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Abstract. The maximum principle for If-viscosity solutions of fully nonlinear
second order elliptic partial differential equations containing linear and superlinear
growth in the first derivatives with unbounded coefficients is established.

1 Introduction
We are concemed with fully nonlinear second order elliptic partial differential equa-
tions (PDEs for short) in a bounded domain $\Omega\subset \mathbb{R}^{n}$ :

$F(x, u(x), Du(x), D^{2}u(x))=f(x)$ in $\Omega$ , (1.1)

where $F$ : $\Omega\cross \mathbb{R}\cross \mathbb{R}^{n}\cross S^{n}arrow \mathbb{R}$ and $f$ : $\Omegaarrow \mathbb{R}$ are given measurable functions.
Here $S^{n}$ denotes the set of $n\cross n$ symmetric matrices with the standard ordering.

Since our PDEs have possibly discontinuous coefficients and inhomogeneous
terms, we adapt the notion of If-viscosity solutions introduced in [3] (see also [1]
and [2] $)$ .

Throughout this paper, for the sake of simplicity, we assume

$\Omega\subset B_{1}$ $(i.e$ . diam$(\Omega)/2\leq 1)$ .

It is easy to extend the results below to general bounded domains $\Omega$ by scaling and
translation.

To obtain the maximum principle for If-viscosity solutions, as in [9] and [10]
(see also [7]), it is essential to consider the associated extremal PDEs: for instance,

$\mathcal{P}^{\pm}(D^{2}u)+H(x, Du)=f(x)$ in $\Omega$ . (1.2)
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Here, $H$ : $\Omega\cross \mathbb{R}^{n}arrow \mathbb{R}$ is given, and the Pucci operators $\mathcal{P}^{\pm}:S^{n}arrow \mathbb{R}$ are defined
by

$\mathcal{P}^{+}(X)=\max\{$ -trace$(AX)|A\in S_{\lambda,\Lambda}^{n}\}$ and $\mathcal{P}^{-}(X)=\min\{$-trace$(AX)|A\in S_{\lambda,\Lambda}^{n}\}$ ,

where for fixed uniformly ellipticity constants $0<\lambda\leq\Lambda,$ $S_{\lambda,\Lambda}^{n}=\{X\in S^{n}|\lambda I\leq$

$X\leq\Lambda I\}$ .
When $H(x, \xi)=\mu(x)|\xi|^{m}$ with $\mu\in L^{q}(\Omega)$ for $m\geq 1$ , it is already known that

the maximum principle for $L^{p}$-viscosity solutions holds in [10] under appropriate
hypotheses. More precisely, when $m=1,$ $q>n$ and $q\geq p>p_{0}$ , where $p_{0}\in[n/2,$ $n)$

is the so-called Escauriaza’s constant (see [6] and [5]), the maximum principle holds.
On the other hand, when $m>1$ , the maximum principle fails in general (see [10]).
However, according to [10], the maximum principle holds even when $m>1$ if we
suppose that 1 $f\Vert_{L(\Omega)}p$ or $\Vert\mu\Vert_{Lq(\Omega)}$ is small.

In this paper, we obtain the maximum principle for If-viscosity solutions of
(1.2) when $H(x, \xi)=\mu_{1}(x)|\xi|+\mu_{m}(x)|\xi|^{m}$ for $\mu_{1},$ $\mu_{m}\in L^{q}(\Omega)$ with $q>n$ and
$m>1$ in the elliptic case. Particularly, when $p\in(p_{0}, n)$ , it is not clear how the
estimates ciepend on $\mu_{1}$ and $\mu_{m}$ . We note that such estimates are important to study
further regularity because we will need scaling arguments to establish the Harnack
inequality for instance. Moreover, it is necessary to study PDEs with linear and
superlinear growth in the first derivatives when we try to show that if $u\in W_{1oc}^{2,p}(\Omega)$

is an $L^{p}$-viscosity solutions of (1.1), then it is an $L^{p}$-strong solutions of (1.1) as in
$[$ 11 $]$ .

Here, we remark that if we directly follow the argument in [10] to extremal
PDEs (1.2), then we have to suppose that $\Vert\mu_{1}\Vert_{L(\Omega)}q$ or 1 $f\Vert_{L^{p}(\Omega)}$ is small in addition
to one of $\Vert\mu_{m}\Vert_{L^{q}(\Omega)}$ and $\Vert f\Vert_{L^{p}(\Omega)}$ is small. Moreover, the dependence on $\Vert\mu_{1}\Vert_{L^{g}(\Omega)}$ ,
$\Vert\mu_{m}\Vert_{Lq(\Omega)}$ and $\Vert f\Vert_{Lp(\Omega)}$ in the estimates would become more complicated than ours
in the proceeding sections.

In section 2, we recall the definitions of If-viscosity and $U$-strong solutions.
Sections 3 is devoted to the study of elliptic PDEs. In Appendix, we show an
existence result of $L^{P}$-strong solutions for $p\in(p_{0}, n)$ , which was only announced in
[10].

The author would like to thank Professors S. Koike and A. Swi\cach for their
interests of this work and for their suggestions.

2 Preliminaries
For measurable sets $U\subset \mathbb{R}^{n}$ and for $1\leq p\leq\infty$ , we denote by $L_{+}^{p}(U)$ the set of all
nonnegative functions in $L^{p}(U)$ . We will often write $\Vert\cdot\Vert_{p}(1\leq p\leq\infty)$ instead of
$\Vert\cdot\Vert_{Lp(U)}$ if there is no confusion. We will use the standard notations from [8].

First of all, we recall the definition of $L^{p}$-viscosity solutions of (1.1).
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Definition 2.1. We call $u\in C(\Omega)$ an $U$-viscosity subsolution (resp., superso-
lution) of (1.1) if

$ess \lim_{xarrow}\inf_{x0}\{F(x, u(x), D\phi(x), D^{2}\phi(x))-f(x)\}\leq 0$

$(resp.$ , $ess \lim_{xarrow}\sup_{x_{0}}\{F(x, u(x), D\phi(x), D^{2}\phi(x))-f(x)\}\geq 0)$

whenever for $\phi\in W_{1oc}^{2,p}(\Omega),$ $x_{0}\in\Omega$ is a local maximum (resp., minimum) point of
$u-\phi$ .

A function $u\in C(\Omega)$ is called an $L^{p}$-viscosity solution of (1.1) if it is both an
$L^{p}$-viscosity subsolution and an $L^{p}$-viscosity supersolution of (1.1).

We will say $u$ an If-subsolution (resp., -supersolution, solution) for an $\nu-$

viscosity subsolution (resp., supersolution, solution) for simplicity. We will also
say $u$ an $U$-solution of

$F(x, u, Du, D^{2}u)\leq f(x)$ ,
$($resp., $F(x,$ $u,$ $Du,$ $D^{2}u)\geq f(x))$ ,

if it is an $U$-subsolution (resp., -supersolution) of (1.1).
We will use this abbreviation also for $L^{p}$-strong sub- and supersolutions below.

Definition 2.2. We call $u\in C(\Omega)\cap W_{1oc}^{2,p}(\Omega)$ an If-strong subsolution (resp.,
supersolution$)$ of $($ 1.1 $)$ if $u$ satisfies

$F(x, u(x), Du(x), D^{2}u(x))\leq f(x)$ $a.e$ . in $\Omega$ ,
$($resp., $F(x,$ $u(x),$ $Du(x),$ $D^{2}u(x))\geq f(x)$ a.e. in $\Omega)$ .

Remark 2.3. If $u$ is an $L^{p}$-subsolution (resp., If-supersolution) of (1.1), then it
is also an $L^{q}$-subsolution (resp., $L^{q}$-supersolution) of (1.1) provided $q\geq p$ . However,
on the contrary, if $u$ is an $U$-strong subsolution (resp., supersolution) of (1.1), then
it is also an $L^{q}$-strong subsolution (resp., supersolution) of (1.1) provided $p\geq q$ .

3 Elliptic Equation
We always suppose that

$p> \frac{n}{2}$ .

3.1 Known results for elliptic PDEs
When $\Omega$ satisfies the uniform exterior cone condition, it is known $(e.g. [2])$ that
there exists $Po=p_{0}(n, \lambda, \Lambda)$ satisfying $\frac{n}{2}\leq p_{0}<n$ such that for $p>p_{0}$ , there
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is a constant $C=C(n,p, \lambda, \Lambda)$ such that if for $f\in U(\Omega)$ , there is an $\nu$-strong
subsolution $u\in C(\overline{\Omega})\cap W_{1oc}^{2,p}(\Omega)$ of

$\mathcal{P}^{-}(D^{2}u)\leq f(x)$ in $\Omega$ (3.1)

such that $u=0$ on $\partial\Omega$ , and

$-C\Vert f^{-}\Vert_{p}\leq u\leq C\Vert f^{+}\Vert_{p}$ in $\Omega$ .

Moreover, for each $\Omega’\Subset\Omega$ , there is $C’=C’(n,p,$ $\lambda,$ $\Lambda$ , dist $(\Omega’,$ $\partial\Omega))>0$ such that

$\Vert u\Vert_{W^{2,p}(\Omega’)}\leq C’\Vert f\Vert_{p}$.

The key tool for it is the following strong solvability of extremal equations while
the existence of If-strong subsolution of (3.1) was used in [10]. In fact, if we use
the strong solvability of (3.1) instead of the following proposition, then we have to
suppose that $\Vert\mu_{1}\Vert_{q}$ is small provided $\Vert f\Vert_{p}$ is not small as mentioned in Introduction.

Since it is easy to obtain the corresponding result for $L^{p}$-supersolutions, we only
state the result for $U$-subsolutions.

Proposition 3.1 (Proposition 2.6 in [10]). Let $\Omega$ satish the uniform exterior
cone condition. For

$q\geq p>n$ or $q>p=n$ ,

let $f\in L_{+}^{p}(\Omega)$ $and/\iota_{1}\in L_{+}^{q}(\Omega)$ satisfy $supp\mu_{1}\Subset\Omega$ . Then, there exists an $U$ -strong
subsolution $u\in C(\overline{\Omega})\cap W_{1oc}^{2,p}(\Omega)$ of

$\mathcal{P}^{-}(D^{2}u)-\mu_{1}(x)|Du|\geq f(x)$ $in$ $\Omega$

such that $u=0$ on $\partial\Omega$ ,

$-C\exp(\hat{C}\Vert\mu_{1}\Vert_{n}^{n})\Vert f^{-}\Vert_{n}\leq u\leq C\exp(\hat{C}\Vert\mu_{1}\Vert_{n}^{n})\Vert f^{+}||_{n}$ $in$ $\Omega$

where $C=C(n,p, \lambda, \Lambda)$ and $\hat{C}=\hat{C}(n, \lambda, \Lambda)$ are positive constants, and

$\Vert u\Vert_{W^{2,p}(\Omega’)}\leq C’\exp(\hat{C}\Vert\mu_{1}\Vert_{n}^{n})\Vert f\Vert_{L^{p}(\Omega)}$ ,

where for each $\Omega’\Subset\Omega$ , $C’=C’(n,p, \lambda, \Lambda, \Vert\mu_{1}\Vert_{q}, dist(\Omega’, \partial\Omega))>0$ .

We shall use the following notation since it appears often.

$\hat{D}=\exp(\hat{C}\Vert\mu_{1}\Vert_{n}^{n})$ .

In order to consider the case of $p\in(p_{0}, n)$ , we will use the following maximum
principle via the iterated comparison function method in [9] and [10].
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Lemma 3.2 (Theorem 2.9 in [10]) $)$ . Let $p_{0}<p<n<q$ . There exist an integer
$N=N(n,p\dot, q)$ and $C=C(n,p, q, \lambda, \Lambda)>0$ such that if $f\in L_{+}^{p}(\Omega),$ $/\iota_{1}\in L_{+}^{q}(\Omega)$

and $u\in C(\overline{\Omega})$ is an $U$ -solution of
$\mathcal{P}^{-}(D^{2}u)-\mu_{1}(x)|Du|\leq f(x)$ in $\Omega$ ,

then

$\sup_{\Omega}u\leq\sup_{\partial\Omega}u+C\{\hat{D}\Vert\mu_{1}\Vert_{q}^{N}+\sum_{k=0}^{N-1}\Vert\mu_{1}\Vert_{q}^{k}\}\Vert f\Vert_{p}$ .

The strong solvability result in case when $p_{0}<p<n<q$ is as follows.

Proposition 3.3. Let $\Omega$ satisfy the uniform exterior cone condition. For

$p_{0}<p<n<q$ ,

$subsolutionu\in C()\cap W_{1oc}(\Omega)ofletf\in L_{+}^{p}(\Omega)an_{\frac{\mu}{\Omega}B_{p}}d_{1}\in L^{q},(\Omega)satisfysupp\mu_{1}\Subset\Omega$

. Then, there $e$ vist an If-strong

$\mathcal{P}^{-}(D^{2}u)-\mu_{1}(x)|Du|\geq f(x)$ in $\Omega$

such that $u=0$ on $\partial\Omega$ , and

$-C \{\hat{D}\Vert/\iota_{1}\Vert_{q}^{N}+\sum_{k=0}^{N-1}\Vert\mu_{1}\Vert_{q}^{k}\}\Vert f^{-}\Vert_{p}\leq u\leq C\{\hat{D}\Vert\mu_{1}\Vert_{q}^{N}+\sum_{k=0}^{N-1}\Vert\mu_{1}\Vert_{q}^{k}\}\Vert f^{+}\Vert_{p}$ ,

for some integer $N=N(n, p, q)$ and $C=C(n,p, \lambda, \Lambda)>0$ . Moreover, for each
$\Omega‘\Subset\Omega$ , there is $C‘=C’(n,p, \lambda, \Lambda, \Vert\mu_{1}\Vert_{q}, dist(\Omega’, \partial\Omega))>0$ such that

$\Vert u\Vert_{W^{2,p}(\Omega’)}\leq C’\{\hat{D}\Vert\mu_{1}\Vert_{q}^{N}+\sum_{k=0}^{N-1}.\Vert\mu_{1}\Vert_{q}^{k}\}\Vert f\Vert_{L^{p}(\Omega)}$ .

For the reader’s convenience, we will give a proof in Appendix.

3.2 Main results for elliptic PDEs
In this subsection, for a fixed $m>1$ , we consider the following PDE:

$\mathcal{P}^{-}(D^{2}u)-\mu_{1}(x)|Du|-\mu_{m}(x)$ I $Du|^{m}=f(x)$ in $\Omega$ . (3.2)

In what follows, we shall utilize the same notation of a function $g$ : $U\subset \mathbb{R}^{m}arrow \mathbb{R}$

for its zero-extension outside its domain.
We start with an easy case; $p=q>n$ .
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Theorem 3.4. Let $p>n$ and $m>1$ . There exist $\delta=\delta(n, m,p, \lambda, \Lambda)>0_{f}$ and
$C=C(n, m,p, \lambda, \Lambda, \Vert_{l^{l_{1}}}\Vert_{q})>0$ such that if $f\in L_{+}^{p}(\Omega)f\mu_{1}\in L_{+}^{p}(\Omega),$ $\mu_{m}\in L_{+}^{p}(\Omega)$ ,

$\hat{D}^{m}\Vert f\Vert_{p}^{m-1}\Vert\mu_{m}\Vert_{p}<\delta$, (3.3)

and $u\in C(\overline{\Omega})$ is an $U$ -subsolution of (3.2), then

$\sup_{\Omega}u\leq\sup_{\text{\^{o}}\Omega}u+C\hat{D}(\Vert f\Vert_{n}+\hat{D}^{m}\Vert f\Vert_{p}^{m}\Vert\mu_{m}\Vert_{n})$ ,

PROOF. In view of Proposition 3.1, we can find an If-strong subsolution $v\in$

$C(\overline{B}_{3})\cap W_{1oc}^{2,p}(B_{3})$ of

$\mathcal{P}^{+}(D^{2}v)+\mu_{1}(x)|Dv|\leq-f(x)$ in $B_{3}$

with boundary condition $v=0$ on $\partial B_{3}$ , and

$0\leq-v\leq C_{1}\hat{D}\Vert f\Vert_{n}$ in $B_{3}$ . (3.4)

The Sobolev imbedding theorem yields

$\Vert Dv\Vert_{L(B_{2})}\infty\leq\Vert v\Vert_{W^{2.p}(B_{2})}\leq C_{2}\hat{D}\Vert f||_{p}$ .

By setting $w=u+v$ in $\Omega$ , it is easy to see that $w$ is an $I\nearrow$-solution of

$\mathcal{P}^{-}(D^{2}w)-\mu_{1}(x)|Dw|-2^{m-1}\mu_{m}(x)|Dw|^{m}\leq 2^{m-1}\Vert Dv\Vert_{L(B_{R_{1}})}^{m}\infty\mu_{m}(x)$ in $\Omega$ .

Notice that since we used Proposition 3.3, we do not get $\mu_{1}$ in the right hand side
of the above.

In the rest of proof, we follow the argument in [10] though the calculations below
are more complicated than those in [10].

For any $\epsilon>0$ , we find the $IP$-strong solution $\zeta_{\epsilon}\in C(\overline{B}_{2})\cap W_{1oc}^{2,p}(B_{2})$ of

$\mathcal{P}^{+}(D^{2}\zeta_{\epsilon})+\mu_{1}(x)|D\zeta_{\epsilon}|\leq-(2^{m-1}C_{2}^{m}+1)\hat{D}^{m}\Vert f\Vert_{p}^{m}\mu_{m}(x)-\epsilon\leq 0$ in $B_{2}$

under $\zeta_{\epsilon}=0$ on $\partial B_{2}$ such that

$0\leq-\zeta_{\epsilon}\leq C_{3}\hat{D}(\hat{D}^{m}\Vert f\Vert_{p}^{m}\Vert\mu_{m}\Vert_{n}+\epsilon)$ in $B_{2}$ . (3.5)

Moreover,

$\Vert D\zeta_{\epsilon}\Vert_{L^{\infty}(\Omega)}\leq C_{4}\hat{D}(\hat{D}^{m}\Vert f\Vert_{p}^{m}\Vert\mu_{m}\Vert_{p}+\epsilon)$ . (3.6)

Thus, setting $W_{\epsilon}$ $:=w+\zeta_{\epsilon)}$ by (3.4) we verify that $W_{\epsilon}$ is an $\nu$-solution of

$\mathcal{P}^{-}(D^{2}W_{\epsilon})-\mu_{1}(x)|DW_{\epsilon}|-2^{2(m-1)}\mu_{m}(x)|DW_{\epsilon}|^{m}$

$\leq\mu_{m}(x)(2^{2(m-1)}|D\zeta_{\epsilon}|^{m}-\hat{D}^{m}\Vert f\Vert_{p}^{m})-\epsilon$ in $\Omega$ .
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Using (3.6), we can find $C_{5}>0$ such that the right hand side of the above is
estimated from above by

$\mu_{m}(x)\hat{D}^{m}\{C_{5}(\hat{D}^{m}\Vert f\Vert_{p}^{m}\Vert\mu_{m}\Vert_{p}+\epsilon)^{m}-\Vert f\Vert_{p}^{m}\}-\epsilon$ .

Hence, taking $\delta=1/C_{5}^{1/m}>0$ , we see that if (3.3) holds, then for small $\epsilon>0,$ $W_{\epsilon}$

is an $IP$-solution of

$\mathcal{P}^{-}(D^{2}W_{\epsilon})-\mu_{1}(x)|DW_{\epsilon}|-2^{2(m-1)}\mu_{m}(x)|DW_{\epsilon}|^{m}+\epsilon\leq 0$ in $\Omega$ .

Therefore, by the definition of $I\nearrow$-viscosity solutions, we have $W_{\epsilon} \leq\sup_{\partial\Omega}W_{\epsilon}$ in $\Omega$ .
Hence, by (3.4) and (3.5), we obtain that

.

$\sup_{\Omega}u$

$\leq$

$\sup_{\partial\Omega}W_{\epsilon}+\sup_{\Omega}(-v)+\sup_{\Omega}(-\zeta_{\epsilon})$

$\leq$ $\sup_{\partial\Omega}u+C_{6}\hat{D}(\Vert f\Vert_{n}+\hat{D}^{m}\Vert f\Vert_{p}^{m}\Vert\mu_{m}\Vert_{n})+C_{3}\hat{D}\epsilon$ .

Thus, the conclusion follows by letting $\epsilon\downarrow 0$ . $\square$

Finally, we extend Theorem 3.4 to the case when $p\in(p_{0}, n]$ .
Theorem 3.5. Let $p_{0}<p\leq n<q$ and $m>1$ . There exist an integer $N=$

$N(n, m,p, q)\geq 1,$ $\delta=\delta(n, m,p, q, \lambda, \Lambda)>0$ and $C=C(n, m,p, q, \lambda, \Lambda, \Vert\mu_{1}\Vert_{q})>0$

such that if $f\in L_{+}^{p}(\Omega),$ $\mu_{1}\in L_{+}^{p}(\Omega)$ and $\mu_{m}\in L_{+}^{p}(\Omega)$ ,

$p> \frac{nq(m-1)}{mq-n}$ , (3.7)

$\hat{D}^{m}\hat{E}_{N}^{m}\Vert f\Vert_{p}^{m^{N}(m-1)}\Vert\mu_{m}\Vert_{q}^{m^{N}}<\delta$,

and $u\in C(\overline{\Omega})$ is an If-subsolution of (3.2), then

$\sup_{\Omega}u$
$\leq$ $\sup_{\partial\Omega}u+C\sum_{k=1}^{N}\hat{E}_{k}\Vert\mu_{m}\Vert\frac{m^{k-1}-1}{q^{m-1}}\Vert f\Vert_{p}^{m^{k-1}}$

$+C \hat{D}\hat{E}_{N}^{m}\Vert f\Vert_{p}^{m^{N}}\Vert\mu_{m}\Vert\frac{m^{N}-1}{q^{m-1}}\{1+\hat{D}^{m}\hat{E}_{N}^{m^{N}(m-1)}\Vert\mu_{m}\Vert_{n}\Vert\mu_{m}\Vert_{q}^{m^{N}-1}\Vert f\Vert_{p}^{m^{N}(m-1)}\}$

where $A_{j}$ and $\hat{E}_{k}$ are given by

$A_{j}:= \hat{D}\Vert\mu_{1}\Vert_{q}^{Nb]+1}+\sum_{t=0}^{N\beta]}\Vert\mu_{1}\Vert_{q}^{l}$ and $\hat{E}_{k}:=\prod_{j=1}^{k}A_{j}^{m^{k-j}}$

and $N[j](j=1, \ldots, N)$ satisfying $N[i]\leq Nb]\leq N(i\leq j)$ are constants from
Proposition 3.3.
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PROOF. In this case, the key of our proof is to use Proposition 3.3.
We define $q_{0}=p$ , and

$q_{k}= \frac{nq_{k-1}q}{n(q_{k-1}+mq)-mq_{k-1}q}$ for $k\geq 1$ .

Due to (3.7), following the argument in [10], we may choose an integer $N\geq 1$ such
that $q_{N-1}\leq n<q_{N}$ . If $q_{N-1}=n$ , then we may choose $q_{N}=q’$ for any $q’\in(n, q)$ .

Fix $\frac{diam(\Omega)}{2}<1<R_{N}<\cdots<R_{1}$ . In view of Proposition 3.3, we first find an
$L^{\rho}$-strong solution $v_{1}\in C(\overline{B}_{R_{1}})\cap W_{1oc}^{2,p}(B_{R_{1}})$ of

$\mathcal{P}^{+}(D^{2}v_{1})+\mu_{1}(x)|Dv_{1}|\leq-f(x)$ in $B_{R_{1}}$

with boundary condition $v_{1}=0$ on $\partial B_{R_{1}}$ , and

$0\leq-v_{1}\leq CA_{1}\Vert f\Vert_{p}$ in $B_{R_{1}}$ ,

and

$\Vert Dv_{1}\Vert_{L(B_{R_{2}})}p^{*}\leq\Vert v_{1}\Vert_{W^{2,p}(B_{R_{2}})}\leq CA_{1}\Vert f\Vert_{p}$ . (3.8)

Setting $w_{1}$ $:=u+v_{1}$ , we obtain that $w_{1}$ is an $IP$-solution of

$\mathcal{P}^{-}(D^{2}w_{1})-\mu_{1}(x)|Dw_{1}|-2^{m-1}\mu_{m}(x)|Dw_{1}|^{m}\leq 2^{m-1}\mu_{m}(x)|Dv_{1}|^{m}=:f_{2}(x)$ in $\Omega$ .

Moreover, by H\"older’s inequality, (3.8) implies

$\Vert f_{2}\Vert_{L^{q_{1}}(B_{R_{2}})}\leq\Vert\mu_{m}\Vert_{q}\Vert Dv_{1}\Vert_{L^{p^{*}}(B_{R_{2}})}^{m}\leq CA_{1}^{m}\Vert\mu_{m}\Vert_{q}\Vert f\Vert_{p}^{m}$

Next, again in view of Proposition 3.3, we find an $IP$-strong solution $v_{2}\in C(\overline{B}_{R_{2}})\cap$

$W_{1oc}^{2,q_{1}}(B_{R_{2}})$ of
$\mathcal{P}^{+}(D^{2}v_{2})+\mu_{1}(x)|Dv_{2}|\leq-f_{2}(x)$ in $B_{R_{2}}$

with $v_{2}=0$ on $\partial B_{R_{2}}$ . Again

$0\leq-v_{2}\leq CA_{2}\Vert f_{2}\Vert_{L^{q_{1}}}$ in $B_{R_{2}}$ ,

and

$\Vert Dv_{2}\Vert_{L^{q_{1}^{*}}(B_{R_{3}})}\leq CA_{1}^{m}A_{2}\Vert\mu_{m}\Vert_{q}\Vert f\Vert_{p}^{m}$ (3.9)

Hence, $w_{2}$ $:=w_{1}+v_{2}$ is an If-solution of

$\mathcal{P}^{-}(D^{2}w_{2})-\mu_{1}(x)|Dw_{2}|-2^{2(m-1)}\mu_{m}(x)|Dw_{2}|^{m}\leq 2^{2(m-1)}\mu_{m}(x)|Dv_{2}|^{m}=:f_{3}(x)$ in $\Omega$ ,

and (3.9) implies,

$|1f_{3}\Vert_{L^{q_{2}}(B_{R_{3}})}\leq\Vert\mu_{m}\Vert_{q}\Vert Dv_{2}\Vert_{L^{q_{1}^{*}}(B_{R_{3}})}^{m}\leq CA_{1}^{m^{2}}A_{2}^{m}\Vert\mu_{m}\Vert_{q}^{1+m}\Vert f\Vert_{p}^{m^{2}}$
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Inductively, setting $f_{k}$ $:=2^{(k-1)(m-1)}\mu_{m}(x)|Dv_{k-1}|^{m}\in L^{q_{k-1}}(B_{R_{k}})$ , we find the
If-strong solutions $v_{k}\in C(\overline{B}_{R_{k}})\cap W_{1oc}^{2,q_{k-1}}(B_{R_{k}})$ of

$\mathcal{P}^{+}(D^{2}v_{k})+\mu_{1}(x)|Dv_{k}|\leq-f_{k}(x)$ in $B_{R_{k}}$

satisfying $v_{k}=0$ on $\partial B_{R_{k}}$ . Similarly,

$0\leq-v_{k}\leq CA_{k}\Vert f_{k}\Vert_{L^{q_{k-1}}(B_{R_{k}})}$ in $B_{R_{k}}$ ,

and

$\Vert f_{k}\Vert_{L^{q_{k- 1}}(B_{R_{k}})}\leq C\prod_{j=1}^{k-1}A_{j}^{m^{k-j}}\Vert\mu_{m}\Vert\frac{m^{k-1}-1}{q^{marrow 1}}\Vert f\Vert_{p}^{m^{k-1}}$ ,

$\Vert Dv_{k}\Vert_{L^{q_{k-1}^{*}}(B_{R_{k+1}})}\leq C\prod_{j=1}^{k}A_{j}^{m^{k-j}}\Vert\mu_{m}\Vert\frac{m^{k-1}-1}{q^{m-1}}\Vert f\Vert_{p}^{m^{k-1}}$

Therefore, we obtain that $w_{N}$ $:=u+ \sum_{k=1}^{N}v_{k}$ is an $U$-solution of

$\mathcal{P}^{-}(D^{2}w_{N})-\mu_{1}(x)$ I $Dw_{N}|-2^{N(m-1)}\mu_{m}(x)|Dw_{N}|^{m}\leq 2^{N(m-1)}\mu_{m}(x)|Dv_{N}|^{m}=:\hat{f}(x)$ in $\Omega$ ,

where $\hat{f}\in L^{p_{N}}(\Omega)$ . Hence, in view of Theorem 3.4, if $\hat{D}\Vert\mu_{m}\Vert_{q}\Vert\hat{f}\Vert_{L^{q^{N}}}^{m-1}$ is small
enough, then we get

$\sup_{\Omega}w_{N}\leq\sup_{\partial\Omega}u_{N}|+C\hat{D}(\Vert\hat{f}\Vert_{L^{q_{N}}}+\hat{D}^{m}\Vert\hat{f}\Vert_{L^{q_{N}}}^{m}\Vert\mu_{m}\Vert_{n})$ .

Since $\Vert\hat{f}\Vert_{q_{N}}\leq C\hat{E}_{N}^{m}\Vert\mu_{m}\Vert\frac{m^{N}-1}{q^{m-1}}\Vert f\Vert_{p}^{m^{N}}$ , the results follows. $\square$

Appendix
In this appendix, we give a proof of Proposition 3.3, for the reader’s convenience
because it was only mentioned in [10]. The proof below is a modification of that in
[8].

PROOF. We shall simply write $\mu$ for $\mu_{1}$ . Let $\mu_{j}\in C^{\infty}(\Omega)$ be such that $\mu_{j}arrow\mu$ in
$L^{q}(\Omega)$ and pointwise a.e. Let $u_{j}\in C(\overline{\Omega})\cap W_{1oc}^{2,p}(\Omega)$ be the unique $IP$-strong solution
of

$\mathcal{P}^{-}(D^{2}u_{j})-\mu_{j}(x)|Du_{j}|=f(x)$ in $\Omega$ (3.10)

with $u=\psi$ on $\partial\Omega$ . By Lemma 3.2, (3.2) holds for $u_{j}$ with $\mu$ replaced by $\mu_{j}$ , Since
$\mu_{j}arrow\mu$ in $L^{q}(\Omega)$ , we may assume that it holds with $\mu$ .

Since we can cover $\Omega$‘ by a finite number of balls having a fixed radius $R$ , it is
enough to show (3.2) for the $u_{j}$ for $B_{R}$ instead of $\Omega$‘. We will denote the measure
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of $B_{R}$ by $|B_{R}|=\omega_{n}R^{n}$ , where $\omega_{n}$ is the measure of unit ball $B_{1}$ . Let $\rho\in(0,1)$ and
cut off function $\eta\in C_{0}^{2}(B_{R})$ be such that $0\leq\eta\leq 1,$ $\eta=1$ in $B_{\rho R}$ and $\eta=0$ in
$B_{R}\backslash B_{\overline{\rho}R}$ where $\tilde{\rho}=(1+\rho)/2$ , and

$|D \eta|\leq\frac{4}{(1-\rho)R}$ , $\Vert D^{2}\eta\Vert\leq\frac{16}{(1-\rho)^{2}R^{2}}$ .

Setting $v=\eta u_{j}\in W^{2,p}(B_{R})$ , and therefore using the estimates of [5], we have

$\Vert v\Vert_{W^{2,p}(B_{\overline{\rho}R})}\leq C_{1}\Vert \mathcal{P}^{-}(D^{2}v)\Vert_{Lp(B_{\overline{\rho}R})}$ ,

which implies

$||Dv\Vert_{L^{p^{r}}(B_{\beta R})}\leq C_{2}\Vert v\Vert_{W^{2,p}(B_{\beta R})}\leq C_{1}C_{2}\Vert \mathcal{P}^{-}(D^{2}v)\Vert_{L^{p}(B_{\beta R})}$ .

Then we have

$\Vert D^{2}u_{j}\Vert_{LP(B_{\rho R})}\leq\Vert D^{2}v\Vert_{L(B_{\overline{\rho}R})}p\leq C_{1}C_{2}\Vert \mathcal{P}^{-}(D^{2}v)\Vert_{L^{p}(B_{\tilde{\rho}R})}$

$=C_{1}C_{2}\Vert \mathcal{P}^{-}(\eta D^{2}u_{j})+2D\eta\otimes Du_{j}+u_{j}D^{2}\eta\Vert_{L^{p}(B_{\beta R})}$ (3.11)

$\leq C_{3}(\Vert\eta \mathcal{P}^{-}(D^{2}u_{j})\Vert_{L(B_{\overline{\rho}R})}p+\frac{1}{(1-\rho)R}\Vert Du_{j}\Vert_{Lr(B_{\overline{\rho}R})}+\frac{1}{(1-\rho)^{2}R^{2}}\Vert u_{j}\Vert_{L^{p}(B_{\overline{\rho}R})})$ .

By (3.10), it follows that

$C_{3}\Vert\eta \mathcal{P}^{-}(D^{2}u_{j})\Vert_{L^{p}(B_{\overline{\rho}R})}\leq C_{4}\Vert f\Vert_{Lp(B_{\overline{\rho}R})}+C_{4}\Vert\eta\mu_{j}Du_{j}\Vert_{Lp(B_{\dot{\rho}R})}$

$\leq C_{4}\Vert f\Vert_{Lp(B_{\beta R})}+C_{4}\Vert\mu_{j}Dv\Vert_{Lp(B_{\beta R})}+C_{4}\Vert\mu_{j}\Vert_{Lp(B_{\beta R})}\frac{||u_{j}\Vert_{L(\Omega)}\infty}{(1-\rho)R}$ (3.12)

$\leq C_{4}\Vert f\Vert_{L(B_{\overline{\rho}R})}p+C_{4}\Vert\mu_{j}Dv\Vert_{Ip(B_{\beta R})}+C_{5}\Vert\mu_{j}\Vert_{LP(B_{\overline{\rho}R})}\frac{\Vert\psi\Vert_{L^{\infty}(\partial\Omega)}+A_{1}\Vert f\Vert_{L^{p}(\Omega)}}{(1-\rho)R}$ ,

where $A_{1}$ is a constant from Theorem 3.5. We now estimate, for $n<q’<q$ ,

$C_{4}\Vert\mu_{j}Dv\Vert_{L^{p}(B_{\beta R})}\leq C_{4}\Vert\mu_{j}\Vert\Vert Dv\Vert_{Lq-(B_{\beta R})}$

$\leq C_{4}C_{6}(\omega_{n}R^{n})\frac{n(q-q’)}{\mathfrak{g}q’}\Vert\mu_{j}\Vert_{Lq(B_{\overline{\rho}R})}\Vert \mathcal{P}^{-}(D^{2}v)\Vert_{L^{p}(B_{\beta R})}$ .

Hence by choosing $R$ small enough, we can show that

$C_{4} \Vert\mu_{j}Dv\Vert_{LP(B_{\beta R})}\leq\frac{C_{1}}{2}\Vert \mathcal{P}^{-}(D^{2}v)\Vert_{L^{p}(B_{\beta R})}$ . (3.13)

Combining (3.11), (3.12) and (3.13), we have

$\frac{C_{1}}{2}\Vert \mathcal{P}^{-}(D^{2}v)\Vert_{Lp(B_{\overline{\rho}R})}\leq C_{4}\Vert f\Vert_{Lp(\Omega)}$

$+ \frac{C_{7}}{(1-\rho)^{2}R^{2}}((1-\rho)R(\Vert\psi\Vert_{L(\partial\Omega)}\infty+A_{1}\Vert f\Vert_{L^{p}(\Omega)}+\Vert Du_{j}\Vert_{LP(B_{\tilde{\rho}R})})+\Vert u_{j}\Vert_{Lp(B_{\overline{p}R})})$ .
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According to (3.11) again, we have

$(1-\rho)^{2}R^{2}\Vert D^{2}u_{j}\Vert_{Lp(B_{\rho R})}\leq C_{8}(\Vert\psi\Vert_{L^{\infty}(\partial\Omega)}+A_{1}\Vert f\Vert_{L(\Omega)}p)$

$+C_{8}((1-\tilde{\rho})R$ I $Du_{j}\Vert_{Lp(B_{\beta R})}+\Vert u_{j}\Vert_{Lp(\tilde{\rho}R)})^{(3.14)}$

If we introduce norms

$\Psi_{k}(v):=\sup_{0<\rho<1}(1-\rho)^{k}R^{k}\Vert D^{k}v\Vert_{Lp(B_{\rho R})}$ , $k=0_{)}1,2$ ,

then $($ 3.14) gives the inequality

$\Psi_{2}(u_{j})\leq C_{8}(\Vert\psi\Vert_{L(\partial\Omega)}\infty+A_{1}\Vert f\Vert_{L(\Omega)}p)+C_{8}(\Psi_{1}(u_{j})+\Psi_{0}(u_{j}))$ . (3.15)

The $W_{1oc}^{2,p}$ estimate follows from the interpolation inequality,

$\Psi_{1}\leq\epsilon\Psi_{2}+\frac{C}{\epsilon}\Psi_{0}$ (3.16)

for any $\epsilon>0$ where $C=C(n)$ , which may found in [8]. Indeed, using (3.16) in
$($3.15 $)$ , we get

$\Psi_{2}\leq C_{9}(\Vert\psi\Vert_{L^{\infty}(\partial\Omega)}+A_{1}\Vert f\Vert_{L^{p}(\Omega)}+\Vert u_{j}\Vert_{Lp(\Omega)})$ ,

that is,

$\Vert D^{2}u_{j}\Vert_{L^{p}(B_{\rho R})}\leq\frac{C_{9}}{(1-\rho)^{2}R^{2}}(\Vert\psi\Vert_{L(\partial\Omega)}\infty+\Vert f\Vert_{Lp(\Omega)}+\Vert u_{j}\Vert_{L^{p}(\Omega)})$ .

The desired estimate (3.2) follows by taking $\rho=1/2$ .
Therefore, there exists $u\in W_{1oc}^{2,p}(\Omega)$ such that $u_{j}arrow u$ in $W_{1oc}^{2,p}(\Omega)$ as $jarrow\infty$ .

Taking a subsequence if necessary, we see that $Du_{j}arrow Du$ a.e.. Thus this implies
that $\mu_{j}|Du_{j}|arrow\mu|Du|$ . Since $\mathcal{P}^{-}$ is concave, we have for a.e. $x$ ,

$\mathcal{P}^{-}(D^{2}u)$ $\leq$
$\lim_{jarrow}\sup_{\infty}\mathcal{P}^{-}(D^{2}u_{j})$

$=$
$hm\sup_{jarrow\infty}(\mathcal{P}^{-}(D^{2}u_{j})-\mu_{j}(x)|Du_{j}|+\mu_{j}(x)|Du_{j}|)$

$=$ $f(x)+ \lim_{jarrow\infty}\mu_{j}(x)|Du_{j}|$ .

It remains to show that $u\in C(\overline{\Omega})$ . By the superadditivity of $\mathcal{P}^{-}$ , we have

$\mathcal{P}^{-}(D^{2}(u_{i}-u_{j}))\leq\mu_{i}(x)|Du_{i}|-\mu_{j}(x)|Du_{j}|+f_{i}(x)-f_{j}(x)$ in $\Omega$ ,

with $u_{i}-u_{j}=0$ on $\partial\Omega$ for $i,j\geq 1$ . Since $supp\mu\Subset\Omega$ , we may assume $supp\mu_{i}\subset\Omega’$

and for all $i\geq 1$ . It is enough to show that

$\Vert\mu_{i}(x)|Du_{i}|-\mu_{j}(x)|Du_{j}|\Vert_{Lp}(\Omega)arrow 0$ as $i,jarrow\infty$ ,
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since the maximum principle will give us that $\sup(u_{i}-u_{j})arrow 0$ . Indeed, we have

$\Vert\mu_{i}(x)|Du_{i}|-\mu_{j}(x)|Du_{j}|\Vert_{Lp(\Omega)}$

$\leq\Vert(\mu_{i}-\mu_{j})|Du_{i}|\Vert_{Lp(\Omega’)}+\Vert\mu_{j}|Du_{i}-Du_{j}|\Vert_{L^{p}(\Omega)}$

$\leq\Vert\mu_{i}-\mu_{j}\Vert_{L^{n}(\Omega’)}\Vert Du_{i}\Vert_{L(\Omega’)}p^{*}+\Vert\mu_{j}\Vert_{L^{n}(\Omega’)}\Vert Du_{i}-Du_{j}\Vert_{L(\Omega’)}p^{s}$

$\leq C(\Vert\mu_{i}-\mu_{j}\Vert_{L^{n}(\Omega’)}+\Vert Du_{i}-Du_{j}\Vert_{L^{p^{*}}(\Omega’)})arrow 0$ ,

as $i,jarrow\infty$ . This completes the proof. 口

References
[1] Caffarelli, L. A., Interior a priori estimates for solutions of fully non-linear

equations, Ann. Math. 130 (1989), 189-213.

[2] Caffarelli, L. A. and X. Cabr\’e, Fully Nonlinear Elliptic Equations, American
Mathematical Society, Providence, 1995.

[3] Caffarelli, L. A., M. G. Crandall, M. Kocan, and A. Swigch, On viscosity so-
lutions of fully nonlinear equations with measurable ingredients, Comm. Pure
Appl. Math. 49 (1996), 365-397.

[4] Crandall, M. G., H. Ishii, and P. L. Lions, User’s Guide to viscosity solutions of
second order partial differential equations, Bull. Amer. Math. Soc. 27 (1992),
1-67.

[5] Crandall, M. G. and A. $\int_{wi_{9}ch}$ , A note on generalized maximum principles
for elliptic and parabolic PDE, Evolution equations, 121-127, Lecture Notes in
Pure and Appl. Math., 234, Dekker, New York, 2003.

[6] Escauriaza, L., $W^{2_{1}n}$ a priori estimates for solutions to fully non-linear equa-
tions, Indiana Univ. Math. J. 42 (1993), 413-423.

[7] Fok, P., Some maximum principles and continuity estimates for fully nonlinear
elliptic equations of second order, Ph.D. Thesis, UCSB, 1996.

[8] Gilbarg, D. and N. S. Hudinger, Elliptic Partial Differential Equations of Sec-
ond Order, 2nd ed., Springer-Verlag, New York, 1983.

[9] Koike, S. and A. $@wi_{9}ch$ , Maximum principle and existence of If-viscosity so-
lutions for fully nonlinear uniformly elliptic equations with measurable and
quadratic terms, Nonlinear Differential Equations Appl., 11 (4) (2004) 491-
509.

[10] Koike, S. and A. Swi\cach, Maximum principle for fully nonlinear equations via
the iterated comparison function method, Math. Ann., 339 (2007), 461-484.

21



[11] Koike, S. and A. Swigch, Weak Harnack inequality for $L^{p}$-viscosity solutions of
fully nonlinear uniformly elliptic partial differential equations with unbounded
ingredients, to appear in J. Math. Soc. Japan.

[12] Nakagawa, K., Maximum principle for $L^{p}$-viscosity solutions of fully nonlinear
equations with unbounded ingredients and superlinear growth terms, to appear
in Adv. Math. Sci. Appl.

22


