0000000000
016890 20100 101-116 101

[terated integrals and relations of
multiple polylogarithms

OI, Shu* UENO, Kimio!

1 Introduction

The aim of our work is to construct and research the fundamental solution of
the formal KZ (Knizhnik-Zamolodchikov) equation via iterated integrals. First
we establish the decomposition theorem for the normalized fundamental solu-
tion of the formal KZ equation on the moduli space Mg s (or, the formal KZ
equation of two variables). Next we show that, by using iterated integrals, it
can be viewed as a generating function of hyperlogarithms of the type My s.
The decomposition theorem says that the normalized fundamental solution de-
composes to a product of two factors which are the normalized fundamental
solutions of the formal (generalized) KZ equations of one variable. Comparing
the different ways of decomposition gives the generalized harmonic product re-
lations of the hyperlogarithms. These relations properly contain the harmonic
product of multiple polylogarithms.

The most simple case of the harmonic product is the following: Let us define

z™m
Ly, ()= D TR,
ny>-->n.->0 n nr
ng
. .o Z;llzz +
lely...,ki+5 (2>.7; Z],Z2) = E : k1 kiv; "
ny>>n45>0 ny - ni+j

Then we obtain

PO o: S DO M S =

m>0 n>0 m>n>0 m=n>0 n>m>0

= Lig,1(1,1; 21, 22) + Ligyi(z122) + Ligx(1, 1; 22, 21). (HPMPL)
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Taking the limit, we have the harmonic product of multiple zeta values
C(k)C() = C(k, 1) + ¢k + 1) + (U, k). (HPMZV)

(The harmonic product of multiple zeta values is considered from the viewpoint
of arithmetic geometry in [BF], [DT], [F].)

Moreover we consider the transformation theory of the fundamental solution
of the formal KZ equation of two variables and derive the five term relation for
the dilogarithm due to Hill [Le],

Liz(2z122) = Lis (11(1____2_2)> + Li (—22(1 - 21))

1—2 1—-2
. . 1 2 1-—- Al
+ Liz(z1) + Lia(22) + > log 1. ) (5TERM)
— 22

For detailed accounts of the results in this note, see [OU1] and [OU2|. The
transformation theory of the formal KZ equation of one variable (or the formal
KZ equation on Mp,4) is studied in [OkU].
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2 The formal KZ equation on My,
2.1 Definition of the formal KZ equation

First we introduce the formal KZ equation: It is defined on the configuration
space of n points of P! (= the complement of the hyperplane arrangement
associated with Dynkin diagram of A,,_;-type), which is by definition

PHT ={(z1,..,2a) €PI x - x P! |z # 35 (i #5)}.

n

The infinitesimal pure braid Lie algebra
X=X({Xijh<ij<n) =C{X;; | 1<4,5 < n}/(IPBR)

is a graded Lie algebra for the lower central series of the fundamental group of
(PY)™ [I]. It is generated by the formal elements {X;;}1<:,j<n With the defining
relations (IPBR) (the infinitesimal pure braid relations)

{Xij = Xji, Xii =0, (IPBR)

> Xi; =0 (Vi) [(Xij, Xe] =0 ({3, 5} {k,1} =0).

By U(%), we denote the universal enveloping algebra of X. It has the unit I and
has the grading with respect to the homogeneous degree of an element:

UX) = P Us(%).
s=0
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The formal KZ equation is by definition
dG = §2G, 2= Z&injy &i; = dlog(z: — ), (KZ)
i<y

which is a X-valued total differential equation (or, a connection) on (P!)?. (Such
a formal equation was considered in [Hal, [De], [Dr], [W].)

The 1-forms ;;’s satisfy only the Arnold relations [A] as non-trivial rela-
tions of degree 2:

Eij N &ik + & NEjk + &k N &ij = 0. (AR)

From (IPBR) and (AR), one can see that (KZ) is integrable and has PGL(2, C)-
invariance. Hence (KZ) can be viewed as an equation on the moduli space

MO,n = PGL(2a C)\(Pl):

Hereafter we will call (KZ) the formal KZ equation on the moduli space

Mo,n.

2.2 The formal KZ equation on M4 and Mg

For analysis of (KZ), it is convenient to use the cubic coordinates on My ,
[B]. Introducing the simplicial coordinates {y;} by
Ti —Tp—-2 Tp-1 — Tn

Yi = (1,=1,,n—-3),
Ty —Tpn Tpn—-1— Tnp-2

(fixing three points y, = 00, yn—1 = 1, yn—2 = 0) the cubic coordinates {z;}
are defined by blowing up at the origin,

Yi = 21+ 2 (i=1,...,n—=3).

We give representations of (KZ) for n = 4,5. In the cubic coordinates of
Mo,4, we put z = 21 and Z; = X2, 211 = —Xi13. Then (KZ) is represented as
dz
T

dz
dG = 2G, 2 =G2Z1 + G121, G = 5 11 = (1KZ)

which is referred to as the formal KZ equation of one variable. The singular
divisors of this equation are D(Mg§¥*) := {z = 0,1,00}. The Lie algebra X
is a free Lie algebra generated by Z;, Z1;, and (AR) reduces to the trivial one
¢1 NG =0. ‘

In the case of My 5, we put

Zy = X2+ X13 + Xo3, Z11 = — X4, L2 = Xo3, Zog = —X12, Z12 = —X24.

In the cubic coordinates of Mg 5, (KZ) reads as

dG = 2G, 2 =021+ Q1211 + (222 + (22222 + C12212, (2KZ)
_dz _dzn _dz _ dz _d(z122)
G = ol G = = G = ot Ca2 = =2 Gz = T 212
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which is referred to as the formal KZ equation of two variables. The
singular divisors of this equation are D(ME¥*) := {z; = 0,1,00} U {22 =
0,1,00} U {2122 = 1}. The Lie algebra X generated by the five elements
Z1, 211, Zo, Zoo, Z12 with the defining relations

{[Zl,zz] = [Z11, Za] = [Z1, Z22) = 0,

IPBR’
(Z11, Z22] = (=211, Z12) = [Z22, Z12] = [— 21 + Z2, Z12). ( )

Non trivial relations among (AR) are

(C1+¢2) A2 =0, (ARY)
C11 A Gz + G2 A (C11 — C12) = C2 A G2 = 0.

The following is a figure of the divisors D(Mg§4*c). Note that they are
normal crossing at (z1, 22) = (0,0),(1,0), (0, 1).

22

(0,1) (1,1)

(0,0) (1,0)

3 The fundamental solution of the formal KZ
equation on Mgy

3.1 A free shuffle algebra and iterated integral on M4

For a free shuffle algebra S = S(as, ..., a,) generated by the alphabet a4,...,a,,
we denote by 1 the unit, by o the product of concatenation and by w the shuffle

product:
S = (C{ay,...,a),w),
wwl=1lww=1,
(@i ow)w (ajow’) = a; o (ww(aj ow'))+ a; o ((a; ow) ww).
It is a graded algebra with respect to the homogeneous degree of an element.
Let (1,(11 be the l-forms in (1KZ), and S({1,{11) a free shuffle algebra

generated by them. For any word ¢ = wj0---ow, (w; = (1,0r,¢11)in S(¢1,C11),
we set the iterated integral by

z z 2’
’
/ <P=/ wl(z)/ w20 Owr,
Z0 Zo Zo
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which gives a many-valued analytic function on P! — D(ngf“).
For ¢, € S(¢1,¢11), we have

Jewn=([e)([¥)

A free shuffle algebra has the structure of a Hopf algebra, and S((1,(11) is
a dual Hopf algebra of the universal enveloping algebra U(X).

3.2 The fundamental solution of (1KZ)

Next we consider the fundamental solution of (1KZ) normalized at the origin
z = 0. We denote it by £(z). It is a solution satisfying the following condition:

where £(z) is represented as
~ o ~ ~ ~
L(z) =D Li(z), Ls(2) €U(X), Ls(0)=0 (s>0), Lo(z)=1
s=0
It is easy to see that £,(z) satisfies the following recursive equation:

dﬁs+1

leés (S=O,1,2,...).
dz

1 ~
= —[Z1,L
z[ L s]+1—z

Since the term %[Zl, ﬁs] is holomorphic at z = 0, fs+1(z) is uniquely determined

by

A /1 o 1 A
£s+1(z) = A (;[lecs] -+ 1= zleﬁs) dz.
In terms of iterated integral, it is expressed as

Lo(z)= > {/()sz1—10411°"'°Cf’_1°Cn}

ki+-+kr=s
x ad(Z1)" " u(Z11) - - - ad(Z1) 57 u(Z11) (T).

Here ad(Z;) € End(U4(X)) stands for the adjoint operator by Z;, and p(Z41) €
End(U(%)) the multiplication of Z;; from the left. From these considerations,
it follows that the fundamental solution normalized at z = 0 exists and
is unique.

The iterated integral in the right hand side is a multiple polylogarithm
of one variable:

r4
ity (2) = [ ¢F 7 oGuon o o (1MPL)
0
If |2| < 1, it has a Taylor expansion
z™
Lik, k(2= Y,
ni>ng>-->n,>0 nll TN



106

If k&1 > 2, we have

lim Lig, . k.(2) =C(k1,... k),

z—1-0

where the right side above is a multiple zeta value,

T (M2ZV)

n1>-->n.>0 1 T
3.3 The fundamental solution of the formal generalized
KZ equation of one variable

Let us consider a generalization of (1KZ). For mutually distinct points ay,...,an €
C — {0} we set

dz T a;dz
dG = 02G, 2=—Xo+ > — X (G1KZ)

Here the coeflicients X, X, ..., X, are free formal elements. Forr = 1,a; = 1,
this is the formal K7 equation of one variable. This is a differential equation of
the Schlesinger type with regular singular points 0,1/ay,...,1/am,c0. We call
(G1KZ) the formal generalized KZ equation of one variable.
Let X = C{Xo, X1,...,Xm} be a free Lie algebra generated by Xo, Xi,...,Xm,
and U(X) the universal enveloping algebra.
The free shuffle algebra S(&, &, .. .,&n) where
o = %, &= 002
z 1—a;z
is a dual Hopf algebra of U(X).
The fundamental solution £(z) normalized at the origin z = 0 of
this equation exists and is unique. It satisfies the following conditions:

L(z) = L(z)zX°

, (I<i<m),

where £(z) is represented as

[:(z) = Zés(z)’ ﬁs(z) € Us(X), ‘és(o) =0 (s>0), [EO(Z) =1L
=0

Ls(z) = Z L*ta;, ---Fra; ; 2)
kot ho=s
i1,eesir€{1,...,m}

x ad(Xo)" " u(Xy,) - - - ad(Xo)* T (X, )(T).
Here L(*1a;, - - ¥ra; ; 2) is a hyperlogarithm of the general type:
L*ra;, - Fra; ;2) = / 56“‘1 0&, o 5(’)‘2—1 0&,0---0 g*"l o0&, . (HLOG)
0

For r = 1 and a; = 1, this is (IMPL). If |z] < min{ﬁ,...,ﬁ}, it has a
i) iy
Taylor expansion

ny—ngz _nN2—nNnsg My
a.: a: ceeQ@
k k . — 11 12 T n
L(**a;, ---"a;,.;z) = E % 2"
ni>ng > >n.>0 nl ‘N
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4 The fundamental solution of the formal KZ
equation on M

4.1 The reduced bar algebra and iterated integrals on M, ;

Let S = 5(¢1, (11, G2, (22, (12) be a free shuffle algebra generated by (1, (11, {2, {22, (12
which are 1-forms in (2KZ). The iterated integral of an element in S, in general,
depends on the integral path. We want to construct a shuffle subalgebra of S
such that the iterated integral of any element in this subalgebra depends only

on the homotopy class of the integral path. We say that an element

S3¢ = Z Crwi, © - owj,,

where w; € {(1, {11, (2, 22, (12}, satisfies Chen’s integrability condition [C1]
if and only if

dcrwi, ® Qi Awiyy, @ Quwi, =0 (CIC)
I

holds for any ! (1 < I < s) as a multiple differential form. Let B be the

subalgebra of elements satisfying (CIC). We call it the reduced bar algebra,

which coincides with the 0-th cohomology of the reduced bar complex [C2]

associated with the Orlik-Solomon algebra [OT] generated by (1, (11, (2, (22, Ci2-
For any element ¢ € B, the iterated integral

(z1,22)
o ®
gives a many-valued analytic function on P! x P! — D(ngg‘m).

Let us consider more on the structure of B: It is a graded algebra; B =
@:io Bs, Bs = BN.Ss; where S5 denotes the degree s part of S: We have

By =C1, B; =C¢ ®Ci®Cl @ Cloz ® Cliz,
By = @CwowéB @ Cli o @ @ CliioG

wEA i=1,2 i=1,2
@ @ C(wi owz +waowp) ® 69 C(wo iz +(120w)

w1=(1,¢11 weA—{¢12}

w2=(2,{22

@ C(¢1 012 +¢20C12) ® C(C11 012 + 220 ¢t — (22 0 (12 — (2 0 (12)

where A := {(1, (11, ¢2, (22, (12} For s > 2, By is characterized as follows [B];

s—1 -2
Bs = nBjoBs__]— = mBIO"'OsloBQOBI o---0B.
' ! N e’ N’
J=1 =0 J times s5—7—2 times
Put

(1) _ szzl (2) _ 21d22
—_— 12 _

12 1—-2120" 1— 2129
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One can define a linear map

he2 : B — 5(C1,¢11,¢3)) © S(Ca, Ca2)
by the following procedure;
(i) pick up the terms only having a form ¥, 0¥ € S((1, (11, ¢12) © S(C2, C22)-
(ii) change each term 1 o 2 to Y1 ® Y2 € S((1,(11,C12) ® S(C2,(22)-
(iii) replace (12 to g{;’.
A linear map
t2@1 : B — S(C2,C22,¢3) ® S(Cr, C1n)

is defined in the same way.
One can show that

IR

U(X) u(C{Zl,Zu,le}) ®U(C{Z2,ZQQ})

> U(C{Z2, Z22, Z12}) QU(C{Z1, Z11})

and that B is a dual Hopf algebra of ¢ (X). Through this isomorphism and the
duality, one can show the following proposition:

Proposition 1. The maps ¢1g2 and tog; are w-isomorphisms.

(Such an isomorphism is also obtained by [B].)
Let B° be the subspace of B spanned by elements which have no terms ending

with ¢; and (2, and S°((y, i, Cg)) (resp. S°((2,(22)) the subspace spanned by
elements which have no terms ending with {; (resp. (2), and so on. They are
shuffle algebras. One can show the following isomorphism:

Proposition 2. By t1g2 and 21,

B = S%¢y, ¢, ) ® SO(Ca, Caz) = SO(Cas Caz, ¢12) @ S°(C1, Gt )-

The free shuffle algebra S(¢1, 11, Cl(;)) is a polynomial algebra over S°((;, (11, Cg))
of the variable (; as a shuffle algebra [R]:

S(¢1,¢11,¢%)) =S¢, Guny ¢ G-

Likewise, we have

S(¢2,Ga2) = S°(¢2, C22)[¢2)

as a shuffle algebra. Applying these isomorphisms to Proposition 2, we have

Proposition 3. The reduced bar algebra B is a polynomial algebra over B° of
the variables (i, (> as a shuffle algebra:

B = B°[(1, ()
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Assume that 0 < |21], |22] < 1 and define the following two contours Cig2, Cog1:

z2
1 2
Ciez = Ciga © Cige,
2
C{Dy: (0,0) = (0, z2),
(0, 1)‘ (1,1) 01(22 (:2)(0, 22)( -)—> (21, 22)-
1
Cige = j1(<1z<)?2 ° C%)z (21, 22) Caz1 =1C2®1 °Lag1s
& } Cigy : (0,0) — (21,0),
Clez (2)
Cogr * (21,0) — (21, 22).
2 2
Ci2e ci2,
o (2) (1)
1 t2e1 = Cog1 © U2l
Cias
21
(0,0) (1,0)

The composition of paths C o C’ is defined by connecting C after C’.
For 1 ® %2 € 5°(C1, i1, ¢(3)) ® S°(Ca, Ca2), we set

21 z2

Y1 @Yo 1= / 1 (2}

Cl®2 21=0 22—’——0

and for ¥; ® ¥z € S°(Ca, (a2, (D) ® S°(C1, C11)s
Y1 @Yg 1= / Y1 Y.
Ca1 z

2=0 z1=0

Since the map t1g2 (resp. t2g1) picks up the terms of B° whose iterated integral
along Cjg2 (resp. Cag1) does not vanish, we have

(21,22)
/ 90=/ <P=/ t1@2(¢p)
(0,0) Cig2 Ci1@2
= [ o= [ um
C231 Cae1

4.2 The fundamental solution of (2KZ)

We consider the fundamental solution £(z1, z2) of (2KZ) normalized at the origin
(z1,22) = (0,0). It is a solution satisfying the following conditions:

C(Zl‘l 22) = ‘é(zl ’ "?"2)‘2‘121 2‘2Z2

for ¢ € BO.

where

o0
é(zl>z2) = Zﬁs(zl7 252), ‘és(zleZ) € us(x)’ ‘és(07 0) =0 (S > O)a

s=0
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and ﬁo(zl,ZQ) = 1. We put

20 = G121 + (223,
=02 — 2 = 1211 + 22222 + (12212.

It is easy to see that [Zs(zl, 22) satisfies the following recursive equation:
dLss1(21,22) = [0, Ls(21, 22)] + 2L (21, 22).

Hence we have
R (51,22) s
o(or, ) = / (ad(£20) + p(2))° (1 ®T). (IISOL)
(0,0)

Here we use the following convention of notations:
ad(w ® X)(p ® F) = (w o ¢) ® ad(X)(F),
pw®X)(p®F) = (wop)®u(X)(F)

for @ F € S(A)QU(X), w@ X € B ®X.
This says that the fundamental solution normalized at (z,, z2) = (0,0)
exists and is unique. Moreover we can show that

(ad(Qo) + u(Q’))s(l ®I) € B® @ U (%). (IIFORM)

5 Decomposition theorem and hyperlogarithms
5.1 The decomposition theorem of the normalized funda-
mental solution

We consider the following four formal (generalized) 1KZ equation. In the fol-
lowing d,, (resp. d.,) stands for the exterior differentiation by the variable 2,

(resp. 22):

d. G(z1,22) = Q{ng(zl,zz), Q§82 = (121 +¢uZn + Cg)le,

d:,G(22) = 2D,C(22), 22y = C2Za + (22202,
d2,G(21, 22) = 252, G (21, 22), 9%21 = (222 + (22222 + (2 Z1a,
dsz(zl) = 9§31G(ZI)’ -Qég1 = (121 +¢11211-

The fundamental solution normalized at the origin to each equation satisfies the
conditions

(ix)  __ AGx) Z;
ﬁi:'fsm‘z = ciz%iz Z
o0
A(ie) Aix) Aik) _ Aie) _
Eiz%ii’ - Z ﬁii%iz,s’ ‘ci:’i@iz,s -0 =0 (S > 0)’ ﬁi:ﬁ@ig,o =L

i —

s=0



Proposition 4. (i) The fundamental solution £(z1, z2) of (2KZ) normalized
at the origin decomposes to product of the normalized fundamental solu-
tions of the (generalized) formal 1KZ equations as follows:

A1) A2
L(21,22) = L1z L1322 = LigaLigert 25
2) A1 A(2) A1)z, 2
= ﬁg@élﬁg@)n = Eg@?lﬁé@)ﬂzl 2y
(ii) If the decomposition

L(21,22) = GG

11®i2 i1 Q12

holds, where Gz('fgiz = éf:gw ziik satisfies the same conditions as Egi’giz
does, we have G{#).  — ()

11®i2 T T ®i2”

5.2 The iterated integral solution along the contours C|g,
and 02®1

From (IIFORM), we can choose C}g2 as the integral contour in (IISOL). Hence
we have

Lo(z, 22) = /C (ad(20) + u(2))° A ® T)
- /C (102 ® idyz)) ((ad(20) + u(2))° (1 ®T))

Z1 22
=X > [T [T 62w aiamrm.
s'+s"=s W' W 0 0
Here W’ runs over W9(Z1, Z11, Z12), W” runs over W9,(Z2, Za2). (WO(2A) =

WO(RA) N U (%), and WO() stands for the set of words of the letters 2 which
do not end with Z;,2Z5.) o : U(X) — End(U(X)) is an algebra homomorphism

o (Zy, 211, 22, 223, Z12) — (ad(Z1), u(Z11),ad(Z2), u(Z22), u(Z12)),

and 613, : U(C{Z1, Z11, Z12}) — S(C1,Ci1,¢85) and 6{2; - U(C{Zs, Z02}) —
S({2,(22) are linear maps defined by replacing

eggz(zi) = Gy 9%2(2&') =(u (1=1,2), 9&;)2(212) = ¢y
In the same way, we have

~

Lo(zr,22) = /C (ad(20) + (2))° (1 & T)
- /C (1281 ® idyxy) ((ad($20) + u(2))° (1 ©T))

=X 3 o [ R amemi.

s'+8''=s W/ \W"

111
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Here W’ runs over W9 (Z3, Z22, Z12), and W” runs over WO.(Z1, Z11). 0%%@)1 :

U(C{(Z2, Za2, Z12}) — S(G2,Ca2,(85)) and 639, = U(C{Z1,211}) — S(G1,Gu)
are linear maps defined by replacing

0501(Z:) = Gy 0591 (Zis) = G (i =1,2), 0591 (Z12) = ({3 -
Since [Z1, Z2] = [Z1, Z22] = 0, we have
L(z1,22) = (Z / 080, (W) a(W')( 1)) (Z / 02, (W") (W”)(I)) .
WII
This says that each decomposition in Proposition 4 corresponds to the

choice of the integral contours Cig2, Cog1.-

5.3 Hyperlogarithms of the type M,

In (HLOG)7 let m = 2,01 - 1,&2 = 22, replace 60751362 b}’ ClaCll‘;Cl(;) respec-
tively, and put {(a;) = &; (¢ = 1,2). Then (HLOG) reads as

L(*a;, -+ -Fra; ;21) = /0 "R o ¢(ay) 0 CF T o ¢(ag) 0 0 ¢V 0 C(ar,)

ni—nz nN2—ns Ny

_ a;, a;, i
= E 1
nllcl « o k"

ny>n2>--->n,.>0 nr

il

which is referred to as a hyperlogarithm of the type Mgps. If a;, = ---
a;, =1, it is a multiple polylogarithm of one variable (1MPL)

Lik,,...k. (21) = L(*11---*r 15 21),
and
Lik,,.. kiy, (4,55 21, 22) = Lk chipkirr g, o R g0 20) (2MPL)

is called a multiple polylogarithm of two variables. They constitute a
subclass of hyperlogarithms of the type Mg 5.
We should note that, in the previous subsection, the iterated integral

Z1
L W")s 1) = [ 00L00) (W e W21, 20, Z12))
0
is a hyperlogarithm of the type Mo s, and the iterated integral
z2
L6, (W"); 2) = /0 62, (W") (W € WO.(Zs, Za2))

is a multiple polylogarithm of one variable. Thus, the normalized funda-
mental solution L£(z,2;) is a generating function of hyperlogarithms
of the type M.
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6 Relations of multiple polylogarithms

6.1 Generalized harmonic product relations of hyperlog-
arithms

From Proposition 2, one can define
(W', W) = tigx(8iga(W') @ 0{2,(W")) € B
for W' ¢ WO(Zl, 211, le), W e WO(Zz, ZQQ). Then we have

[ aealoW', W) = LEE 00" 2) LBy (W7 2),
192
and

a (z1,22)
La(eryz2) = Y S [ e W a(wawr)

3’+8"=8 W’GWS/ (Zl,Z11,212) 0’0)
W"eW?,, (Z2,2Z22)

Since {a(W")a(W")(I)|W' € W°(Z1,Z11, Z12), W' € W°(Z,, Z32)} is a lin-
early independent set, we obtain the following proposition:
Proposition 5. We have

O W) 2)LE W i2) = [ werl@(W, W) (GHPR)

C2@1
for W' € WO(Zy, Z11, Z12), W' € WO(Z,, Z23).

We call (GHPR) the generalized harmonic product relations of hy-
perlogarithms.

Remark 6. We have actually
@d(2) +p(2)° @D = Y > oW, W) a(W)a(W")I).
Sl+sll=s W/’Wl/

For the proof, see [OU1].

6.2 Harmonic product of multiple polylogarithms
For W = Z{'712y, ... zk 12, Zz80 71 20, . 254971 205, W =1, we have

/ (p(Wla I) = Lik1,...,ki+j (27 j; 21, 22)'
Cig2
Hence (GHPR) for this case reads as

Likl,...,ki+,- (1,75 21, 22) = / (,O(W’,I).
Cag1

Moreover, by induction, one can prove that the generalized harmonic prod-
uct relations properly contain the harmonic product of multiple poly-
logarithms such as (HPMPL).

Taking the limit, we have harmonic product of multiple zeta values. Thus
we can interpret the harmonic product of multiple zeta values as a
connection problem for the formal KZ equation such as (HPMZV).



7 The five term relation for the dilogarithm

We define the action of &, on Mo, by o(z;) = z,@). For n = 5, the ac-
tion of o = (23)(45) € Gj is given, in the cubic coordinates, by a birational
transformation on P! x P! such as

—z1(1 —2z3) —z2(1 — Zl))

1—21 ’ 1—22

0'(21, 22) = (

It satisfies 02 = id and preserves the divisors D(Mg¥Wic).
Let o* : B — B be the pull back induced by o,

0*C =C + 11 — 22, ¢ = —C11 + G2,
o*Ce = —C11 + o+ a2, 0%Ce2 = —Ca2+ Ci2,  0%C12 = Cra-

and define an automorphism o, : U(X) — U(X) by
(o* ®id)2 = (id ®o.) 2.
Hence we have

0.2y =2y, 0.211 =2y — 211 — 2y,
0uZo = Zo, 0yZog=—21+ 2y — Zaa, 0212 =211+ Za2+ Z12.

Since (id ®c,)~!(c* ®id)2 = (¢* ® 0 1)2 = 2, the function

£z w) = (0" ® 07 ")L(21, 22) = Lo (21, 22))|
(z w) (a ®U‘ ) (21 zz) (a(zl zz)) Z—’U,—lz, (Z=Z1,211,Z2,Z‘22,212)

is also a fundamental solution of the KZ equation of two variables which has
the asymptotic behavior

L(z1,22) ~ 1 <M>Z (M) > (21, 22) — (0,0).

1—2 1— 29
Therefore the connection formula for £(z;, 23) and lf(zl, z2) is written as
L(z1,22) = L(21, 22) exp(—sgn(Imz;) miZ;) exp(—sgn(Imzs) 71 Z5).
For the later use, it is convenient to rewrite this as follows:
(0*L) (21, 22) = (0.L)(21, 22) exp(—sgn(Imz;) 7iZ;) exp(—sgn(Imzy) 11 27).

The terms [Z1, Z11) and [Z3, Z22] in the both sides above appear in o*ﬁz(zl, 22)
and 0.L2(z1,22). Comparing the coefficients of [Z;, Z11], we have

Li, <M> = Li; 1(1,1; 21, 22) — Liz(21) — Liy,1(21) + Li2(0, 1; 21, 22),
(L1)

Lip (M‘) = — Lil’l(l, 1; 21, 22) — Li2(22) — Li1,1(22) + Li1(22) Lil(zl).
(L2)
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We should observe that (L1) is regarded as a “two-variables” analogue of
the Landen formula for the dilogarithm [Le]. Since Liz(0,1;21,22) =
Lig(z122) and Liy 1(2) = %logQ(l —z), (L1)+ (L2) gives the five term relation
for the dilogarithm (5TERM):

Lig(z122) = Lis (.‘fﬁ:ﬁ) +Li, (_“_22(_1;@2>

1—22

1 1-—
+ Lis(21) + Liz(2) + » log? ( z‘) .
2 1-— 29
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