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Wave front propagation

and
the discriminant of a tame polynomial
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ABSTRACT. In this note we present a description of a
wave front starting from an algebraic hypersurface sur-
face as a pull-back of the discriminantal loci of a tame
polynomial by a polynomial mapping. As an application
we give examples of wave fronts which define free/almost
free divisors near the focal point.

1 Preliminaries on the wave fronts

In this section we prepare fundamental notations and lemmata to develop our studies
in further sections. Let us denote by Y := {(z,u) € C**!; F(2) +u = 0} the complexified
initial wave front set defined by a polynomial F(z) € Rz, -+ ,2,], 2 = (21, -+ , zn). Of
course the real initial wave front set is Y N R™*!.

Let us consider the traveling of the ray starting from a point (z,u) € Y along unit
vectors perpendicular to the hypersurface tangent to Y at (z,u). It will reach at the point
(@1, * s Tny1)
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at the moment ¢t. Further on, we denote by =’ = (z1, -+ ,z,), ¢ = (2, 2,41). We see

that (z,t) and (2, u) satisfying the relation (1.1) are located on the zero loci of two phase
functions

’(,/}i(.’L', t7 2, u) = ((CB’ -z sz(z» + (xn+1 - ’U,)) + tl(sz(z)’ l)l’ (1'2)

each of which corresponds to the backward v, (z,t, z,u) (resp. the forward ¥_(z,t, z,u)
) wave propagation. To simplify the argument, we will not distinguish forward and back-
ward wave propagations in future. This leads us to introduce an unified phase function

Y(x,t, z,u) == P (x,t,z,u) - Y_(z,t, 2,u)
= ({&' — 2,d:F(2)) + (za1 +u))* = £2|(d.F(2), 1), (1.3)

Let us denote by W; the wave front at time ¢ with the initial wave front Y i.e. Y = W,,.
Lemma 1.1. For x € W, the point (z,t) belongs to the critical value set of the projection,



{(z,u) €Y : Y(z,t,z,u) =0} — Cr*?
(2,t,2,u) — (z,t).

We can understand this fact in several ways. Instead of purely geometrical interpre-
tation, in our previous publication [9] we adopted investigation of the singular loci of the
integral of type,

I(z,t) = / H(z, u)(—— 1

V4+(z,t, 2, u) + v_(z,t,z,u)

Ydz A du

for vy € H,(Y) and H(z,u) € Ocn+1. The above integral ramifies around its singular loci
W, and by the general theory of the Gel’fand-Leray integrals (cf. [11]), W, is contained
in the critical value set mentioned in the Lemma 1.1.

According to the Lemma 1.1, The set LW := UiecW, C C™*! ( the real part of it
is the large wave front after Arnol’d [1] I, 22.1) can be interpreted as a subset of the
discriminant of the function (called the phase function)

U(z,t,2) = ({2’ = 2,d,F(2)) + Tns1 + F(2))? = 3(|d. F(2)[> + 1) (1.4)
for ' = (z1,- - ,x,). This is a set of (z,t) for which the algebraic variety
Xep ={2€C":¥(z,t,2) =0}
has singular points.

Remark 1.1. Masaru Hasegawa [7] and Toshizumi Fukui (Saitama University) study
the wave front W, as a discriminantal loci of the function,

&(z,t,2) = -—%(|(m' - 2, Tnq1 + F(2))2 - t2),

that measures the tangency of the sphere {(z,zn+1) € R™1! : |(2 — 2/, 241 — Tp1)]? =
t2} with the hypersurface Y N R™*!. In some cases, this approach allows us to get less

complicated expression of the defining equation of LW in comparison with ours in Theorem
2.5.

We assume that the variety X, . has at most isolated singular points for a point (z, t)
of the space-time. Among those points, we choose a focal point (zg,t9) € C**? i.e. the
point where the maximum of the sum of all local Milnor numbers is attained. If we denote
by 2M, ... 2 the singular points located on X,, s and Milnor numbers corresponding
to these points by u(2®), i = 1, ..., k, the following inequality holds for the focal point

k
sum of Milnor numbers of singular points on X, < Z p(z®),
i=1
for every (z,t) € C**2,
Assume that the quotient ring

Clz]
(dz‘I’(iBo, th Z))C[Z]

(1.5)



is a u dimensional C vector space such that it admits a basis {ei(z),---,eu(z)} that
contains a set of basis elements as follows,

ex(2) = 1L, ej41(2) = (2, — V), 1 < j < m, (1.6)

for a fixed i € [1, k]. Here we remark that S°% | 4(2®) < u. The denominator (d,¥(xo, to, z))C|z]
of the expression (1.5) means the Jacobian ideal of the polynomial ¥(zy, to, 2).
Now we decompose the difference

m

U(z,t, z) — U(xo, to, 2) Z z, t)e;i(z)

by means a set of polynomials in z, {ei(2), - ,eu(2),eu41(2), - ,em(2)} and a set of
polynomials in (z, t),
L:C2 cm
(1) — uz,t) = (s1(z,1), -, sm(z, 1))

(1.7)

thus defined.In this way we introduce a set of polynomials {e,+1(2), - , en(2)} in addition
to the basis of (1.5). We consider a polynomial ¢(z, s) € Clz, s] for s = (s1,+ - , 8m) defined
by

©(z,8) = ¥(zo, 10, 2) + i sje;(2). (1.8)

Locally this is a versal (but not miniversal) deformation of the holomorphic function
germ U(xzg,tg,2) at z = 20,

2 Discriminant of a tame polynomial

Definition 2.1. The polynomial f(2) € C|z] is called tame if there is a compact set U of

the critical points of f(z) such that ||d.f(2)| = \/(d,f(z),dzf(z)) is away from 0 for all
z&U. ,

In the sequel we use the notation s’ = (sg,--- , s,) and s = (s1, 8').
Further on we impose the following conditions on ¢(z, s) introduced in (1.8). Assume
that there exists an open set 0 € V ¢ C™~! such that
Clz]
(d2¢0(z, 5))C[2]
for every s € V and s; € C. In addition to this, we assume that for every s =
(81, ,8n+1,0,- -+ ,0) € V, the equality

< 00, (2.1)

dimc

. C[Z] ’
dim. =, (2.1)
c (dz(\Il(xo, to, 2) + S sjej(z))) Clz]

holds.



Lemma 2.1. Under the conditions (1.5),(2.1), (2.1)’ there exists a constructible subset
U cC V, such that ©(z,s) is a tame polynomial for every s € C x U and

cE
(dp(z, )T~ P

dimg

for every s e C x U.

Proof

By [3], Proposition 3.1, (2.1) yields the tameness of ¢(z,0). After Proposition 3.2
of the same article, the set of s such that ¢(z,s) be tame is a constructible subset (i.e.
locally closed set with respect to the Zariski topology) of the form C x W for W C V.
According to [3], Proposition 2.3, the set

Clz]
@z )T =™

T,={s€eCxW:dimc

is Zariski closed for every n. We can take C x U = T,\T,—:. Q.E.D.

Assumption I _ _

(i) By shrinking U if necessary, we assume that a constructible set U C U can be given
locally by holomorphic functions (sy+3,--+,Sm) on the coordinate space with variables
(323"' asl/)a VZ/J

(ii) The image of the mapping ¢ of a neighbourhood of (o, %) is contained in C x U.
In other words,

L(Cn+2, (SEQ, to)) C (C x U, L(CCQ, to)).

For a fixed 3 = (53,--+ ,3m) € U and the constructible subset U C V of the Assump-
tion I,(i) we see that ¢(z, s1, ) is a tame polynomial for all s; € C. For such (2, s1, §)
, we define the following modules,

Qn—l
P S/ :._—. Cn ) 22
o(5) d.p(z,81,8) A 52322 + dﬂfc’:z (22)
nﬂ-
B,(3) := ¢ (2.3)

dch(z, S1, 5’) A dQ%:Z

the module B,(§') is called an algebraic Brieskorn lattice. In considerig the holomorphic
forms multiplied by ¢(z, 51, §) be zero in (2.2), (2.3) we can treat two modules as C[s;]
modules.

These modules contain the essential informations on the topology of the variety

Z 5y = {2€C": p(2,5,5) =0}. (2.4)
Let us denote by D, C C x U the discriminantal loci of the polynomial ¢(z, s) i.e.
D,:={s€eCxU:3z¢€ Z, s.t. d,p(z,s) =0} (2.5)

Theorem 2.2. For a fired § = (52,--- ,3m) € U, both P,(5') and B,(§) are free C[s,]
modules of rank ju.



Proof First we show the statement on B,(5'). After [5], Theorem 0.5, the algebraic
Brieskorn lattice B,(3’) is isomorphic to a free C[s;] module of finite rank ( so called the
Brieskorn-Deligne lattice). The absence of the vanishing cycles at infinity for ¢(z, s1, §)
ensures this isomorphism.

On the other hand, for (3;,3) € C x U, the Corollary 0.2 of the same article tells us
the following equality.

dim Coker(sy — §1|By(8))

= dim Hpn_1(Zs,,)) + sum of Milnor numbers of singular points on Z;, s).

For (51,8) € C x U\ D,, the right hand side of the above equality equals

Z sum of Milnor numbers of singular points on Z,, s

81:Z(,, 3y singular

by [3], Theorem 1.2.

Now we show that B,(8’) is isomorphic to P,(3').

We show the bijectivity of the mapping d : P,(8') — B,(§'). To see the injectivity,
we remark that the condition d(w + da + 8 A dy(z, $1,§)) = dw + dB A dy(z, 51, 8) =0,
a, 3 € Q"1 in B,(§'), entails the existence of o/ € Q"1 such that dw = do/ Adp(z, 51, §'),
this in turn together with the de Rham lemma entails w = o/ Ady(z, s,,§') + d3 for some
ﬂ’ c Qn—l

To see the surjectivity, it is enough to check that for every v € Q" the equation dw = «
is solvable. Q.E.D.

Let us introduce a module for § = (3, ,3,,) € U,

Cn ~ Clz]
d.p(z,81,8) AQ%Y T (dap(z, 81, 8))Cl2]

Qy(%) = (2.6)

that is a free C[s;] module of rank u because it is isomorphic to

z
EB{.51:2(,1,5/) singular} ®z:singular pointson Z(, ) C#( )»

with u(z) : the Milnor number of the singular point z € Z(,, 7). Let us denote its basis
by
{gdz,- - ,g“dz}, (2.7)

such that the polynomials {g1(2), -, g.(z)} consist a basis of the RHS of (2.6) as a free
Cls;] module.

According to [3],p.218, lines 5-6, the following is a locally trivial fibration,
Z(s,,) — (81,8) € Cx U\ D,.
This yields the next statement.
Corollary 2.3. We can choose a basis {wy,--- ,w,} of P,(3') independent of § € U.

Due to the construction of U, we can consider the ring Oy of holomorphic functions
on U. By the analytic continuation with respect to the parameter s’ € U, we see the
following.



Lemma 2.4. The modules B,(s'), P,(s'), Qu(s") are free C[s1] ® Oy modules of rank .

As the deformation polynomials e;, - - , e, arise from the special form of ¥(z,t, 2) we
are obliged to impose the following assumption.

Assumption II We assume that we can adopt e;(z) of (1.5), (1.6) as g;(z) in (2.7)
i=1,---,p and they serve as a basis of Q,(s’) as a free C[s;] ® Oy module.

For the sake of simplicity, let us denote by mod(d,(¢(z,0)+3_7" =2 sjej(z))) the residue
class modulo the ideal (d.(4(2,0) + 3.7, sje(2)))Clz, 81] ® (’)U in Clz,s1] ® Oy. By
virtue of the freeness of Q,(s’), this residue class is uniquely determined. Qur assumption
(1.5), (1.6) together with the Weierstrass preparation theorem gives us a decomposition
as follows,

(¢(2,0) +Zs1e,<z>> 2efz:3)

= Zaf(s') 3(.08(: s) mod(d,(p(z,0) + E s;ei(2)), 1<i<p (2.8)
890(;»; 'S) _ Z (s )3<P(z ) mod(d,(p(z,0) + E s;jej(2))), u+1<i<m, (2.9)
: e=1 =

with of(s’) € Oyp. In fact, according to an argument used in [4],Theorem A4, [10], Propo-
sition 2 (both treat liftable vector fields in local case but they are valid for our situation),
the following vector fields are tangent to the discriminant D,

6
= @ra) 2+ 3 o) 22 1cicy (2.10)
Si 63!
=1,
Here we recall the Assumption I, (i) that allows us to adopt (si, S2,-+ ,8,), v > u as the
local coordinates of C x U.
0 &, .0
Tt — ¢ _ <1< .
T : B, tgzla,(s)ase, p+1<i<vy, (2.11)

Ev1dent;ly they are linearly 1ndependent over C[s;] ® Oy because of the presence of
the term sl-— for every 1 < i < u and —5— for p + 1 < i < v. Therefore they form a
Cls;] ® Oufree module of rank v. Let us introduce the following matrix of which the i—th



row corresponds to the vector ;.

/ s1 + o1(s) o2(s) e ot (s) 0 \
ol(s)  si+0i(s) -+ af(s) 0 .- 0 0
0'1 s 28, . S+0“S' 0 . 0 0
Z(s) = 1#( ), Zﬂ( ), s “(, : . (212)
0#+1(3) 0“+1(5) ce 0'“+1(S) -1 ... 0 0
‘73-1(5') ‘73—1(3') e ob_1(s") o --- -1 0
A S e o 0 0 -1

In fact the following p x p submatrix of X(s) contains the essential geometrical informa-
tions on D,

s1+oi(s) o) o af(s)
N o3(s)  si+oai(s) .- oh(s)
X(s) := _ (2.13)
on(s") oi(s) e 814 ot(s)

Theorem 2.5. 1) The algebra Dercyxy(log D,) of tangent fields to D, as a free C[s;]®0y
is generated by the vectors v;, 1 < i < v of (2.10), (2.11).
2) The discriminantal loci D, is given by the equation

D, ={s € Cx U :det £(s) = 0}.
8) The preimage of D, by the mapping v contains the wave front LW = UecW, C C**?
i.e. LW c 1 Y(D,).

Proof The tangency of vector fields #;’s to D,, and their independence over C[s;]® Oy
have already been shown.

First we shall prove 2). By virtue of the tangency of #;’s to D,, and the equality,
N A--- AT, =det £(8)0s, A+ A Ds,,

the function det ¥(s) shall vanish on D,. The statement on Q,(s’) of the Lemma 2.4
tells us that

H{s € CxU:s =const ND,} = p, ‘ (2.14)
~ in taking the multiplicity into account.
From (2.12), (2.13) we see that

tdet £(s) = det (s) = s¥ + dy(s')s* 1 + -+« + d, (),

with d;(s') € Oy, 1 < i < p. Thus the Weierstrass polynomial in s; ,det i(s) shall be
divided by the defining equation of D, which turns out to be also a Weierstrass polynomial
in s; of degree u. This proves 2).



Now we shall show that every vector ¢ tangent to D, admits a decomposition like
7= ai(s)t;, (2.15)
i=1

for some a;(s) € Cl[s;] ® Oy. For every i the following expression shall vanish on D,,
because of the tangency of all vectors taking part in it,

AN AT a ATATigr A -~ AT,

Therefore there exists a;(s) € C[s1] ® Oy such that the above expression equals to
ai(s)detL(s)0, A+ - - Ads,,. This means that the vector 7— 37, a;(s)7; defines a zero vec-
tor at every s € D, as the vectors 7, - - - , 7, form a frame outside D,. By the continuity
argument on holomorphic functions, we see that the decomposition holds everywhere on
CxU.

The statement 3) follows from Lemma 1.1, (1.4) and the definition (1.7) of the mapping
t. Q.E.D.

3 Gauss-Manin system for a tame polynomial

In this section, we willl show that the above matrix £(s), (2.13) can be obtained as
the coefficient of the Gauss-Manin system defined for a tame polynomial ¢(z, s).
According to Lemma 2.4, every w € P,(s’) admits a unique decomposition as follows,

m
w= Zai(s)wi, seCxU. (3.1)

=1

A generalisation of theorem 0.2 of [6] tells us that the following equivalence holds for every
holomorphic n — 1 form w,

Vs € Cx U,wlz, =0 in H*}(Z,) & w=10 in P,(s). : (3.2)

We can prove the above statement (3.2) for every n > 2 in following a slightly modified
argument explained in §2 of [6].

This theorem yields a corollary that ensures us the following equality for every van-
ishing cycle 4(s) € H,_1(Z,),

u :
/ w = E a,-(s) Wi, 8 € C x U, (33)
6(s) :

i=1 é(s)

for some a;(s) € C[s;] ® Oy, 1 < ¢ < p. To show this along with the argument by
L.Gavrilov [6], we simply need to replace his Lemma 2.2 by [5], Corollary 0.7.

Here we remark that for the basis of {e¢;(z)dz,- -, e,(2)dz} of Q,(3') we can choose
the basis {w1,- - ,w,} of P,(§') such that

dw; = e;(2)dz + d,p(z, s) A €,



for some ¢; € Q"~1. That is to say, for every w € "1 we can find the following two types
of decomposition

Mt

s')dwi + dop(z, 5) A d,

1=1
m
= ZQ Jei(2)dz + d.p(2,8) A &) + do(2,8) A,

for some c;(s') € Oy, £ € D2 ® Oy, n € Q"1 ® Oy. In other words, for every n €
Q"' ® Oy one can find £ € Q"2 ® Oy and ¢;(s’), £ as above that satisfy

m
n=—Y_c(s)e+df +dp(z,8) N dE.

i=1

If we take €; as some representatives of P,(§’), the above statement is reduced to that on
P.(5') of Lemma 2.4,

As E.Brieskorn [2] showed, the following equality holds if we understand it as the
property of the holomorphic sections in the cohomology bundle H""1(Z,) defined as the
Leray’s residue w/d,¢(z, s) for w € O™,

o0 ,_
(55) tdn = d,p(z,8) A .

This yields that

('5?;1“ “1B,(3) = d,p(z,8) ANV d,p(z, 8) A dQ™2,

Qul®) = Bold)/ (20 Bu(3),

we see that {e1(2)dz, - - - ,eu(2)dz} is a basis of B,(3') as an Op[(z 32-) '] module.
For such w;’s we have a decomposition in Q,(3") as follows,

»
(p(2,8) — s1)dw; = Y 0f(8)dwe + dyp(2,8) Ami, 1<i<p (3.4)
=1

n; € Q™71 We see that (3.4) is equivalent to (2.8). This relation immediately entails the
following equality for every 6(s) € H,-1(Z,),

— w; + aes' /w—i—/ ; = 0, 3.5
dsl/m Z ()dsl et [ (3.5)

¢=

in view of the fact [ 5(s) (2, s) = 0 and the Leray’s residue theorem

—dwi
dz¢(2,8)

o= o ot
as1 &(s) 4(s) dz‘P(Zs S) .
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After (3.3), every | 5(s) 7l @dmits an unique decomposition

/szibjf(s)A wi s €C x U, (3.6)

for some b(s) € Cls;] x Oy, 1 < i,j < p.
Let us consider a vector of fibre integrals

I =" (/ wr, - / ). (3.7)
(s) é(s)
In summary we get

Proposition 3.1. 1) For a vector I, (3.5) we have the following Gauss-Manin system
= 0

. —Ilg + B(s)lg =0, (3.8)
dSl

where B(s) = (bf(s))lqj(“ for functions determined in (3.6).
2) The discriminantal loci D, of the tame polynomial p(z,s), s € C x U has an
expression,

D, = {s € Cx U : det £(s) = 0},
that corresponds to the singular loci of the system (3.8).

Remark 3.1. To see that the two statements on D, do not mean a simple coincidence,
one may consult [10] Theorem 2.3 where he finds a description of the Gauss-Manin
system for Leray’s residues by means of the tangent vector fields to the discriminant loci.

4 Free and almost free wave fronts

Now we recall that the freeness of Dercxy(log D,) as a Cls;] ® Oy module, proven
in the Theorem 2.5, means that D, defines a free divisor (in the sense of K.Saito) in the
neighbourhood of every point s € D,,. We define the logarithmic tangent space T:%9D,, to
D, at s:

T*9D, = {#(s) : #(s) € Dercxv(log D,),} (4.1)

We follow the presentation by David Mond [8] on the free and almost free divisors though
the latter has been first introduced by J.N.Damon. To discuss when the large wave front
LW becomes a free divisor, we need to make use of the notion of algebraic transversaliy.
We recall here the Assumption I, (ii) on the image of the mapping ¢ that entails the
following inclusion relation,

dz,tL(T(x,t)Cn+2) C Tyzy(C x U),

for (z,t) in the neighbourhood of (zg, to).
Definition 4.1. The mapping ¢ is algebraically transverse to D, at (zo,t) € C**? if and
only if

dz,tb(nzo,to)cn+2) + T2 Dy = Uzo,t0) (C x U). (4.2)

“(:EO)tU) ¢
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Lemma 4.1. ( /8] Jacobian criterion for freeness) The divisor .~Y(D,,) is free if and only
if ¢ is algebraically transverse to D,.

To state a criterion of the freeness of ¢:='(D,), we need the following m x (v + n + 2)
matrix T'(z,t).

51+ e} (s’ (z,t)) - ol (s (z, 1)) ] 0 0

o3 (s’ (z,1)) o (s’ (=, 1)) 0 . 0 o
ol (s'(z, 1)) coo 814 ol(s(a,t)) 0 0 [+}

a',lH,l(a'(z,t)) oh L 1(8' (2, 1)) -1 0 (]

T(z,t) = : : f : : ) (4.3)

0.1,'(3,(1.3)) s ok (s’ (z,t)) 0 -1 ")
s1(z, t)zy s su(%,t)a) su+1(x,t)e; s su(x,t)zy ce sm(z,t)z,
81(z, t)azq s su(z,t)z, su+1(z,t)zg s 8u(z,t)zg s sm(z,t)zq

83 (=, t)=n+1 s 8, (x, ‘)::",*_1 5;x+1(3, t)mn-f-l s 8. (z, t)”n+1 s sm(z, t)m'n+1

81(x, t)e cee a,(z,t) a1z, e e sy (z,t)e ces sm(z, t)e

The first v rows of the T'(x,t) correspond to those of X(¢(z,t)) while the (v +4)—th row
corresponds to E%L(SL', t), 1 <i<n+1 and the last row to &:(z,t) for ¢(z,t) of (1.7).

The Lemma 4.1 yields immediately the following statement in view of the Theorem
2.5.

Proposition 4.2. The divisor .™Y(D,,) is free in the neighbourhood of (z,t) if and only
if rank T(z,t) > v.

After Theorem 2.5, in the neighbourhood of each of its point s, the hypersurface D,
defines a germ of free divisor.

Definition 4.2. The germ of hypersurface .(D,) at (zg,t0) € C*2 is an almost free
divisor based on the germ of free divisor D, at i(xo,tp) € C x U if there is a map

ip : ."Y(D,) — D, which is algebraically transverse to D, except at (zo,ty) such that
L H(Dy) = ial(Dw)-

In view of this definition, we get a criterion so that :=*(D,) be an almost free divisor.

Proposition 4.3. The germ of hypersurface :=1(D,) at (zo,to) € C**? is an almost free
divisor based on the germ of free divisor D, at i(zo,t0) € Cx U if the following inequality
holds at an isolated point (xo,to) € ¢™1(D,),

rank Z(u(zo, to)) + rank dz (o, to) < v, (4.4)

while at other points (z,t) # (xo,%o) in the neighbourhood of (xo,to) , rank T'(z,t) > v.
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5 Examples

1. Wave propagation on the plane

Let us consider the followmg initial wave front on the plane Y := {(z,u) € C?;a2% +
2*+u=0},2 =ie F(z)=az?+ 2* for some real non-zero constant a. In this case our
phase function has the following expression

U(z,t,2) = (1 + a2’ + 2* + (22 — 2)(2az + 42%))? — t2(1 + (2az + 42°)?),

= —t? + 7} + daz 792 + (—4at? + 4a%2? — 20z,)2?
(—4a’x) + 8x112)2% + (a® — 16at? + 16amf - 6:172)24
—20az12° + (6a — 16t2 + 16x2)28 — 242,27 + 925, (5.1)

It is easy to see that (z1,zs,t) = (0, —1/2a,1/2a) is a focal point with a singular point
(z,u) = (0,0) and the Milnor number x(0) = 3 (A, singularity i.e. the swallow tail) if
a # 1 and pu(0) = 5 (A5 singularity) if a = 1,

¥(0,-a/2,a/2,2) = (—(1/a) + a?)2* + (—(4/a?) + 6a)z® + 92°. (5.2)
The quotient ring (1.5) for this ¥(0,—1/2a,1 / 2a, z) has dimension u = 7.
Especially we can choose e; = 2~ 1, i =1,.--,7 as the basis (2.7). Now, in view of

(5.1) we introduce additional deformation polynomials eg = z', together with entries of
the mapping ¢ (1.7),

51 = —t2+ zg, Sy = 4ar Ty, S3 = —4a’t? + 4a2mf — 2ax,,84 = —4a21.1 + 8xyx,,

s5 = a° — 16at? + 16az? — 61y, 56 = —20az1, 57 = 6a — 16t + 1622, 55 = —24z,. (5.3)
8
w(z,8) = 928 + Z 5;2°7!
=1

In this case, the constructible set U of the Assumption I,(i) coincides with C7.
By the aid of the computer algebra system SINGULAR, we calculate the residue class
mod(d.(p(2,0) + 372, s;e;(2))) of the following polynomials that illustrate (2.8).

©(z,8) = (1/4* 57— T/576% 53) % 2° + (3/8 % 56 — 1/96 % 57 % 53) » 25+ (1/2 % 55 — 5/576
se* 5g) *x 2 + (5/8 % 54 — 1/144 * 55 % sg) % 2% + (3/4 % 53 — 1/192 54 * sg) * 2% + (7/8 *
S — 1/288 x 53 % sg) * z + (s1 — 1/576 * 52 * sg)

zxp(z,8) = (3/8%86 —5/144 % 57 % 55 +49/41472 % s3) * 26+ (1/2 % 55 — 5/576 * 56 % 55 —
1/48*s7+7/6912*s7*38)*z + (5/8 % 54 — 1/144 * 85 % 85 — 5/288 * s¢ * 87 + 35/41472 %
S * 53) * 24 +(3/4*53—1/192*34*58—1/72*35*87+7/10368*35*38)*z + (7/8 *
32——1/288*53*38—1/96*34*S7+7/13824*s4*38)*z + (51— 1/576 % s9x sg — 1/144 %
53 % 87+ 7/20736 * s3 x s2) * z + (— 1/288 * 55 * s7 + 7/41472 * 59 * s2)

22xp(z,8) = (1/2% 55 — 13/288 x 56 % 55 — 1/48 % 52 + 91 /20736 * 57 * 52 — 343/2985984 x
s§) * 28 +(5/8*s4—1/144*55*38—7/144*36*57+35/41472*36*38+5/1728*s7*38—
49/497664*37*38)*2 +(3/4*33——1/192*34*58—1/72*35*37+7/10368*s5*58 5/192 %
53 +25/10368 s * 57 * 53 — 245/2985984 * s * 53) * 2* +(7/8% 59— 1/288 % 53 53 — 1/96 *
34*S7+7/13824*s4*38—1/48*55*36+5/2592*s5*37*38——49/746496*35*38)*2 +
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(51—1/5T6%sg%s5—1/144 % s3% 57+ 7/20736 % 53 % 52 — 1/64 % 54 % 56 + 5/ 3456 * 54 % 57 % 58 —
49/995328 % 4% 53) k2% + (—1/288% s9 % 57+ T /41472 59 % 53 — 1/96% 53 % 56+ 5 /5184 % 53 % 57 %
55 —49/1492992% 53.% 53) * 2+ (—1/192% 57 % 56 +5/10368 * 52 * 57 % 53 — 49/2985984 * 52 * 53)

2xp(2,8) = (5/8%54—1/18%55% 55 — 7/ 144 % 56 % 57+ 217 /41472 % 56 % 53+ 17 /3456 % 52
58 —49/93312 % 57 % s3 +2401/214990848 % 53) % 26 + (3 /4% 53 — 1 /192 54 x 55 — 1 /18 % 55 % 57+
7/10368%s5% 53 —5/192% 52 +1/162x 56 % s7% 55— 245 /2985984 * 56+ s5+1/576x 53 —91 /248832«
s2% 53 +343 /35831808 % s7%58) % 2°+ (7 /8% 59— 1/288* 53 %53 — 1 /96 % 54 % 57+7 /13824 x 54 % 5% —
1/18% 85 % 5+ 5/2592 55 % 57 % 55 — 49/ 746496 * 55 * 55+ 65 /20736 * 52 * 53 + 5/3456 * 56 * 5% —
455/1492992% sg % 7% 5§+ 1715/214990848 x 5% 53) % 24 + (81— 1/576 % s9 ¥ 55 — 1 /144 % 53 % 57+
T/20736xs3% 53— 1/64x54%86+5/3456 % 54% 57% 53 —49/995328 * 54 % 55— 1/36% s2+13/5184
S5xSg*Sg+1/864% 55452 —91/373248x 55+ s7% 53 +343/53T4T712% s5%55) % 23+ (—1/288% 5
S7+T/41472% 9% 53— 1/96% s3% 56 +5/5184 % 53 % 7% 53 —49/1492992% 3% 53 — 1 /48 % 54 % 55+
13/6912% s, % s sg+1/1152% 54 % 52 — 91 /497664 % 54% 57 % 52 + 343 /71663616 % 54 % 5§ ) 22 +
(—1/192% 53 % 86 +5/10368 * 59 * 57 % 855 — 49/2985984 x 85 % 53 — 1 /72 % 83 % 55+ 13 /10368 * 53 *
Se*Sg+1/1728% 3% 52 — 91 /746496 * 53 % 57% 52 +343 /107495424 * 3% s5) * 2+ (—1/144 % 55 %
85+ 13/20736 % 3% 56 * S+ 1/3456 % 5 % 52 — 91 /1492992 % 55 * 57% 53+ 343 /214990848 x 52 % 55

24%p(2,8) = (3/4% 53— 19/288x 54 %55 — 1/18 % 55 % 57+ T/1152 % 55 % 52 — 5/192 % % +
113/10368 * s * 7% 53 —49/82944 % s % 83+ 1 /576 % 53 — 35/41472 % s2 % 52 +6517/107495424 *
Syxs§—16807/15479341056 % sE) * 26+ (7/8x 53 — 1 /288 % 53 x 53 — 1 /16% 54 % 57+ 7 /13824 % 54
53 —1/18% 5% 56+17/2592 % 85 % 7% 53 — 49/ 746496 % 55 * 53 +65/20736 % 52 * 55 +19/3456 * 56 *
52— 553/ 746496 % 5 % 57 % 52+ 1715/214990848 % 56 * s& — 17/414724 53+ 55 +49/1119744 % 52 +

—2401/2579890176 % 57 s§) % 2° + (81— 1/576 % sp % sg — 1 /144 % s3% 87+ T /20736 * 53 * 5% —
17/288*84*36+5/3456*S4*87*Sg —49/995328x s, %55 — 1/36*5 +11/1728*85*86*88+1/864*
95 *37 —91/373248 % 55 % 57 % 53+ 343 /53747712 % 55 * 55+ 35/10368 * 52 * 57 — 1085/2985984 *
Sg* 53 —85/248832 % 56% 52 x 53 +245 /6718464 * 5% 57% 53 — 12005/ 15479341056 % 56.% 53 ) % 24 +
(—1/288x89%57+7/414T2% 9% 52 — 1 /96 % 53 % 56 +5/5184 % 83 % 57 % 5g —49/1492992 * 53 % 53 —
1/18%54%35+13/6912% s, % sg*sg+1/1152% 54%x 52 —91 /497664 % 54 57x 52+ 343 /71663616 *
84%S§+1/324 % SZ+ 855+ 7 /2592 % 55 % 56 % 57— 217 /T46496 * 55 % 56 * 83 — 17 /62208 x 55 % 52 * 55+
49/1679616 % s5 % 57% 53 — 2401 /3869835264 % 55% 53) ¥ 23+ (—1/192% 53 % 56 +5/10368 % 55 * 57 %
88 —49/2985984 % o % 53 — 1 /72 % 53 % 55+ 13/10368 * 53 % 56 % S5+ 1 /1728 % 53 x 52 — 91 /746496 *
S3% 87% 83 +343/107495424 % 53 5§ — 5/192 % 52 + 1/432 % 54 % 55 % 53+ 7/3456 x 54 % 56 % 57 —
217/995328 % 54 % 56 * 52 — 17/82944 + 54 % 5% 5 -+ 49/ 2239488 # 54 % 57% 53 — 2401 /5159780352 %
S4 % 83) % 2% + (—1/144 % 53 x 85+ 13/20736 * 52 * 56 * 5g + 1/3456 * 55 * 52 — 91/1492992 * 5, *
s7% 83 +343/214990848 * 52 % 5§ — 5/288 % 53 % 54 + 1/648 % 53 % 55 % 53+ 7 /5184 % 53 % 8¢ * 57 —
217/1492992% 3% sg* 53— 17/124416% 53 % s2* 55 +49/3359232% 53 % 57% 55 — 2401 /7739670528 *
s3%88) % 2+ (—5/576 % 53 % 54+ 1/1296 * 53 * 55 % 5g + 7/10368 * 52 * 56 % 57 — 217/2985984 *
Sg % Sg * 53 — 17/248832 x 5 % 5% % 53 + 49/6718464 * 59 * 57 * 53 — 2401 /15479341056 * 52 * 53)

We omit 2° * (2, s), 28 * (2, s). The vector (2.9) is given as follows
—7227 = (81, 282, 383, 484, 535, 686, 787).

We list the rows of the matrix :*(2)(z,t) below. In this way we introduce 8 vector
fields wi(z,t) € C8, 1 <i< 7.

wy(z,t) = (—t? + 1/6azxir; + 13,1/3az;(a(—t% + 22) + 10x3), a?(~3t% + (5z2)/2) —
(3azs)/2+ x2z2,1/3x1(—Ta% — 8at? + 8ax? + 121x;), a? /2 — 8at?® + (23ax?) /6 — 34, —6az; —
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4t%xq + 423, (3a)/2 — 4t% — 322,0)

way(z,t) = (0,0,0,1/36(—3a® + a?(—52t2 + 48z%) — 48t%x, — 4a(32t* — 8213 — 242% +
973)), —(1/36)z1(9a® + 296at? + 54ax? — 144z,), —(a?/4) — 4at? — (16t*) /3 + (10ax?)/3 +
(4t%22) /3 + 42} — 3xy, —(1/6)x1(15a + 80t* + 1822),0)

ws(r,t) = (1/108ax?(15a+80t?+ 18x%)zy, 1/54ax (—15a2(t? — 22) — 28t2xy — 2a (40t —
312z} — 921 +622)), 1/36(—16at* — 21a3x? + 30az?z, + 3a%(—2x% + 13) + 36z (2 + 1,) +
2t*(—18 + 3a® — 38a%2? — dax, + 80z%2,)),1/5421(21a® — 2a2(67t* — 6022) — 168t2z, +
a(—640t4 + 4961272 + 36(4x +31,))), 1/108(—9a® — 302 (5262 + 7722) — 144122, — 2a(19264 +
952t%z} 4 81zf + 54x,)), 1/9z1(9a® + a(—44¢% + 30z%) + 4(—40t* + 31t222 4 9(z? + z,))),
1/36(—9a® — 18a(8t% + 5x2) — 4(48t* + 268t222 + 27(a? + z3))), 0)

wy(z,t) = (1/648ax1x2(9a® + 18a(8t? + 5z%) + 4(48t* + 268t2x2 + 27(x? + z,))),

— (1/648)a(18a%(t? — z2) + 9a?(32t* — 12¢2x? — 20z% + x2) + 47,(48t* + 148t2x2 4 27x,) +
8a(48t° 4220t x3 — 2722 (2} + z2) +t2(—2412% +451,))), 1/2162, (—9a* — 6a3(34¢% + 522) +
4a(44t2 + 4522)x; — 2a2(256¢* + 412t%z? + 18z% + 69x,) + 8x,(48t* + 268222 + 27(2? +
22))), 1/648(9a* + 36a3(3t> — 422) + 4a2(—600¢* + 1426222 + 360z* + 27x5) — 24¢2(27 +
48t%z, + 1481iz,y) — 16a(192¢° + 880t4r? — 108x%(z? + 1) + t2(—964z! + 171x5))),

— (1/648)x1(—27a® + 6a?(868t2 + 135x7) + 2016t2z, + 4a(3120t + 5212t%22 + 243zt +
351z3)), 1/216(9a3+24a?(2t*—5x%) —4a(336t4+40t222 —9(2023 +31;)) — 32(488 4220t 423 —
2722 (24 + ) +12(— 24123 + 3615))), 1/ 1087, (4502 — 6a(256¢2 +4522) — 4(816¢4 + 15041222 +
81(z} + 22))),0)

ws(z,t) = ((azizo(—45a%+6a(256t% +452%) +4(816t* + 1504222 +81 (2t +15)))) /1944,
—(1/972)ax1(—45a3(t? — z2) + 6a%(256t* — 211t2x? — 4524 — 6x5) + 5612(241 + 2512) x5 +
4a(816t° + 688t*z? — 81xi(z} + z2) + t2(—1423z% + 219z,))),1/648(—9a%(2t? — Tx?) —
3a®(96t* + 476222 + 3021 + 315) — daz,(48t* — 620t°22 + 27(—52% + z5)) + 8z2x, (81684 +
1504t%z3 + 81(zt + x5)) — 2a%(192t% + 2512t4x? + 5425 + 99225 + 4t2(511x% + 451,))),
1/972x;(—63a*+30a®(7t? — 122%) — 336t2(24t% + 2522) z, — 4a%(3240t* — 2357223 — 5403 +
81x,) — 8a(3264t° + 2752t*2? — 324x% (7} + z4) + t2(—5692z% + 801x3))), (1/1944)(27at +
9a°(36t% + 77z2) — 6a2(1200t* + 6116t2z? + 40523 — 54z,) — 72t2(27 + 48t%x, + 14822z,) —
4a(230415 -+ 30960122 + 72022 (22 + 12) + 4¢3 (650824 +51322))), 1 /1622, (— 2743 — 30a?(2£2 +
372) —4a (93614 —458t202+27(— 52 +2)) — 8(8166 +688t4x2 — 8123 (x? +15) +12(— 142328 +
1441,))), 1/648(27a+18a?(8t%+ 1522) — 12a(336t* + 1832t2x2 — 27(—5z% +2,)) — 8(5761° +
83521422 + 24373(x? + z2) + t2(76362% + 43212))), 0)

we(z,t) = ((az172(—27a% — 18a?(8t? +1522) + 12a(336t* + 1832t%x? — 27(—5z% +x3)) +
8(576t° + 8352t*x? + 24322 (z? + 1) + t3(7636x} + 4321,)))) /11664, (1/11664)a(54a% (2 —
£3)+9a®(32t*+28t%22 —60x% +3x5) —32t21,(144t* +1476t2 2% + 78114 + 108z, ) — 2402 (3368 +
1496t*22 + 2722(—52% + 5) — t2(1697z% + 3322)) — 4a(2304¢° + 31104822 + 16¢4(—179z% +
171x,) +4t%(—7393z% +609z3x,) — 81(122% + 12z¢x5 +12))), (1/3888)x1 (27a5 + 18a*(18t2 +
5z2) — 6a®(1696¢* + 2820t2x? + 907} — 6922) + 8az,(336t* + 47961223 — 81(—5zt + x5)) +
1625(5768 + 8352t x? + 24322 (2} + z2) + t2(76367F + 43272)) — 4a2(4416¢° + 194568422 +
2722(62}+11x,)+4t%(23952+45322))), (1/11664)(—27a5—36a% (12 —1222) —192t22, (14414 +
1476t%23 478121+ 108z,) + 12a3(96¢* — 142222 — 9(40z% +37,) ) — 16a%(41761% + 19428t 422 +
32422(—5z% + x5) — t2(19583z} + 1892,)) — 32a(2304t% + 31104t822 — 972x%(2? + z,) +
16t*(—179z% + 16222) + t2(—295722% + 1971x3x,))), —(1/11664)z;(81a* — 90a3(68t2 +
27x3) 4 36a%(7120t* + 12124t%22 + 405z} — 117z,) + 4032t2(24¢% + 2522)x, + 8a(53568t° +
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241824t*22+ 218722 (2} +x2) +4t2(306492% +5103x5))), —(a*/144) — (25618) /27 — 128822 +
1/54a3(6t% + 52%) +t*((2864x%) /243 — (8025) /9) + 4z (x% + x5) — 1/324a%(96t* + 5361222 +
180z% + 27z2) + t23(—1 + (295722%)/243 — (64232,)/27) — 2/243a(1152t® + 5964t%r? +
8122 (51} + T2) + 2t2(—21552% 4 5415)), — ((1(135a2 — 18a?(162 + 4522) + 36a(2032t* +
3664t222 — 27(—5z% + z2)) + 8(13824¢° + 66720t z2 + 729z%(x} + T2) + 8t2(4547z% +
59412))))/1944), 0)

wr(z,t) = ((ariz2(135a® — 18a%(16t + 45x?) + 36a(2032t* + 3664t%x? — 27(~5z% +
T2)) + 8(13824t% + 66720t*x? + 729x%(x? + z) + 8t2(4547x% + 59425,)))) /34992,
(1/17496)ax:(—135a*(t? — z2) + 18a®(16t* + 29t2x2 — 45z} — 6x;) — 16t%z2(3024t* +
10416t%z3 + 3367z} + 864x2) — 36a%(2032t% + 1632t1x? + 27z (—5x% + z2) — t3(3529z% +
25x5)) —8a(13824¢8 + 52896522 — 729x% (xf + x5) +8t1(—3793x} +1071x,) +1%(—35647x8 +
99221,))), (1/11664)(27a%(2t? — 722) + 9a*(32t* + 60222 + 30z} + 312) — 6a®(1344¢% +
18176t*22 427028 — 9912 x5 —4t3(—3799x% 4331, )) —8az, (57615 — 12384¢4 2% 424323 (—5z} +
Tg)+4t3(—T7463z% +108z5)) + 16227, (1382415 + 66720t x? + 72922 (2} + ) + 8t2(4547x3 +
5947,)) — 4a2(2304t® + 58752t8x2 + 16t*(8161x} + 171x5) + 4t2(10795x8 + 3021x2x5) —
81(—6x8 — 11zizs + 72))),

(1/17496)z1(189a%+18a*(13t2+60x2) —36a3(192t*+167t222+ 1802t —27x,) —96121,(30244+
10416t%11+3367x1+864x2) —8a? (761766 +69168t*x? +972x% (—5xf +x,) +12(—123677z3+
6212))—16a(55296t8+211584t81% —2916x1 (2] +x2)+32t*(—3793x1+999x,) —t2(142588z5 +
21512212))), (1/34992)(—81a® — 27a* (4t + 77x3) + 18a%(192t* + 116t2x? + 405z% — 54x,) —
576t%z4(144t* + 1476t%22 + 781x% + 10825) — 12a%(1670415 4 230112t*x? + t2(196468z% —
756x2) — 72922 (—5z} + 2)) — 8a(27648t® + 718848t%z2 + 65613 (x} + x2) + 96t4(17017z3 +
324x5) +4t%(138634x8% + 3561312x,))), (1/2916)x; (81a* + 18a%(58t% + 15x2) — 3602 (240t* +
254t%z? + 45x7 — 9x2) — 8a(21312% + 25104t422 + 24372 (—5xt + x5) + 2t2(—14197z} +
648x)) — 16(13824¢% + 52896t8x2 — 7294 (x1 + z2) + 8t*(—3793zF + 783x2) — t2(35647x5 +
2448121,))),1/11664(—81a* + 162a3(8t2 — 5x2) — 36a(96t* + 424t%x} + 27(—5z} + 3)) —
24a(4608t° +66528t*x? —243x% (-5} +x2) +8t2(7463z% +541,)) — 16(6912¢8 + 190080822 +
2187z} (xt + z2) + 48t*(9551x% + 135z2) + t2(729 + 1659162 + 349922275))), 0)

ws(z,t) = (4az1 12, 2(—4a*t? + 40?22 — 2ax,), 3(—4a’z; + 811 2,), 4(a? — 16at? + 16az? —
6x2), —100azy, 6(6a — 16t% + 16z%), —168x;, 72)

At the focal point (z,t) = (0,—1/2a,1/2a) the matrix *(X)(0,—1/2a,1/2a) has the
following form with rank 5 if a # 1 and rank 3 if a = 1.

[0 00 0 (-1 +a%/(2a) 0 —(1/a®) + (3a)/2 0O \
000 A 0 A 0 0
000 0 A 0 Aq 0
000 Aj 0 Ay 0 0
000 0 As 0 A 0
000 As 0 As 0 0
000 0 As 0 As 0

\ 0 0 0 4(-1+a%/a 0 6(—(4/a?) + 6a) 0

-3
f\w
N—

5.4)
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_ —(2—5a3+3a%) _ —(4-6a%+3a8 _ —44+10a%-9a%4-3a? _ (=2+a%)?(-2434%)
where Al = ng——‘, A2 = 1%2a s A3 - 216a® ’ A4 - 72a® '

A = — (=2+a%)%(2—-5a3+3a9) A = — 16-56a%+68a5_-30a%43a'2
5= 120647 » 416 — 43208 .
Thus together with the data
dz (0, -1/2a,1/2a) (5.5)
0 -2 0 —(4/a)—4a> 0 —20a 0 —24
= 0 —(1/a) O —2a 0 -6 0 0
—(1/a) 0 —4a 0 —16 0 —(16/a) 0

we conclude that rank T(0,—1/2a,1/2a) = 8 = v if a # 1. Therefore after Proposition
4.2, the germ of the large wave front LW defines a free divisor in the neighbourhood of
the focal point (0, —1/2a,1/2a) for a # 1.

In the case a = 1, rank *(£)(0, —1/2,1/2) = rank *(£)(0,—1/2,1/2) + 1 = 3 and

rank T(0,-1/2,1/2) =6 < 8. (5.6)

We see that the focal point (0, —1/2,1/2) is an isolated point after the following reasoning.
The matrices above (5.4), (5.5) entail the following relationship

spanc{v1(4(0,—-1/2,1/2)),--- ,vs((0,~1/2,1/2))}

O O 0O
ﬂspanc{b—t, -6_3::’ 5—5}(0,—1/2,1/2) = {0}

This means that the germ of the integral varieties of the vector fields {v;(s), -+, vs(s)}
(i.e. the stratum of As singularities of the discriminantal loci D, 0,1 /2,172)) and the
image «(C3) intersect transversally at ¢(0, —1/2,1/2). In addition to that we can verify
that the limit of tangent vectors to the stratum of A, singularities adjacent to As stratum
near ¢(0, —1/2,1/2) generated by the rows of the following matrix

2(:(0, —1/2,1/2) + (0,0,0,0, s5,0,0)) — 1*(X)(0, —1/2,1/2)

limg, o o
_ Z(0,=1/2,1/2) + (0,0,0,0,5,0,0))
Oss 95=0
[0 000 0 3/8 0 0 \
0000 —(5/144) 0 3/8 0
0000 0 —(7/72) 0 0
0000 5/84 0 —(7/72) 0
“loo0o0 o0 0 19/864 0o 0
0000 —(5518) 0 19/864 0
0000 0 —~(1/216) 0 0
\0o0o00 5 0 o 72

are linearly independent of a vector from spanc{%, 5‘1—‘1-, 2} (0,-1/2,1/2)-
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This means that (0, —1/2,1/2) is an isolated point on LW C .~!(D,) with the property
(5.6). Upshot is the almost freenes of the large wave front germ at the focal point after
Proposition 4.3.

In summary we established
Proposition 5.1. The germ of the large wave front LW at the focal point (x;,xs,t) =
(0, —1/2a,1/2a) defines a free divisor if a # 1. If a = 1 it defines an almost free divisor
germ at the focal point (x1,x2,t) = (0,-1/2,1/2).

2. Wave propagation in the 3 dimensional space

Now we consider the following initial wave front in the 3—dimensional space, Y =
{(z,u) € C?: =3 (k12] + k223) + u =0}, ie. F(z) = —3(k12} + ko23) for 0 < ky < kp. In
this case our phase function has the following expression

U(x,t,2) = (—z3+ki(z1 — 21)21 + k(T2 — 22) 22+ 1/2(k1 22 + ko23))? — 2 (1 + k222 + k222),

= —t* + 22 — k22,23 + (K221) /4 — 2kyza(22 — 22) 22
—k3t°25 — kotazy + k3 (22 — 22)%25 + k3 (22 — 22) 25 + (K323)/4
+23(—K2t% + k222 + kyxs — kiko(zo — 20)20 — 1/2k1ko22)
+21(—2k 2z 23 + 2k1koxy (23 — 22) 20 + kykoxy22) (5.7)
It is easy to see that the point (x1,zs,x3,t) = (0,0,1/k1,1/k;) is a focal point with a

singular point (2,u) = (0,0) and the Milnor number yx(0) = 3. We have the following
tame polynomial,

‘IJ(O, 0, 1/k1, 1/k1, Z) = (k‘liz‘f + 4]?1]62Z2 4k222 -+ 2k3k221 2o + kzk )/4’(,%

As a matter of fact, the polynomial ¥(0,0,1/k;,1/ky, 2z) satisfies the criterion on the
presence of A3 singularity at the origin mentioned in [7], Theorem 2.2, (2). The situation
is the same at another focal point (z;, z9, 23,t) = (0,0, 1/k2, 1/k2). The quotient ring (1.5)
for this ¥(0,0,1/ky,1/k;, 2z) has dlmensmn pn=>5.

We can choose

{61, €2, €3, €4, 65} = {17 21, Z%, 22, Z%}

as the basis (2.7). In view of (5.7), we introduce addtional deformation monomials eg =
21 % 22,67 = 23, g = 23, eg = 2% % 29, €19 = z) * 23 together with the entries of the mapping
L7

81 = —t2 + CL’%, Sq = '—2k1£L’1(L'3, 83 = —k2t2 klxl + k1$3, S4 = —2]621‘21‘3

Sy = —(kg/kl) + kz/kz - k2t2 + kz.’IJZ + ’Cz.’L‘g, S¢ = 2k1k2x1m2
Sr = —k2£L'2, Sg = —k‘l.’lil, Sg = ‘*k‘lkz.’rg, S10 = —-k‘lkg.’rl.

It turns out that the image of the mapping +(C*) C C*° is contained in a constructible
set C x U where the value of the matrix 3(s) is well-defined at each point s € C x U.
Therefore ’

Clz]

d.(¥(z,t, 2))Clz]

dimc = 5,
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for every (x,t) € C*. This means that the Assuinption I,(ii) is satisfied. By direct calcu-
lation with the aid of SINGULAR, we can verify that dim U = 5. This can be seen from
the fact that

Clz]

d.(9(0,0,1/k1,1/k1, 2) + 30, s:€)C[2]

dimc = 57

while

Cl) .
dz(‘I/(0,0,l/kl,l/kl,Z) +Z?=1 S$i€; +Sj6j)C[Z] ,
for j = 7,8,9,10. This implies that the Assumption I,(i) is satisfied with v = 6.

At the focal point (z1, z2,z3,t) = (0,0,1/k1,1/k;) the matrix .*(X) has the following
form with rank 3

mg

( 0 00 0 —ka(k1 — ko)/2K2 O \
0 0O 0 0 0
0 00 0 0 0
0 0 0 (ki — ko)?/kt 0 0
00 0 (k1 — k2)?/k} 0
\0 00 0 0 -1 )
Together with the data
d;4+(0,0,1/ky,1/ky) =
0 -2 0 0 0 0 0 —k? 0 —kyko
0 0 0 —2ky/k 0 0 —k2 0 —kik, 0
2/ky O k1 0 ko 0 0 0 0 0
-2/ky 0 =2k 0 —2k2/ky 0 O 0 0 0

we see that the rank T(0,0,1/k;,1/k;) = 7 > v. By virtue of the Proposition 4.3, we see

that the wave front defines a free divisor germ in the neighbourhood of the focal point
(0,0,1/k1,1/ky).
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