f and g of I'. I'* is called the
(geometric-)dual of T

A graph is said to be outerplanar if it has a 2-D drawing such that every vertex lies
on the boundary of the external face. Such a drawing of an outerplanar graph is said
to be outerplane. It is well-known that an outerplanar graph is a series-parallel graph.
Let I' be an outerplane graph with the external face f,, and I'* — f* be a graph obtained
from T by deleting vertex f; together with the edges incident to f*. It is easy to see
that if I' is an outerplane graph then I'* — f7 is a forest. In particular, an outerplane
graph I' is 2-connected if and only if I'™* — f7 is a tree.

3 2-Connected Outerplanar Graphs

We first consider the case when G is 2-connected. Let G be a 2-connected outerplanar
5-graph and I" be an outerplane graph isomorphic to G. Since I' is 2-connected, T* =
™ — f; is a tree. A vertex r* of T™ is designated as a root, and 7™ is considered as a
rooted tree. If I* is a leaf of T then [ is called a leaf face of . If g* is a child of f*
in T™ then f is called the parent face of g, and g is called a child face of f in I'. The
unique edge in b(f) Nb(g) is called the base of g. We choose r* so. that b(r) Nb(f,) # 0,
and any edge in b(r) Nb(f,) is defined as the base of . Let S* be a rooted subtree of T™*
with root r*. If S* is consisting of just r* then S* is denoted by 7*. I'[S*] is a subgraph
of I" induced by the vertices on boundaries of faces of I' corresponding to the vertices of
S*. It should be noted that I'[S*] is a 2-connected outerplane graph. Let f* be a vertex
in V(T™*) — V(S*) which is a child of p* € V(S*). S* + f* is a subtree of T* obtained
from S* by adding f* and edge (f*,p*). Let S* be a rooted subtree of T* with root 7*
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Figure 1: Example of an outerplanae graph I', rooted tree T*, subtrees S* and S* of
T*.

induced by the vertices of S* and the children of the vertices of S*. Fig. 1 shows an
example of an outerplane graph I', rooted tree T*, and rooted subtrees S* and S*.
For any face f of T, b(f) is a cycle since I is 2-connected. Let

V((f) = {w|0<i<k-1},
E®(f)) = {eo= (uo,ur-1)} U{eis = (us,ui1) |0 < i <k — 2}

where ¢, is the base of f. A 1-bend 3-D orthogonal drawing of b(f) is said to be
canonical if b(f) is drawn as one of the following four configurations.

Configuration 1 (Rectangle-1) : If kK = 3 then only e; has a bend as shown in
Fig. 2(a). If k > 4 then every edge has no bend, and u;, u,, ..., ux_o are drawn
on a side of a rectangle as shown in Fig. 2(b).

Configuration 2 (Rectangle-2) : If £ = 3 then every edge has a bend, and u, is at
a corner of a rectangle as shown in Fig. 2(c). If k£ > 4 then only €¢ and e; have a
bend, uy, us, ..., ur—o are drawn on a side of a rectangle, and ug and u,_; are on
another different sides of the rectangle as shown in Fig. 2(d).

Configuration 3 (Hexagon) : If £ = 3 then every edge has a bend as shown in
Fig. 3(a). If k > 4 then only ¢y and e; have a bend, and u;, us,...,ux_g are on a
side of a hexagon as shown in Fig. 3(b).
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(a) Rectangle-1 for (b) Rectangle-1 for (c) Rectangle-2 for k = (d) Rectangle-2 for k& >
k=3. k>4 3.

Figure 2: Rectangles-1 and -2.

U1 Uy Ug Uk—2
231
U2
U2
Ug Ug Ug
(a) Hexagon for k =3. (b) Hexagon for k > 4. (c) Book for k = 3.

Uy U2 Ug-—2

Uo
(d) Book for k > 4.

Figure 3: Hexagon and Book.

Configuration 4 (Book) : A book is obtained from a rectangle by bending at a line
segment, called the spine, parallel to a side of the rectangle. If k.= 3 then every
edge has a bend as shown in Fig. 3(c). If k¥ > 4 then only e, e;, and ex_; have a
bend, and u;,us,. .., uro are on a side of a book as shown in Fig. 3(d).

A drawing of T is said to be canonical if every face is drawn canonically. Fig. 4
shows an example of an outerplane graph I', and a 1-bend 3-D orthogonal canonical
drawing of I".

Roughly speaking, we will show that if ['[S*] has a 1-bend 3-D orthogonal canonical
drawing then I'[S* + f*] also has a 1-bend 3-D orthogonal canonical drawing, where f*
is a leaf of S*. The following theorem immediately follows by induction.

Theorem II A 2-connected outerplanar 5-graph has a 1-bend 3-D orthogonal drawing.

3.1 Proof of Theorem 11

For a grid point p = (s, py, p;) and a vector v = (vz, vy, v;), let p+ v be the grid point
(Pz + Uz, Py + vy, P, +v,). For a unit vector d, we denote —d = d. Define that e, = (1,
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(a) T. (b) 1-bend 3-D orthogonal canonical
drawing of I,

Figure 4: Example of I' and 1-bend 3-D orthogonal canonical drawing of T'.

0,0), e, =(0,1,0), e, = (0,0,1), and D = {e;, ey, €,,€;,€,,€,}. Every vector in D is
called a direction.

A 3-D orthogonal drawing of a plane graph I' can be regarded as a pair (¢, p) of
one-to-one mappings ¢ : V(I') — Z3 and p which maps edges (u,v) to internally disjoint
paths on the 3-D grid G connecting ¢(u) and ¢(v). For a direction d € D and a vertex
v € V(T), (¢,p) is said to be d-free at ¢(v) if p(e) does not contain the edge of G
connecting ¢(v) and ¢(v) + d.

Let " be a 2-connected outerplane graph, and (¢, p) be a 3-D orthogonal canonical
drawing of I'. Let f be a leaf face of I", and

V((f) = {w|0<i<k—1},
EM(f)) = {(uo,ur-1)} U {(us, uir1) |0 < < k -2},

where (ug, ux—1) is the base of f. We define three unit vectors do(f, uo), di(f, uo), and
do(f,uo) as follows:

e If f is drawn as a rectangle-1, we define that do(f, uo) is the unit vector directed

from ¢(uk—_1) to ¢(up), di(f, uo) = do(f, uo), and dz(f, uo) is & unit vector orthog-
onal to the rectangle.

e If f is drawn as a rectangle-2, let p be the bend of base (ug, ux-1). We define that

d,(f,uo) is a unit vector orthogonal to the rectangle, and do(f,up) is the unit
vector directed from ¢(ug) to p.

e If f is drawn as a hexagon, let p be the bend of base (ug,ux-1). We define
that do(f,uo) is the unit vector directed from p to ¢(ug) , di(f,uo) is the unit
vector directed from p to ¢(uk—1). and da(f, uo) is a unit vector orthogonal to the
hexagon.

e If f is drawn as a book, let p be the bend of base (ug,ux—1). We define that
do(f, uo) is the unit vector directed from ¢(uk-1) to p, dy(f, uo) is the unit vector
directed from ¢(ug) to p, and da(f, uo) is the unit vector directed from the bend
q of edge (uk—2,uk—1) to P(ux_1).

Let (¢,p) be a 1-bend 3-D orthogonal canonical drawing of I'. (¢, p) is said to be
addmissible for a leaf face f of " if (¢, p) satisfies one of the following conditions for f.
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Condition 1 : f is drawn as a rectangle-1 or hexagon, and

o if dr(uo) < 4 then (¢, p) is do(f, ug)-free or dy(f, up)-free at d(up),
o if dr(uk_l) < 4 then <¢>, p) is d1 (f, uo)—free or d2(f, uo)-free at ¢(Uk_1); (See
Fig. 5(a) and (c).)

Condition 2 : f is drawn as a rectangle-2, and

] dr(Uo) = 5,

. ((b, p) iS dO(f7 UO)'free at ¢(uk—l)a
o if dr(ukx-1) < 3 then (@, p) is di(f, uo)-free at ¢(ux-1). (See Fig. 5(b).)

Condition 3 : f is drawn as a book, and

o if dr(uo) < 4 then (@, p) is do(f, uo)-free or di(f, uo)-free at ¢(uo),
e if dr(ux-1) < 4 then (@, p) is di(f, ug)-free or do(f, uo)-free at ¢(ur—1),

o if dr(up) < 4, dr(uk-1) < 4, {¢,p) is not do(f, uo)-free at ¢(uo), and (¢, p)
is not dy(f, uo)-free at ¢(uix—1) then (¢, p) is da(f, uo)-free at ¢(ux_1), and
dr(uk—l) =4,

e spine except for their ends is not used in the drawing; (See Fig. 5(d).)

“ o 1%,

b1 (Uk—1)

1

d2 ¢1(uo) P

(a) Rectangle-1. (b) Rectangle-2. (c) Hexagon.

(d) Book.

Figure 5: Directions for draiwng of face f.

(@, p) is called a 1-bend 3-D orthogonal T-drawing of T if (¢, p) is addmissible for every
leaf face of I'. In order to prove Theorem II, it suffices to prove the following.

Theorem III A 2-connected outerplanar 5-graph has a 1-bend 3-D orthogonal T-drawing.
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Proof. Let G be a 2-connected outerplanar 5-graph, I be a outerplane graph isomor-
phic to G, and T* = I'* — f2 be a tree rooted at r*. We prove the theorem by induction.
The basis of the induction is stated as follows.

Lemma 1 ['[r*] has a I-bend 8-D orthogonal 7-drawing.
Proof of Lemma 1 Let

Vb(r)) = {w]0<i<k-1},
E@®(r) = {(vo,vk-1)}U{(vi;vi1) |0 < i<k -2},

where (vg,vk_;) is the base of r. Let ¢; be a child face of r with base (v;,vi41) for
0 <i < k-2, if any. Let (¢,p) be a 1-bend 3-D orthogonal canonical drawing
of T'[r*] as shown in Fig. 6, where ¢; is drawn as rectangle-1, if any. Since (¢, p) is
do(co, vo)-free at ¢(vo) and d;(co, vo)-free at #(v1), (¢, p) satisfies Condition 1 for co. If
k = 3, by taking da(c1,v1) = €,, (¢, p) is da(c1,v1)-free at ¢(v1) and di(cy, v1)-free at
#(v). Therefore, (¢, p) also satisfies Condition 1 for ¢, and we conclude that (¢, p)
is a 1-bend 3-D orthogonal 7-drawing of I'[r*]. If k > 4, by taking d(c;,v:) = e, for
1 <i<k—3, (¢, p)is da(ci, v;)-free at ¢(v;) and dy(c;, v;)-free at ¢(viy1). Thus, (@, p)
satisfies Condition 1 for ¢; (1 < i < k — 3). Similarly, by taking da(Ck—2, Uk—2) = €,
(d), p> is dz(Ck_g,’Uk__z)-fl‘ee at d)(’l)k_.g) and dQ(C}c_.g,’Uk_z)—fl‘ee at ¢>(vk_1). Thus, <¢, p)
satisfies Condition 1 for cx_s. So, we conclude that (¢, p) is a 1-bend 3-D orthogonal

r-drawing of I'[r¥]. 0
¢(v1) “1 é(v1) a ) d(vk-1)
¢(v2) | —d
e, Co T Co -
‘Le;y €, ¢(vo) ¢(vo)
(a) k = 3. (b) k > 4.

Figure 6: Drawing of initial case.

Let S* be a rooted subtree of T* with root r7*. The following lemma is used to
prove the inductive step. The proof is immediate from the definition of the 1-bend 3-D
orthogonal 7-drawing.

Lemma 2 Let (¢1,p1) be a 1-bend 3-D orthogonal T-drawing of I'[S*], f* be a leaf
of 5%, and (¢2, p2) be a 1-bend 3-D orthogonal drawing of T'[S* + f*], obtained from
(1, p1) by adding canonical drawings of the child faces of f. If (¢2,p2) ts admissible
for every child face of f then (¢2, p2) is a 1-bend 3-D orthogonal drawing of T[S* + f*].

' ad

The inductive step is stated as follows.

Lemma 3 If I'[5*] has a 1-bend 3-D orthogonal T-drawing then [[S* + f*] also has a
1-bend 8-D orthogonal T-drawing, where f* is a leaf of S* in T*.
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&(v1) T o d(vy) — €1
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¢(vo) B (va) ¢(vo) ¢(v2)

(a) (#1,p1) is do-free at ¢(vo) and di-  (b) (¢1,p1) is di-free at ¢(vk—1) and not

free at ¢(vi—1). do-free at ¢;1(vo).
é(v1) ‘o P(v1) - o
Co Co

d(vo)  H(v2) d(vo)  #(v2)

(c) (¢1,p1) is do-free at ¢1(vo) and not  (d) (1,p1) is not do-free at ¢1(vo) or
d;-free at ¢1(vi—1). d;-free at ¢;(vi-1).

Figure 7: Drawing of child faces of f in Case 1-1.

Proof of Lemma 3 (scketch) Let A; = I'[S*] and Ay = T'[S* + f*], and let (#;, p1) be
a 1-bend 3-D orthogonal 7-drawing of A;. We will construct a 1-bend 3-D orthogonal
T-drawing (@, p2) of As. Let

V(f) = {vil0<i<k-1},
E®(f)) = {eo= (vo,vk-1)} U {eir1 = (vi,v341) | 0 < i < k — 2},

where eg = (vp,vk-1) is the base of f. We distinguish four cases depending on the
configuration of f by (¢, p1).

Case 1. f is drawn as a rectangle-1:

Without loss of generality, we assume that do(f,ve) = €z, do(f,v0) = €, and
z-coordinate of ¢1(v;) is larger than that of ¢;(vp). Let c; be a child face of f
with base (v;, vi41) for 0 < ¢ < k — 2, if any. We further distinguish three cases.

Case 1-1. k=3:
Since (@1, 1) is a 1-bend 3-D orthogonal 7-drawing, we distinguish four cases
depending on free directions.

Case,l—l-—l. <¢1, p]_) is do(f, vg)-free at ¢1(U0) and dl (f, vo)-free at ¢1 (’02)2
Since (¢1,p1) is do(f, vo)-free at ¢,(vo) and d;(f, vo)-free at ¢;(vz), -canonical
drawings of ¢y and ¢; can be added to (¢1, p1) as shown in Fig. 7(a), if any. Let
(¢, p2) be the resultant 1-bend 3-D orthogonal canonical drawing. If ¢y exists
and dy,(vo) < 4 then (@2, po) is €;-free or e,-free at @;(vp), since da,(vo) < 4 (see
Fig. 7(a)). Since dp(cg, vp) = €; by definition, by taking da(co, Vo) = €y, (P2, p2)
is do(co, vo)-free or da(co, vo)-free at ¢2(vo), and (¢o, pz) satisfies Condition 1 for
co. If ¢; exists and da,(v2) < 4 then (¢g, p2) is €,-free or €,-free at ¢2(vz). Since
di(ci,v;) = €, by definition, by taking ds(c1,v1) = €y, (@2, p2) is di(c1,v1)-free
or dy(cy,vy)-free at ¢o(vg). Therefore, (¢o, po) satisfies Condition 1 for c,, since
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(P2, p2) is da(cy, v1)-free at ¢o(v;). Thus by Lemma 2, we conclude that {2, p2)
is a 1-bend 3-D orthogonal 7-drawing of ['[S* + f*].

Case 1-1-2.  (¢y, p1) is do(f, vo)-free at ¢1(vo) and not d;(f, vo)-free at ¢, (v2):
In this case, (¢1, p1) is da(f, vo)-free at ¢ (ve), since (@1, p1) satisfies Condition 1
for f. Let (@2, p2) be a 1-bend 3-D orthogonal canonical drawing obtained from
(¢1, p1) by adding canonical drawings of ¢ and ¢; as shown in Fig. 7(b), if any. By
the similar arguments to Case 1-1-1, we can see that (@2, p2) satisfies Condition
1 for ¢y, if any. If ¢; exists and dj,(vs) < 4 then (@2, p2) is €,-free at ¢,(v2), since
{(¢1, p1) is not e -free at ¢1(v2) and da,(v2) < 4. Also, (@2, p2) is e,-free at ¢a(v1).
Since dy(cy,v1) = e, and dy(c1, v1) = e; by definition, (¢2, p2) satisfies Condition
3 for ¢;. Thus by Lemma 2, we conclude that (¢, p2) is a 1-bend 3-D orthogonal
r-drawing of I'[S* + f*].

Case 1-1-3.  (¢1, p1) is not do(f, vo)-free at ¢;(vp) and dy(f, vo)-free at ¢;(v2):
In this case, (¢, p1) is d2(f, vo)-free at ¢;(vp), since (¢1, p1) satisfies Condition 1
for f. Let (@2, p2) be a 1-bend 3-D orthogonal canonical drawing obtained from
(¢1, p1) by adding canonical drawings of ¢ and ¢; as shown in Fig. 7(c), if any.
If da,(vo) < 4 and co exists then (@g, p2) is €,-free at @2(vo), since (¢, p1) is not
€.-free at ¢1(vp) and dy, (v) < 4. Then by taking da(co, vo) = €z, (P2, p2) satisfies
Condition 1 for cg, since (@9, p2) is da(co, vo)-free at ¢o(v;). Also, by the similar
arguments to Case 1-1-1, we can see that (¢2, p2) satisfies Condition 1 for c;, if
any. Thus by Lemma 2, we conclude that (¢2, p2) is a 1-bend 3-D orthogonal
7-drawing of I'[S* + f*].

Case 1-1-4. (¢, p1) is not do(f, vo)-free at ¢;(vo) nor dy(f, vo)-free at ¢1(vz):
In this case, (¢1, p1) is da(f, vo)-free at ¢1(vo) and da(f, vo)-free at ¢;(v2), since
(¢, p1) satisfies Condition 1 for f. Let (42, p2) be a 1-bend 3-D orthogonal canon-
ical drawing obtained from (¢, p1) by adding canonical drawings of ¢y and c; as
shown in Fig. 7(d), if any. Then by similar arguments to Case 1-1-3 and Case
1-1-2, we can see that (¢, p2) satisfies Conditions 1 and 3 for co and c;, respec-
tively. Thus by Lemma 2, we conclude that (¢, p2) is a 1-bend 3-D orthogonal
r-drawing of T'[S* + f*].

Case 1-2. k >4, k is even:
Since (¢;,p1) is a 1-bend 3-D orthogonal 7-drawing, we distinguish four cases
depending on free directions.

Case 1-2-1. (¢1,, pl) is do(f, vo)—free at ¢1(’U0) and dl(f, vk_z)—free at ¢1(vk..1):
Since {¢1, p1) is do(f,vo)-free at ¢1(vo) and d;(f, vo)-free at ¢;(vk-1), canonical
drawings of ¢; (0 < i < k—2) can be added to (¢1, p1) as shown in Fig. 8(a), if any.
Let (42, p2) be the resultant 1-bend 3-D orthogonal canonical drawing. If ¢y exists
and da,(vo) < 4 then (¢s, p2) is €;-free or e,-free at ¢a(vo), since da,(vo) < 4 (see
Fig. 8(a)). Since do(co, vo) = €; by definition, by taking dz(co, vo) = €y, (2, p2) is
do(co, vo)-free or da(co, vo)-free at @2(vo). Also, (@2, p2) is da(co, vo)-free at da(v:).
Therefore, (¢, p2) satisfies Condition 1 for co. If cx_2 exists and dy,(vk—1) < 4
then (¢, p2) is €;-free or €,-free at ¢2(vi_1). Since di(ck—2, vk—2) = €; by defini-
tion, by taking da(ck—2, Vk—2) = €y, (P2, p2) is d1(Ck—2, Vk—2)-free or da(ck-2, Vk—2)-
free at ¢o(vk—1). Thus, (@2, p2) satisfies Condition 1 for ck—2, since (b2, p2) is
ds(Cr—2, Vk—2)-free at @a(vk—z). Since (@, p;) is €y-free at ¢2(v;) and e,-free at
¢2(vig1) (1 <4 < k —2), (b2, p2) satisfies Condition 1 for ¢; with 1 <4 < k-2,
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d(v1) | @ Fh—3 v) | Ck—3
_____ o(ur—2)  B(¥1) e (Ve—2)
: C2 C2
Co - Ck+2 Co - Ck—2
?(vo) P(Vk-1) B(vo) B(vk_1)
(a) {#1,p01) is do-free at ¢(vo) and d;-free at (b) (¢1,p1) is dy-free at ¢(vk—~1) and not dg-
(V1) free at ¢1(vp).
al | Ck—3 al | Cr—3
¢(’U]) U ¢(Uk«2) ¢(U1) ..... (vk_z)
Co C2
Co - Cr42 Co - Ck—2
¢(vo) ¢(vic—1) @(vo) ¢(v-1)
(c) {(¢1,p1) is do-free at ¢1(v) and not d;- (d) (1, p1) is not do-free at ¢;(vg) or d;-free
free at @1 (vk-1). at ¢1(vk-1).

Figure 8: Drawing of child faces of f in Case 1-2.

if any. Therefore, (¢q, po) satisfies Condition 1 for the child faces of f. Thus
by Lemma 2, we conclude that (¢s, p2) is a 1-bend 3-D orthogonal 7-drawing of
LiS* + f+].

Case 1-2-2. (¢1, p1) is do(f, vo)-free at ¢;(vo) and not dy (f, vk—z)-free at ¢; (vy_;):
In this case, (¢1, p1) is da(f, vo)-free at ¢;(vik_1), since (@1, p;) satisfies Condition
1 for f. Let (¢2, p2) be a 1-bend 3-D orthogonal canonical drawing obtained from
(¢1, p1) by adding canonical drawings of ¢; (0 < i < k — 2) as shown in Fig. 8(b),
if any. If cx—o exists and da,(vk—1) < 4 then (P2, p2) is €,-free at ¢(vx_;), since
(@1, p1) is not e,-free at ¢;(vk—1) and dp,(vk-1) < 4. Also, (@2, p2) is e,-free at
¢2(vk—2). Thus by taking da(ck-2, Vk-2) = €, (@2, p2) satisfies Condition 1 for
Ck—2. Also, by the similar arguments to Case 1-2-1, (¢,, p2) satisfies Condition 1
for ¢; with 0 < ¢ < k — 3. Therefore, (@2, p2) satisfies Condition 1 for the child
faces of f. Thus by Lemma 2, we conclude that (@9, p2) is a 1-bend 3-D orthogo-
nal 7-drawing of I'[S* + f*]. |

Case 1-2-3.  (¢1, p1) is not dy(f, vo)-free at ¢ (vp) and di (f, vi—2)-free at ¢; (vx—1):
In this case, (@1, p1) is da(f, vo)-free at ¢;(vy), since (@1, p1) satisfies Condition 1
for f. Let (@2, p2) be a 1-bend 3-D orthogonal canonical drawing obtained from
(¢1, p1) by adding canonical drawings of ¢; (0 < ¢ < k — 2) as shown in Fig. 8(c),
if any. If dj,(vo) < 4 and ¢ exists then (@, p,) is €;-free at ¢2(vp), since (@1, p1)
is not €;-free at ¢1(vp) and da,(vo) < 4. Then by taking da(co, vo) = €5, (@2, p2)
satisfies Condition 1 for cp, since (@2, p3) is d2(cp, vo)-free at ¢2(vy). By the similar
arguments to Case 1-2-1, (¢,, po) satisfies Condition 1 for ¢; with 1 < ¢ < k — 1,
if any. Therefore, (@2, p2) satisfies Condition 1 for the child faces of f. Thus
by Lemma 2, we conclude that {¢z, p2) is a 1-bend 3-D orthogonal 7-drawing of
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(¢) (¢1,p1) is do-free at ¢1(vg) and not di- (d) (@1, p1) is not do-free at ¢;(vo) or d;-free

free at ¢1(vk-1)- at @1(vk-1).

Figure 9: Drawing of child faces of f in Case 1-3.

TS* + f*].

Case 1-2-4. (¢, p1) is not do(f, vo)-free at ¢1(vo) nor dy(f, vk_z)-free at ¢; (vi_1):
In this case, {(¢1, 1) is da(f,vo)-free at ¢1(vo) and da(f,vo)-free at ¢ (vi-1),
since (¢, p1) satisfies Condition 1 for f. Let (¢2, p2) be a 1-bend 3-D orthog-
onal canonical drawing obtained from (¢;, p1) by adding canonical drawings of c;
(0 < i < k —2) as shown in Fig. 8(d), if any. Then by similar arguments to Case
1-2-3 and Case 1-2-2, we can see that (@9, po) satisfies Conditions 1 for ¢y and
Ck—2, Tespectively. Also, by the similar arguments to Case 1-2-1, (¢, po) satisfies
Condition 1 for ¢; with 1 < i < k — 3. Therefore, (¢4, p2) satisfies Condition 1 for

the child faces of f. Thus by Lemma 2, we conclude that (¢2, p2) is a 1-bend 3-D
orthogonal 7-drawing of T'[S* + f*].

Case 1-3. k> 5, kis odd:

Since {(¢1,p1) is a 1-bend 3-D orthogonal 7-drawing, we distinguish four cases
depending on free directions. '

Case 1-3-1. (¢, p1) is do(f, vo)-free at ¢1(vo) and d;(f, ux—2)-free at ¢, (ve_1):
Since {¢1, p1) is do(f,vo)-free at ¢1(vp) and dy(f, vo)-free at ¢;(vk—1), canonical
drawings of ¢; (0 < ¢ < k—2) can be added to (¢1, p1) as shown in Fig. 9(a), if any.
Let (¢2, p2) be the resultant 1-bend 3-D orthogonal canonical drawing. If ¢, exists
and dy,(vg) < 4 then (¢, pg) is €;-free or e -free at @d2(vo), since da,(vo) < 4 (see
Fig. 9(a)). Since do(co,vo) = €; by definition, by taking da(co, v0) = €y, (@2, p2) is
do(co, vo)-free or da(co, vo)-free at ¢2(vg). Also, (@2, p2) is dy(co, vo)-free at ¢a(v;).
Therefore, {¢2, p2) satisfies Condition 1 for co. If ¢k exists and dp,(vi-1) < 4
then (@9, pp) is €;-free or €,-free at 2(vk—1). Since di(ck—2, Vk—2) = €; by defini-
tion, by taking da(Ck—2,Vk—2) = €y, (@2, p2) is d1(Ck~2, Vk—2)-free or dz(ck—2, Vk—2)-
free at ¢o(vx—;). Thus, (¢o, p2) satisfies Condition 1 for cx_z, since (@, p2) is
da(Cr—2, Uk_2)-free at ¢2(vk—z). Since (@2, p2) is e,-free at ¢y(v;) for 1 <i < k-2
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and €,-free at ¢y(v;) for 2 < i < k — 3, (o2, p2) satisfies Condition 1 for ¢; with
1 <4< k-2, if any. Therefore, (¢9, p) satisfies Condition 1 for the child faces
of f. Thus by Lemma 2, we conclude that (¢,, p;) is a 1-bend 3-D orthogonal
7-drawing of ['[S* + f*].

Case 1-3-2. (¢, py) is dy(f, vo)-free at ¢1(vo) and not d; (f, vx_3)-free at ¢; (vg_1):
In this case, (¢1, p1) is da(f, vo)-free at ¢1(vk—1), since (¢, p1) satisfies Condition
1 for f. Let (¢9, p2) be a 1-bend 3-D orthogonal canonical drawing obtained from
(¢1, p1) by adding canonical drawings of ¢; (0 < ¢ < k — 2) as shown in Fig. 9(b),
if any. If cx— exists and da,(vk-1) < 4 then (@q, p2) is €;-free at ¢o(vk_1), since
(@1, p1) is not e,-free at ¢1(vk—1) and da,(vk—1) < 4. Also, {¢s, p2) is e,-free at
¢2(vk—2). Thus by taking do(ck—2,vk—2) = €z, (@2, p2) satisfies Condition 1 for
Ck—2- Also, by the similar arguments to Case 1-3-1, (¢, p2) satisfies Condition 1
for ¢; with 0 < ¢ < k — 3. Therefore, (¢, p;) satisfies Condition 1 for the child
faces of f. Thus by Lemma 2, we conclude that (¢, p2) is a 1-bend 3-D orthogo-
nal 7-drawing of I'[S* + f*].

Case 1-3-3. (1, p1) is not do(f, vo)-free at ¢, (vo) and d; (f, vx—2)-free at ¢y (vx—1):
In this case, (@1, p1) is da(f, vo)-free at ¢, (vp), since (¢1, p;) satisfies Condition 1
for f. Let (@2, p2) be a 1-bend 3-D orthogonal canonical drawing obtained from
(#1, p1) by adding canonical drawings of ¢; (0 < 7 < k — 2) as shown in Fig. 9(c),
if any. If da,(vo) < 4 and ¢y exists then (@, po) is €,-free at ¢2(vo), since (¢1, p1)
is not e,-free at ¢;(vp) and da,(vs) < 4. Then by taking da(cy, v0) = €z, (@2, p2)
satisfies Condition 1 for ¢, since (@2, p2) is da(co, vo)-free at ¢o(v;). By the similar
arguments to Case 1-3-1, (¢, p2) satisfies Condition 1 for ¢; with 1 << k-1,
if any. Therefore, (@9, p;) satisfies Condition 1 for the child faces of f. Thus
by Lemma 2, we conclude that (¢, p2) is a 1-bend 3-D orthogonal r-drawing of
LS* + f+]. |

Case 1-3-4.  (¢1, ;1) is not do(f, vo)-free at ¢1(vo) nor dy(f, vk_z)-free at ¢; (vi—1):
In this case, (¢1,p1) is da(f,vo)-free at ¢1(vo) and do(f,vo)-free at ¢;(vi_1),
since (¢;, p1) satisfies Condition 1 for f. Let (¢s, p2) be a 1-bend 3-D orthog-
onal canonical drawing obtained from (¢, p;) by adding canonical drawings of c¢;
(0 €17 < k—2) as shown in Fig. 9(d), if any. Then by similar arguments to Case
1-3-3 and Case 1-3-2, we can see that (¢s, po) satisfies Conditions 1 for ¢, and
Ck—2, Tespectively. Also, by the similar arguments to Case 1-3-1, (@2, ps) satisfies
Condition 1 for ¢; with 1 < i < k — 3. Therefore, (¢2, p2) satisfies Condition 1 for
the child faces of f. Thus by Lemma 2, we conclude that (¢, p2) is a 1-bend 3-D

orthogonal T-drawing of I'[S* + f*].

Case 2. f is drawn as a rectangle-2: _
Without loss of generality, we assume that z- and z-coordinates of ¢;(ve-1) are
larger than those of ¢;(vo), and that do(f,vk-1) = e,. It should be noted that
dp,(vo) = 5, since f is drawn as a rectangle-2. So, there is no child face of f with
base (vp,v;). Let ¢; be a child face of f with base (v;,vi1) for 1 <@ < k-2,
if any. Since (¢;, p1) is & 1-bend 3-D orthogonal r-drawing, (¢1, p1) is do(f,vo)-
free at ¢;(vy_1), i-e., e,-free at ¢1(vk—1). Therefore, canonical drawings of c;
(1 < < k —2) can be added to (¢1, 1) as shown in Fig. 10, if any. Let (#2, p2)
be the resultant 1-bend 3-D orthogonal canonical drawing. We further distinguish
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Figure 10: Drawing of child faces of f in Case 2.

two cases.

Case 2-1. k=3
Since do(cy,v1) = ey, (P2, p2) is e,-free at ¢o(v1). Therefore, (P2, p2) satisfies
Condition 3 for cg if da,(ve) = 4. Assume that da,(vo) < 4. Then, dy,(vo) =
da,(vg) — 1 < 3, and so (¢1,p1) is dyi(f,vo)-free at ¢1(vz). This implies that
(¢o, p2) is e,-free at é(v2). Therefore, (¢2, p2) is di(/f, vg )-free at ¢1(vz), and
(¢2, po) satisfies Condition 3 for ¢;. Thus by Lemma 2, we conclude that (¢2, p2)
is a 1-bend 3-D orthogonal r-drawing of T[S* + f*].

Case 2-2. k>4
If ¢ - exists and da,(vi_1) < 4, then (@2, p2) is e-free at ¢o(vk_1), since da, (Vk-1)
= da,(vk-1) — 1 < 3 and (¢, p1) satisfies Condition 2 for f. Therefore, if cx—2
exists, (@2, p2) satisfies Condition 1 for cx_ since (@2, p2) is do(Ck—2, Vk-2)-free at
Vk—2. By definition, (2, p2) is €;-free at ¢2(v1), ,-free at do(v;) for 1 < ¢ < k-2,
€,-free at ¢o(v;) for 2 < i < k — 3, and e -free at ¢2(vk-2). Therefore, by taking
dy(c;,v;) = &, we have the following: (¢3, p2) is do(c1, v1)-free at vy, da(ci, v;)-free
at vy, for 2 < i < k — 2, and dy(c;, v;)-free at v; for 2 <7 < k- 3. So, {(¢2, p2)
satisfies Condition 1 for ¢; for 1 < ¢ < k—3. Therefore, (¢, po) satisfies Condition
1 for the child faces of f. Thus by Lemma 2, we conclude that (¢2, p2) is a 1-bend
3-D orthogonal 7-drawing of I'[S* + f*].

Case 3. f is drawn as a hexagon:
Without loss of generality, we assume that do(f,v) = €, di(f,v) = e, and
dy(f,vo) = €. Let ¢; be a child face of f with base (vi,vig1) for 0 < i <k -2, if
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any. We further distinguish three cases.

Case 3-1. k=23:

Since (¢1,p1) is a 1-bend 3-D orthogonal 7-drawing, we distinguish four cases
depending on free directions.

Case 3-1-1. (1, p1) is do(f, vo)-free at ¢;(vo) and d;(f, vo)-free at ¢, (v,):

Since (1, 01) is do(f, vo)-free at ¢1(vo) and di(f, vo)-free at ¢;(v2), canonical
drawings of ¢y and ¢; can be added to (¢, p;) as shown in Fig. 11(a), if any. Let
(@2, p2) be the resultant 1-bend 3-D orthogonal canonical drawing. If ¢, exists
and da,(vo) < 4 then (¢, p2) is e.-free or ey-free at (1), since dy, (vg) < 4 (see
Fig. 11(a)). Since dy(co, v0) = €, by definition, by taking da(co, vo) = €y, (¢2, p2)
is do(cp, vo)-free or dy(co, vo)-free at @2(vo), and (¢, p2) satisfies Condition 1 for
co, since (g, p3) is da(co, vo)-free at ¢o(v1). If c; exists and da,(vz) < 4 then
(@2, p2) is €,-free or €,-free at ¢2(v2). Then by taking da(ci,v1) = e, (P2, p2) is
d;(c;,v1)-free or da(c1, v1)-free at ¢2(v2). So, (@9, p2) satisfies Condition 1 for ¢,
since (@2, p2) is da(c1,v;)-free at ¢2(v;). Therefore, (¢s, p2) satisfies Condition 1
for the child faces of f. Thus by Lemma 2, we conclude that (¢, p3) is a 1-bend
3-D orthogonal 7-drawing of T'[S* + f*].

Case 3-1-2.  (¢1, p1) is do(f, vo)-free at ¢1(vp) and not d;(f, vo)-free at ¢ (vs):
In this case, (¢1, p1) is ey-free at ¢; (vq), since dp, (v2) = dp,(v2)—1 < 4 and {(¢;, 1)
satisfies Condition 1 for f. Let (¢, p2) be a 1-bend 3-D orthogonal canonical draw-
ing obtained from (¢, p;) by adding canonical drawings of ¢y and ¢; as shown in
Fig. 11(b), if any. By the similar arguments to Case 3-1-1, we can see that (¢, ps)
satisfies Condition 1 for co, if any. If ¢; exists and dj,(v2) < 4 then (¢o, po) is
€,-free at ¢o(vq), since (¢1,p1) is not e -free at ¢;1(vy) and dp,(v2) < 4. Also,
(P2, p2) is e,-free at ¢o(v;). By definition, do(ci,v1) = e, and di(c1,v1) = e;.
Therefore, (@9, p2) satisfies Condition 3 for c;, since (@2, p2) is do(cy, v1)-free at
¢2(v1). Thus by Lemma 2, we conclude that (¢, p2) is a 1-bend 3-D orthogonal
7-drawing of ['[S* + f*|.

Case 3-1-3. (&1, p1) is not do(f, vp)-free at ¢1(vo) and d;(f, vo)-free at ¢;(vq):
In this case, (¢1, ) is e,-free at ¢;(vy), since (¢1, p1) satisfies Condition 1 for
f. Let (¢2,p2) be a 1-bend 3-D orthogonal canonical drawing obtained from
(¢1, p1) by adding canonical drawings of ¢y and ¢; as shown in Fig. 11(c), if any.
If dp,(v0) < 4 and ¢p exists then (@2, p2) is e,-free at @o(vp), since (¢, p1) is
not €,-free at ¢1(vo) and dp,(ve) < 4. Therefore, (¢q, p2) satisfies Condition 3
for co, since {(¢q, p2) is d;(co,vo)-free at ¢o(v1). Also, by the similar arguments
to Case 3-1-1, we can see that (¢, p2) satisfies Condition 1 for ¢y, if any. Thus
by Lemma 2, we conclude that (¢s, p2) is a 1-bend 3-D orthogonal 7-drawing of
LS + f+].

Case 3-1-4.  (¢1, p1) is not do(f, vo)-free at ¢1(vg) nor dyi(f, vo)-free at ¢1(v2):
In this case, (¢1,p1) is da(f, vo)-free at ¢1(vg) and da(f, vo)-free at ¢1(vs), since
{¢1, p1) satisfies Condition 1 for f. Let (¢, p2) be a 1-bend 3-D orthogonal canon-
ical drawing obtained from (¢, p;) by adding canonical drawings of ¢y and c; as
shown in Fig. 11(d), if any. Then by similar arguments to Case 3-1-3 and Case 3-
1-2, we can see that {¢y, ps) satisfies Condition 3 for ¢y and c;, respectively. Thus
by Lemma 2, we conclude that {¢2, p2) is a 1-bend 3-D orthogonal 7-drawing of

T[S+ 7.
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(c) {¢1,p1) is dy-free at @(vz) and not (d) (¢1,p1) is not do-free at ¢3(vg) or
do-free at ¢1(vg). d;-free at ¢ (vi—1).

Figure 11: Drawing of child faces of f in Case 3-1.

Case 3-2. k >4,k is even:

In this case, child faces of f can be drawn as shown in Fig. 9, if any. We can prove
that the resultant drawing (@, p2) is admissible for every child face, and (¢, p2)
is a 1-bend 3-D orthogonal 7-drawing by Lemma 2. The details are omitted in
the extended abstract due to space limitation.

Case 3-3. k> 5, kis odd:

In this case, child faces of f can be drawn as shown in Fig. 9, if any. We can prove
that the resultant drawing (¢3, p2) is admissible for every child face, and (@2, p2)
is a 1-bend 3-D orthogonal 7-drawing by Lemma 2. The details are omitted in
the extended abstract due to space limitation.

The following remaining case can be proved similarly. The proof is omitted in the
extended abstract due to space limitation.

Case 4. f is drawn as a book. 0

4 General Outerplanar Graphs

In this section, we shall complete the proof of Theorem I. We assume without loss of gen-
erality that G is a connected outerplanar 5-graph. Let G1,Ga,...,Gm be 2-connected
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components of G. It is well-known that E(G) can be partitioned into E(G,), E(G»), ...,
and E(G,,). An adjacent graph Ag of G is defined as follows: V(Ag) = {G1,G., ...,
Gn}, and (G;,G;) € E(Ag) if and only if V(G:) N V(G;) # 0. It is easy to see that
Ag is connected. Suppose (G1, Gy, . ..,Gy,) is a preorder of V(Ag) obtained by apply-
ing DFS on Ag. Then a subgraph H; of G induced by the vertices in Uzzl V(Gy) is
connected for 1 < ¢ < m. We prove Theorem I by induction on 7. Since H; = G; is
a 2-connected outerplanar 5-graph, we know by Theorem II that H; has a 1-bend 3-D
orthogonal drawing. The inductive step is stated as follows.

Lemma 4 For1 < i <m — 1, if H; has a 1-bend 3-D orthogonal drawing then H;,,
has a 1-bend 3-D orthogonal drawing. O

This proves Theorem I since H,, = G. The proof of Lemma 4 is omitted in the extended
abstract due to space limitation.
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