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Remarks on the preservation of topological covering

properties under Cohen forcing
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Abstract

Iwasa investigated the preservation of various covering properties of topo-
logical spaces under Cohen forcing. By improving the argument in Iwasa’s
paper, we prove that the Rothberger property, the Menger property and selec- '
tive screenability are also preserved under Cohen forcing and forcing with the
measure algebra.

1 Introduction

Let (X, 7) be a topological space and PP a forcing notion. In the forcing extension by
IP, the collection 7 of subsets of X is no longer a topology on X, since there are more
infinite subsets of 7, whose union may not belong to 7. However, 7 is still a base of a
topology on X. So we let 7F denote a P-name for a topology on X which is generated
by 7, and we consider (X,7TF) as a topological space corresponding to (X, 7) in the
forcing extension.

For a property ® of a topological space, We say a forcing notion IP preserves @ if,
whenever (X, 7) satisfies ®, we have IFp “(X, 7F) satisfies ®”.

Grunberg, Junqueira and Tall [4] proved that Cohen forcing preserves paracom-
pactness. Using their ideas, Iwasa [5] extensively studied the preservation of various
covering properties of topological spaces under Cohen extensions, and proved that
Cohen forcing preserves the following properties: paracompactness, subparacompact-
ness, screenability, o-metacompactness, o-paralindelofness, Lindelofness and meta-
Lindelofness. It is not so hard to observe, though it is not explicitly stated, that we
can prove the same preservation results also for the measure algebra.
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In the present paper, we will improve the idea used in Iwasa’s paper and prove that
the following properties are also preserved under Cohen forcing and forcing with the
measure algebra:

(1) the Rothberger property,
(2) the Menger property,
(3) selective screenability.

A space (X, T) has the Rothberger property.if, for every sequence (U, : n < w) of
open covers of (X, ) there is a sequence (U, : n < w) of open sets of (X, 7) such that

e for all n < w, U, € U,, and ,
e {Un:n < w} is an open cover of (X, 7).

A space (X, T) has the Menger property if, for every sequence (U, : n < w) of open
covers of (X, T) there is a sequence (F,, : n < w) of sets of open sets of (X, 7) such
that

e for all n < w, F,, is a finite subset of U,,, and
e U,<, Fn is an open cover of (X, 7).

It is easy to see that the Rothberger property implies the Menger property, and the
Menger property implies Lindelofness.

For a topological space (X, 7) and two sets A, B of open sets of (X, 7), we say A
refines B, or A is a refinement of B, if for each U € A thereis V € B with U C V.
We will use this terminology even if A or B is not a cover of (X, 7).

A space (X, T) is selectively screenable™! if, for every sequence (U, : n < w) of open
covers of (X, ), there is a sequence (H, : n < w) of sets of open sets of (X, ) such
that

e for all n < w, H,, is pairwise disjoint and refines Uf,,, and
® U<, Hr is an open cover of (X, 7).

It is easy to see that a space with the Rothberger property is selectively screenable.
For an infinite cardinal k, let C(x) denote the Cohen forcing notion with the index
set k (that is, C(k) = Fn(k,2)), and B(x) denote the measure algebra on 2~.
Remark 1. Scheepers and Tall proved that, if (X,7) is a Lindel6f space and x >
N;, then Ik “(X,7?) has the Rothberger property” [7, Theorem 11]. Since the
Rothberger property implies Lindelofness, their result means that, for k > R, forcing
with C(k) preserves the Rothberger property. They also proved that, for any infinite

*1 Selective screenability was introduced by Addis and Gresham [1] and called property C. The
term “selectively screenable” was coined by Babinkostova in her papers, to avoid the confusion
with strong measure zero, which was also called property C in the old days.
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cardinal «, forcing with B(x) preserves the Rothberger property [7, Theorem 15].
Theorem 3.6 in the present paper fills the “missing part”, that is, the preservation
of the Rothberger property under forcing with C(Rg). It is a still unsolved problem
whether forcing with C(R¢) converts a Lindel6f space in the ground model into a space
with the Rothberger property.

Scheepers and Tall also proved that the Menger property is preserved under forcing
with B(x) for any infinite cardinal & {7, Theorem 42], but it has not been stated that
the Menger property is preserved under Cohen forcing. Theorem 3.8 in the present
paper was pointed out by Scheepers. '

-2 Endowments and approximation of open covers

The combinatorial concept of endowments, also spelled n-dowments*?, of the Cohen
forcing notion C(x) was originally invented by Dow [2], and used in [3] and [4] in
connection with the preservation of topological properties under Cohen forcing.

Although endowments are originally defined only for the Cohen forcing notion, here
we redefine endowments for a general forcing notion.

Definition 2.1. A forcing notion P is endowed if there are a decomposition of IP into
an increasing union of length w, say P = |J,, ., P. where P, C P,; for all n, and a
sequence (L, : n < w) of sets with the following properties: For each n < w,

(1) L, is a set of finite antichains in P,
(2) for every maximal antichain A in P, there is L € £, with L C A, and

(3) for any p € P, and any n elements Lg,...,L,_; of L,, there are qq,...,qn_1
such that, q; € L; for each i < n, and the set {p,qo,...,gn—1} has a lower
bound in P.

We call a sequence (£, : n < w) which meets the above requirements a sequence of
endowments of PP, and we will say P is endowed with (L, : n < w). We call each £,
an endowment, an n-dowment*3 or an n-th endowment.

Cohen forcing notion C(k) is typically decomposed into the increasing union C(x) =
Un<w Cn where C, = {p € C(k) : |p| < n}, and it is actually endowed with respect
to this decomposition. The following result is called “Dow’s Lemma” [3, Lemma 1.1].

*2 The term “n-dowment” was coined, probably after Alan Dow, by one of the authors of the
paper [3] other than Dow himself. Some other people, including Fleissner, have called the same
structure a lynz.

*3 The letter n in the term “n-dowment” may, but does not have to, be considered as a parameter,
only when one set £, for a specific natural number n is mentioned and the very specific alphabet
“n” (not k, %, etc.) is chosen as a variable. Otherwise we should regard the letter n just as a
part of the name and not for a variable.
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Theorem 2.2. For any infinite cardinal k, the Cohen forcing notion C(k) is endowed.

However, the clause (3) in the definition of endowments is too strong for our pur-
pose in the present paper. So we relax the clause (3) and define the notion of weak
endowments.

Definition 2.3. A forcing notion P is weakly endowed if there are a decomposition
of P into an increasing union of length w, say P =, <w Pn where P, C Py, for all
n, and a sequence (L, : n < w) of sets with the following properties: For each n < w,

(1) L, is a set of finite antichains in P,
(2) for every maximal antichain A in P, there is L € £, with L C A, and
(38') for any p € P, and L € L,, there is ¢ € L such that p, ¢ are compatible in P.

We call a sequence (£, : n < w) which meets the above requirements a sequence of
weak endowments of P, and we will say P is weakly endowed with (L, : n < w). We
call each £,, a weak endowment or an n-th weak endowment.

The following proposition is essentially proved in a sublemma [3, Lemma 1.0] for the
proof of Dow’s Lemma. For self-containedness, we will present a proof in Appendix.

Proposition 2.4. For any infinite cardinal k, the Cohen forcing notion C(k) is
weakly endowed.

We can see that the measure algebra is also weakly endowed.

Theorem 2.5. For any infinite cardinal k, the measure algebra B(k) is weakly en-
dowed.

Proof. Just decompose B(x) into the increasing union B(x) = | J,,., Bn where B, =
{p € B(k) : u(p) > 2™} and, for each n, let £, be the collection of all finite antichains
in B(k) whose total measure is greater than 1 — 27", O

Let (X,7) be a topological space. Using endowments of C(x), we can nicely ap-
proximate an open cover U of (X,7C(%)) by an open cover of (X,7) in the ground
model, which was the idea used in [3] and [4]. We review this idea, in a generalized
representation for weakly endowed forcing notions.

Throughout the rest of the present paper, we assume that P is a weakly endowed
forcing notion, and fix a corresponding decomposition P = | J
(Ln : n < w) of weak endowments of P.

Let U be a P-name for an open cover of (X, 7F). For each n < w, we will construct
an open cover V,(U) of (X, 7), which we will call the n-th approzimation of U with
respect to (Ly :n < w).

Since U is forced to be an open cover of (X,7F) and 7 is a base for 7F, for each

n<w Pn and a sequence
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z € X we can find a P-name W, for an element of 7 such that
Fp “& € Wy and 3U e Y (W, C U)”".

For each z € X, choose a maximal antichain A, in [P, and an open set W, € 7 for
each p € A, so that z € W, , and p IFp “W, = Wm,p” forpe A,.

Now we fix n < w and define Vn(a) in the following way. For each = € X, find
Lyn € Ly such that Ly, C Az, and let Vypp = ({{Wep : P € Lz n}. Then Vi, is an
open set containing z. Let V,(U) = {Vpn: € X}.

The following property of V,, (i) is easily observed.

Lemma 2.6. Forn < w, let Vn(L?) be the n-th approzimation of U with respect to
(Ln :n < w). Then for eachn < w, for any V € Vo, (U) and p € P, there isT € P
such that r < p and v IFp “3U € U (V C U)".

Proof. Fix n <w, V € V,({) and p € P,,. Find 2 € X so that V = Vz,n in the con-
struction of V, (i), and look at L, ,,. By the property (3') of the n-th weak endowment
Lyn, find g € Ly, and 7 € P so that 7 < p and 7 < ¢q. By the definition of V, ,,, we
have V = V; , € Wy 4. Since bp “U €¢ U (W, CU)” and q IFp “W, = W, ", we
have r IFp “3U € U (V C U)". a

3 Preservation of covering properties

Iwasa established the following result about the preservation of covering properties
under Cohen forcing [5, Corollary 2.6]. Although he actually dealt only with Cohen
forcing, the proof works for weakly endowed forcing notions.

Theorem 3.1. The following covering properties are preserved under forcing with a
weakly endowed forcing notion:

(1) paracompactness,
(2) subparacompactness,
(3) screenability,

(4) o-metacompactness,
(5) o-paraLindelifness,
(6) Lindeldfness,

(7) metaLindeldfness.

This section is devoted to the proof of the following preservation theorem.

Theorem 3.2. The following covering properties are preserved under forcing with a
weakly endowed forcing notion:
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(1) the Rothberger property,
(2) the Menger property,
(8) selective screenability.

The proof will be worked out by improving the idea used in Iwasa’s paper. The
following two lemmata are inspired by [5, Lemma 2.3].

Lemma 3.3. Suppose that (X,7) is a topological space, U is a P-name for an open
cover of (X,7%), n < w, and H C 7 is a refinement of V(). Then there is a P-name
W for a subfamily of H with the following properties.

(1) IFp “W refines U”.
(2) for anyp € P, and H € H there isT € P such thatr < p and r I-p “HeW?”.

Proof. Construct a P-name W with the following properties: For each H € H, for
peP,

o if pltp “3U € U (H C U)”, then pl-p “H € W”, and
o if Vr < p(r IWp “U e U (H C U)”) (equivalently, p IFp “VU € U (H € U)"),
then p IFp “H ¢ W”.

Such construction of W can be done using the “maximal principle” (see [6, VII The-
orem 8.2]). Use Lemma 2.6 to check that this W is as desired. a

Lemma 3.4. Let (Un :n < w) be a sequence of P-names for open covers of a space
(X,7%), and (H, : n < w) a sequence of subsets of T with the following properties.

(1) For each n < w, Hy, refines Vo (Un).
(2) For all z € X, for infinitely many n < w there is H € Hy,, such that t € H.

Then there is a sequence (Wn :n < w) of P-names with the following properties.

(1) For eachn < w, lFp “W, C H, and W,, refines Uy ”.
(2) Fp “Upn <o W, covers (X, TF)”.

Proof. For each n < w, construct W, as in Lemma 3.3 from H,,. We check that W,’s
meet the requirement (2). Fix ¢ € X and p € P. Choose m < w with p € P,,. By the
assumption, we can choose n > m and H € H,, with z € H. Then, by Lemma 3.3,
there is 7 € P such that r < p and r IFp “H € W,”. This means that every z € X is
forced to be covered by the union of W, ’s. O

Now we are going to prove the preservation of the Rothberger property. We use
the equivalent conditions of the Rothberger property shown in the following lemma.
The equivalence (1) < (2) is well-known, and (1) < (3) is easy.

Lemma 3.5. For a topological space (X, T), the following conditions are equivalent:
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(1) (the Rothberger property) For every sequence (U, : n < w) of open covers of
(X, T), there is a sequence (U, : n < w) of open sets of (X,T) such that
o foralln <w, U, € U,, and
o for all x € X there is n < w such that z € U,.
(2) For every sequence (U, : n < w) of open covers of (X,T), there is a sequence
(Un : n < w) of open sets of (X, ) such that
o foralln <w, U, €U, and
o for all z € X there are infinitely many n < w such that x € U,.
(8) For every sequence (U, : n < w) of open covers of (X, T), there is a sequence
(Wh : n < w) of sets of open sets of (X, T) such that
e for alln < w, |Why| <1 (that is, W, is either a singleton or §) and W,
refines U,, and
e for allx € X there is n < w such that, there is U € W,, such thatx € U.

Theorem 3.6. Suppose that (X, ) is a topological space with the Rothberger property
and P is a weakly endowed forcing notion. Then we have

IFp (X, 7%) has the Rothberger property”.

Proof. Fix a sequence (U, : n < w) of P-names for open covers of (X,7®). Consider
the sequence (V,(Un) : n < w) of open covers of (X, 7). Using the condition (2) in
Lemma 3.5, we can get a sequence (U, : n < w) of open sets of (X, 7) such that

o for all n < w, U, € Vo(Up,), and
e for all z € X there are infinitely many n < w such that x € U,,.

Let H, = {U,} for each n < w. Now we apply Lemma 3.4 to (H, : n < w) to get a
sequence (W, : n < w). It is straightforward to check that (Wn :n < w) is forced to
meet the condition (3) in Lemma 3.5. a

Scheepers pointed out that the preservation of the Menger property under forcing
with a weakly endowed forcing notion is proved in the same way as the proof of
Theorem 3.6. We will use Lemma 3.7 instead of Lemma 3.5.

Lemma 3.7. For a topological space (X, T), the following conditions are equivalent:

(1) (the Menger property) For every sequence (Up : n < w) of open covers of (X, T),
there is a sequence (Hy, : n < w) of sets of open sets of (X,T) such that
o for alln < w, H, is a finite subset of Uy, and
o for all z € X there is n < w such that, there is U € H,, such that x € U.
(2) For every sequence (U, : n < w) of open covers of (X, T), there is a sequence
(Hn : n < w) of sets of open sets of (X, T) such that
o for alln < w, Hy, is a finite subset of U,, and



70

e for all x € X there are infinitely many n < w such that, there is U € H,
such that x € U.
(3) For every sequence (U, : n < w) of open covers of (X, 7), there is a sequence
(Wh : n < w) of sets of open sets of (X, T) such that
o for alln < w, W, is finite and refines Uy, and
e for all x € X there is n < w such that, there is U € W,, such that x € U.

Theorem 3.8. Suppose that (X, T) is a topological space with the Menger property
and P is a weakly endowed forcing notion. Then we have

IFp “(X,7F) has the Menger property”.

We turn to the preservation of selective screenability. We use the equivalent condi-
tions of selective screenability shown in the following lemma, which is easy to check.

Lemma 3.9. For a topological space (X, T), the following conditions are equivalent:

(1) (selective screenability) For every sequence (U, : n < w) of open covers of
(X, T), there is a sequence (W, : n < w) of sets of open sets of (X, T) such that
o for alln < w, W, is pairwise disjoint and refines U,,, and
o forallz € X thereisn <w andU € W,, such thatz € U.
(2) For every sequence (U, : n < w) of open covers of (X, T), there is a sequence
(Hn : m < w) of sets of open sets of (X,T) such that
o for alln < w, H, is patrwise disjoint and refines U,, and
e for each x € X, there are infinitely many n < w such that, there isU € H,
with x € U.

Theorem 3.10. Suppose that (X, T) is a selectively screenable topological space and
P is a weakly endowed forcing notion. Then we have

IFp (X, 7T) is selectively screenable”.

Proof. Fix a sequence (Up, : n < w) of P-names for open covers of (X,7%). Consider
the sequence (V,(U,) : n < w) of open covers of (X, 7). Using the condition (2) in
Lemma 3.9, we can get a sequence (H, : n < w) of sets of open sets of (X, 7) such
that

e for all n < w, H, is pairwise disjoint and refines V, (U, ), and
e for each z € X, there are infinitely n < w such that, there is U € H, with
zeU.

Now we apply Lemma 3.4 to (H, : n < w) to get a sequence (W, : n < w). It

is straightforward to check that (W, : n < w) is forced to meet the condition the
condition (1) in Lemma 3.9. (]
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4 Question

Although we defined the notion of weak endowments in a general fashion in Section 2,

we do not have any examples of weakly endowed forcing notions other than C(x) and
B(x) so far.

Question 4.1. Are there any further examples of weakly endowed forcing notions?

Appendix: Endowing Cohen forcing notions
Here we present a proof of Proposition 2.4, which is based on [3, Lemma 1.0].

Proof of Proposition 2.4. Fix an infinite cardinal x and decompose C(x) into an in-
creasing union C(x) = {J,,.,, Cn where C, = {p € C(x) : |p| < n}.
Fix n < w. We will claim the following;:

For every maximal antichain A in C(k) there is a finite subset L of A such that,
for every p € C,, there is ¢ € L which is compatible with p.

Then we gather all L’s, each corresponding to a maximal antichain, and it makes up
the n-th weak endowment C,,.

For p € C(k), supp(p) denotes the domain of p as a partial function from & to 2,
and for F' C C(k), let supp(F) = |J{supp(p) : p € F}.

Fix a maximal antichain A in C(x). Pick any a € A. Let Ey = {a} and Dy =
supp(Ep). For each p € C(k) with supp(p) C Do, choose exactly one a, € A which
is compatible with p. Let F;, be the collection of such a,’s and D; = supp(Ep U E,).
Similarly, for 7 < n, obtain E; and D; from D;_;. Note that D; D D,_; holds for
each 7. Finally we let L = (J,,, E;.

We check that this L works. Fix an arbitrary p € P,. Consider n + 1 disjoint
subsets Do, Dy \ Dy,...,Dy, \ Dy_; of D,. Since |supp(p)| < n, supp(p) must be

disjoint from some of those pieces, say D; ~ D;_; (let D_; = § for convention).
Then there is ¢ € E; which is compatible with p [ D;_;. Since supp(q) € D; and
supp(p) N (D; ~ D;—1) = 0, g is compatible with p. O
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endowment ¢400¢0 /indavmsnt/ (endowments)

[1] N-COUNT

An endowment is a gift of money that is made to an institution or community in order to
provide it with an annual income.

[2] N-COUNT: usu with supp

If someone has an endowment of a particular quality or ability, they possess it naturally.
[FORMAL)]

[3] N-COUNT: usu N n

In finance, an endowment policy or mortgage is an insurance policy or mortgage which you
pay towards each month and which should then provide you with enough money to pay for
your house at the end of a fixed period. [BRIT]

—COBUILD for Advanced Learner’s English Dictionary New digital edition (Collins)

en-dow-ment /enddumsnt, in-, sn- | in-, en-, sn-/ [#] 15¢; endow+-ment)
(%]

la [U] (H&0) &4 (#352L); BE.

b [C] (K- -mhklicFFanr:) £& FHE  BE

2 (C] (EER) LEF ~s] (En>Z2n) FHE, HH.

3 [CI (%) BRFY, REFY (child ~).

— =7 ARAKFER (KIFHE)S)



