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1. INTRODUCTION

In the lecture, we investigated the cohomological properties of the spin module
of the symmetric group over a field of characteristic 2. This is ajoint work with K.
Uno.

Let $\Sigma_{n}$ be the symmetric group of degree $n$ and $k$ be an algebraically closed field
of characteristic 2. Simple $k\Sigma_{n}$-modules are parametrized by the set of 2-regular
partitions of $n$ . For $n=2(m+1)$ , the simple module $D^{(m+2,m)}$ corresponding to the
partition $(m+2, m)$ is called the spin module of $\Sigma_{2(m+1)}$ . $D^{(m+2,m)}\downarrow\Sigma_{2m+1}$ remains
to be simple and isomorphic to $D^{(m+1,m)}$ , the simple $k\Sigma_{2m+1}$ -module corresponding
to the partition $(m+1, m)$ of $2m+1$ . $D^{(m+1,m)}$ is also called the spin module
of $\Sigma_{2m+1}$ . The spin module has many interesting properties and investigated by
several authors (see for example, Benson [5], Gow-Kleshchev [8], Danz-K\"ulshammer
[7] $)$ . For representations of the symmetric group, we refer to a book of James [9].
The following theorem is due to Nagai [10] and Uno [14] and we discussed its proof
at 2007 RIMS meeting [11].

Theorem 1.1. The complexity of the spin module $D^{(m+1,m)}$ of $\Sigma_{2m+1}$ is equal to
$[m/2]$ .

Uno’s conjecture on the spin module $D^{(m+1,m)}$ proposed in [14] concerns with
the cohomological variety of it and we also discussed the conjecture at 2007 RIMS
meeting [11]. Little progress has been made with our study, but in this lecture, we
shall explain some idea to attack the conjecture.

Let $G$ be a finite group $G$ and $k$ be an algebraically closed field of characteristic
$p>0$ . The variety, the maximal ideal spectrum, of the cohomology algebra $H^{*}(G, k)$

is denoted by $V_{G}(k)$ . For a finitely generated $kG$-module $M$ , the annihilator ideal of
$H^{*}(G, k)$ -module $Ext_{kG}^{*}(M, M)$ is denoted by $I_{G}(M)$ and the subvariety determined
by $I_{G}(M)$ is denoted by $V_{G}(M)$ . The complexity $c_{G}(M)$ of $M$ is equal to the
dimension of $V_{G}(M)$ . For a homogeneous element $\zeta\in H^{*}(G, k)$ , denote by $V_{G}(\zeta)\subset$

$V_{G}(k)$ the set of maximal ideals of $H^{*}(G, k)$ containing $\zeta$ . Thanks to theorems of
Quillen [12] and Avrunin-Scott [2], the variety of $V_{G}(M)$ is determined by knowing
the varieties $V_{E}(M\downarrow_{E})$ for all the elementary abelian p-subgroups $E$ of $G$ .

For our spin module, the most important case is the case that $m=2^{s-1}$ for some
positive integer $s$ and $E\subset\Sigma_{2m}\subset\Sigma_{2m+1}$ is a maximal regular elementary abelian
2-sugroup (of order $2^{s}$ ) in $\Sigma_{2m}$ . The cohomology algebra $H^{*}(E, k)$ of an elementary
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abelian 2-group $E$ of rank $s$ is a polynomial ring of $s$ variables (of degree 1) on
which $GL(s, 2)$ acts in an obvious way. The invariant subalgebra $H^{*}(E, k)^{GL(s,2)}$ is
generated by so called Dickson invariants $c_{i}(E)(0\leqq i\leqq s-1)$ of degree $2^{s}-2^{i}$ . For
precise definition and properties of Dickson invariants, see [1], [4]. Uno’s conjecture
is described as follows.

Conjecture 1.2. Let $m=2^{s-1}$ and $E$ be a maximal regular elementary abelian
2-sugroup of $\Sigma_{2m}$ . Then the variety $V_{E}(D^{(m+1,m)}1_{E})$ is $V_{E}(c_{s-1}(E))$ .

In Section 2, we give a lemma concerning the varieties of Carlson modules which
will be used to discuss varieties of the spin modules. To investigate the variety
of the spin module, it may help to know properties of the cohomology algebra of
the symmetric group. In Section 3, we construct some cohomology elements of the
symmetric group $\Sigma_{2^{s}}$ which restrict to Dickson invariants $c_{i}(E),$ $0\leqq i\leqq s-1$

in the cohomology algebra $H^{*}(E, k)$ of a maximal regular elementary abelian 2-
subgroup $E$ . In Section 4, using a presentation of the spin module $D=D^{(m+1,m-1)}$

of the symmetric group $G=\Sigma_{2m}$ due to Nagai-Uno [10], we describe a cohomology
element $\rho\in Ext_{k\Sigma_{2m}}^{1}(D, D)$ . In Section 5, we propose a problem on relations between
$res_{G,E}(\rho)$ and $c_{s-1}(E)\otimes id_{D}$ where $m=2^{s-1}$ and $E$ is a maximal regular elementary
abelian 2-subgroup of $\Sigma_{2m}$ .

2. A LEMMA FROM COHOMOLOGY THEORY OF FINITE GROUPS

We refer to a book of Benson [3] for the cohomology theory of finite groups.
Here we give a lemma concerning Carlson module $L_{\zeta}$ of a homogeneous element
$\zeta\in H^{n}(G, k)$ . Let $\hat{\zeta}$ : $\Omega^{n}(k)arrow k$ be the corresponding cocycle and set $L_{\zeta}=Ker\hat{\zeta}$

if $\zeta\neq 0$ . If $\zeta=0$ , then set $L_{\zeta}=\Omega^{n}(k)\oplus\Omega(k)$ . Then it holds that $V_{G}(L_{\zeta})=V_{G}(()$

is the set of maximal ideals that contain $\zeta$ . Following to the Carlson‘s argument in
a proof of this fact [6], we have the similar result for an arbitraly $kG$-module $M$ and
$\rho\in Ext_{kG}^{n}(M, M)$ .

Take any cocycle $\hat{\rho}^{f}$ : $\Omega^{n}(M)arrow M$ representing $\rho$ and then take a projective kG-
module $P,$ $\pi\in Hom_{kG}(P, M)$ so that $\hat{\rho}=(\hat{\rho}’, \pi)$ : $\Omega^{n}(M)\oplus Parrow Marrow 0$ becomes
exact. Then we obtain a short exact sequence of $kG$-modules,

$0arrow Ker\hat{\rho}arrow\Omega^{n}(M)\oplus Parrow\hat{\rho}Marrow 0$

The isomorphism classes $\hat{\rho}$ and $Ker\hat{\rho}$ in the stable category of $kG$-modules are
uniquely determined by $\rho$ . We denote $Ker\hat{\rho}$ by $L_{\rho,M}$ .

Lemma 2.1. In the notations above, the following statements hold.
(1) $V_{G}(L_{\rho,M})=V_{G}(L_{\rho^{S},M})$ for any $s>0$ .
(2) If $\rho^{s}=\zeta\otimes id_{M}$ for some homogeneous element $\zeta\in H^{sn}(G, k)$ and some

positive integer $s_{f}$ Then $V_{G}(L_{\rho,M})=V_{G}(\zeta)\cap V_{G}(M)$ .
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3. SOME COHOMOLOGY ELEMENTS IN $H^{*}(\Sigma_{n}, k),$ $n=2^{s}$

For the cohomology of the symmetric group, we refer to a book of Adem and
Milgram [1]. Our aim in this section is to construct some cohomology elements of
$\Sigma_{n}$ to be able to understand the restrictions of them to Young subgroups easier.

3.1. The Complex of Rickard of a Finite Coxeter Group.
Let $W$ be a finite Coxeter group with a generating set $S$ . Let $\ell$ : $Warrow N$ be

the length function with respect to $S$ . For $I\subset S$ , we set $W_{I}=<I>$ , a parabolic
subgroup of $W$ and $w_{I}\in W_{I}$ is the unique element of maximal length in $W_{I}$ .

We fix a total order on $S$ in the following discussion. For $s\in S\backslash I$ , set $n(I, s)=$
$|\{s’\in I;s^{f}<s\}|$ .

The W-poset, called the Coxeter poset, consists of all right cosets
$\{W_{I}w;w\in W, I\subset S\}$

The complex of right $kW$-modules associated to the Coxeter poset is described as
follows (the complex can be defined for any commutative ring). For $I\subset S$ , let $[I]=$

$\sum_{w\in W_{I}}w\in kW_{I}$ . Then for $I,$ $J\subset S$ , there exists a unique kW-homomorphism

$\pi_{IJ}$ : [I] $kWarrow[J]kW$, sending [I] to $[J]$

Whenever $I\subset J\subset K\subset S$ , we have that $\pi_{JK}0\pi_{IJ}=\pi_{IK}$ .

Definition 3.1. Let A $=A(W, S)$ be the cochain complex of right $kW$ -modules
concentmted in degree $0$ to $|S|$ defined as follows;

(A) $=A^{t}= \oplus\sum_{I\subset S,|I|=t}[I]kW$

for each $t(0\leqq t\leqq|S|)$ and the differentials $d^{t}$ : $A^{t}arrow A^{t+1}(0\leqq t\leqq|S|-1)$ on
$[I]kW\subset A^{t}$ are given by

$d^{t}= \sum_{s\in S\backslash I}(-1)^{n(I,s)}\pi_{II\cup\{s\}}$

It is easily checked that for $s’,$ $s\in S\backslash I$ with $s^{f}<s,$ $n(I, s’)=n(I\cup\{s\}, s^{f}),$ $n(I, s)=$
$n(I\cup\{s^{f}\}, s)-1$ and that $d^{t+1}od^{t}=0$ .

In these notations, Rickard proved in [13] that the complex A of $kW$-modules
satisfies deep interesting properties. Among his results, we need the following facts.

Theorem 3.2. The following statements hold.
(1) $H^{t}(A(W, S))=0$ for $0<t\leqq|S|$ and $H^{0}(A(W, S))$ is isomorphic to the sign

representation of $W$ .
(2) Let $K\subset S.$ Then in the homotopy category $K^{b}(mod -kW_{K})$ of right $kW_{K^{-}}$

modules, $A(W, S)\downarrow W_{K}$ is isomorphic to $A(W_{K}, K)$ .
(3) For each $t\leqq|S|-1$ , the short exact sequence $0arrow Kerd^{t}arrow A^{t}arrow{\rm Im} d^{t}arrow 0$

is $W_{K}$ -split for all $K\subset S$ with $|K|=t$ .
(4) Assume that we have a decomposition $S=K\cup L$ such that $st=ts$ for

all $s\in K$ and $t\in L.$ Then $W=W_{K}\cross W_{L},$ $kW\cong kW_{K}\otimes kW_{L}$ and
$A(W, S)\cong A(W_{K}, K)\otimes A(W_{L}, L)$ in the homotopy category $K^{b}(mod -kW))$

of right $kW$ -modules.
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$A^{|S|}=[S]kW\cong k_{W}$ . And if the characteristic of $k$ is 2, then $H^{0}(A(W, S))\cong k_{W}$

and we have the $|S|$-fold extension of $k_{W}$ by itsef of the following form as the reduced
complex $\tilde{A}(W, S)$ of $A(W, S)$

$0arrow k_{W}arrow\iota A^{0}arrow A^{1}d^{0}arrow d^{1}$ . . . $arrow A^{|S|-1}d^{|S|-2}arrow k_{W}d^{|S|-1}arrow 0$

We shall use these facts due to Rickard to construct several cohomology elements of
the symmetric group over a field of characteristic 2.

In the rest of the section, assume that our field $k$ has characteristic 2.
Let $M$ be a $kW$-module and suppose that we are given a kW-homomorphism

$f$ : $Marrow{\rm Im} d^{t-1}=Kerd^{t}$ for $0\leqq t\leqq|S|$ . Then by taking a pull back diagram

$0arrow k_{W}arrow A^{0}arrow\cdotsarrow A^{t-2}arrow$ $A$ $arrow$ $M$ $arrow 0$

$\Vert$ $\Vert$ $\Vert$ $\downarrow$ $\downarrow f$

$0arrow k_{W}arrow A^{0}arrow\cdotsarrow A^{t-2}arrow A^{t-1}arrow^{d^{t-1}}{\rm Im} d^{t-1}arrow 0$

we obtain a cohomology element in $Ext_{kW}^{t}(M, k)$ . If $M=k_{W}$ , then we denote this
cohomology elements by $co(f)=co(W, f)\in H^{t}(W, k)$ . The complex $\tilde{A}(W)$ itself
gives a cohomology element of degree $|S|$ which is $co(id_{W})$ , where $id_{W}$ : $k_{W}arrow k_{W}=$

$A^{|S|}$ is the identity map. The following lemma follows from the statement (3) in
Theorem 3.2.
Lemma 3.3. $res_{W,W_{K}}(co(f))=0$ for all $K\subset S$ with $|K|<t$ . In particular,
$res_{W,W_{K}}(co(id_{W}))=0$ for all proper parabolic subgroup $W_{K}$ .

Let $K$ be a subset of $S$ and denote by $d_{K}^{(t)}$ be the differentials for the complex
$A(W_{K}, K)$ . Then by the statement (2) in Theorem 3.2, we have a $kW_{K}$-map $\pi(K)^{t}$ :
$A(W, S)^{t}\downarrow_{W_{K}}arrow A(W_{K}, K)^{t}$ which induces the map from $Kerd^{(t)}$ to $Kerd_{K}^{(t)}$ for each
$t$ . For $f\in Hom_{kW}(k_{W}, Kerd^{(t)}),$ $\pi(K)^{t}\circ f\in Hom_{kW_{K}}(k_{W_{K}}, Kerd_{K}^{(t)})$ .

Lemma 3.4. In the notations above, $res_{W,W_{K}}(co(f))=co(\pi(K)^{t}\circ f)$ .

Assume that we have a decomposition $S=K\cup L$ such that $st=ts$ for all $s\in K$

and $t\in L$ . Let us denote differentials for $A(W_{K}, K)$ and $A(W_{L}, L)$ by $d_{1}^{(i)}$ and
$d_{2}^{(j)}$ , respectively. Let $g\in Hom_{kW_{K}}(k_{W_{K}}, Kerd_{1}^{(i)})$ and $h\in Hom_{kW_{L}}(k_{W_{L}}, Kerd_{2}^{(j)})$ .
Then $Kerd_{1}^{(i)}\otimes Kerd_{2}^{(j)}\subset Kerd^{(i+j)}$ under the isomorphism given in the statement
(4) in Theorem 3.2. Thus we obtain $g\otimes h\in Hom_{kW}(k_{W}, Kerd_{1}^{(i)}\otimes Kerd_{2}^{(j)})\subset$

$Hom_{kW}(k_{W}, Kerd^{(i+j)})$ .

Lemma 3.5. In the notations above, we have

$co(g\otimes h)=co(g)\otimes co(h)$

under the isomorphism $H^{*}(W, k)\cong H^{*}(W_{K}, k)\otimes H^{*}(W_{L}, k)$ .
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3.2. Some Cohomology Elements in $H^{*}(\Sigma_{n}, k)$ .
The symmetric group $\Sigma_{n}$ of degree $n$ is a finite Coxeter group with generating set

$S=\{\sigma_{i}=(ii+1), 1\leqq i\leqq n-1\}$ of $A_{n-1}$-type. The parabolic subgroups are
what are called Young subgroups of $\Sigma_{n}$ . We set $W=\Sigma_{n}$ in this subsection. For
notaional simplicity, we sometimes write $S=\{1,2, \cdots, n-1\}$ and for $I\subset S,$ $I=$

$\{i ; \sigma_{i}\in I\}$ . From the complex $A(\Sigma_{n})=A(W)$ , we saw that we obtain an $(n-1)-$
fold extension of $k_{W}$ by itself. We denote the corresponding cohomology element
$co(id_{W})\in H^{n-1}(W, k)$ by $c_{0}(W)=c_{0}(\Sigma_{n})$ . The following proposition follows by
Lemma 3.3.

Proposition 3.6. In the notations above, the following statements hold.
(1) $res_{W,W_{K}}(c_{0}(W))=0$ for any proper parabolic subgroup $W_{K}$ of W. In partic-

ular, $c_{0}(W)=0$ if $n$ is not a power of 2.
(2) Assume that $n=2^{s}$ and let $E$ be a maximal regular elementary abelian 2-

subgroup (of order $2^{s}$) of $W=\Sigma_{2^{s}}$ . Then
(a) $res_{W,E}(c_{0}(W))\neq 0$ .
(b) $res_{W,F}(c_{0}(W))=0$ for all proper subgroup $F$ of $E$ .

In the rest, assume that $n=2^{s}$ for some $s$ . Set $W=\Sigma_{2^{s}}$ and $E$ be a maximal
regular elementary abelian 2-subgroup of $\Sigma_{2^{s}}$ . By the distinguished properties of
Dickson invariant $c_{0}(E)$ , we can see that $res_{W,E}(c_{0}(W))=c_{0}(E)$ by Proposition 3.6.

For each $t$ with $0\leqq t\leqq s-1$ , we shall construct a cohomology element $c_{t}=$

$c_{t}(\Sigma_{2^{s}})=c_{t}(W)$ such that $res_{W,E}(c_{t})=c_{t}(E)$ . Let fix such $t$ in the following
disucussion. Set, for $1\leqq i\leqq 2^{t}$ ,

$K_{i}=K_{i}^{(t)}=\{(i-1)2^{s-t}+1, (i-1)2^{s-t}+2, \cdots, (i-1)2^{s-t}+2^{s-t}-1\}$

$K=K^{(t)}= \bigcup_{i=1}^{2^{t}}K_{i}^{(t)}=S\backslash \{i2^{s-t};1\leqq i\leqq 2^{t}-1\}$

Then $W_{K_{i}}\cong\Sigma_{2^{s-t}}$ and $W_{K}=W_{K_{1}}\cross\cdots\cross W_{K_{2^{t}}}$ . If $t=0$ , then $K=S$ and $W_{K}=W$ .
If $t=s-1$ , then $K=\{1,3, \cdots, 2^{s}-1\}$ and $W_{K}\cong \mathbb{Z}_{2^{2^{s-1}}}$ .

Set $k=|K|=2^{t}(2^{s-t}-1)$ and consider $[K]kW\subset A^{k}$ . We can see that a W-
invariant element $u(K)=u(K^{(t)})= \sum_{w\in W}w=[K]\sum_{x\in W_{K}\backslash W}x\in[K]kW\subset A^{k}$

is contained in $Kerd^{k}={\rm Im} d^{k-1}$ .
Let $f_{K(t)}$ : $k_{W}arrow{\rm Im} d^{k-1}$ be a kW-homomorphim sending 1 to $u(K^{(t)})$ . Then

we obtain a cohomology element $co(f_{K(t)})\in H^{k}(W_{)}k)=H^{2^{t}(2^{s-t}-1)}(W_{)}k)$ . The
cohomology algebra $H^{*}(W_{K}, k)$ is isomorophic to $H^{*}(W_{K_{1}}, k)\otimes\cdots\otimes H^{*}(W_{K_{2^{t}}}, k)$ .

Denote $co(f_{K^{(t)}})$ by $c_{t}(W)=c_{t}(\Sigma_{2^{s}})$ . The statements (1) and (2) in the following
proposition will be obtained as an easy consequence of Lemmas 3.4 and 3.5. The
statement (3) follows by the distinguished properties of Dickson invariant $c_{t}(E)$ .

Proposition 3.7. Assume that $n=2^{s}$ . Then the following statements hold.
(1) $res_{W,W_{K}}(c_{t}(W))=c_{0}(W_{K_{1}})\otimes\cdots\otimes c_{0}(W_{K_{m}})$ .
(2) For $I\subset S$ , if $res_{W_{)}W_{K}}(c_{t}(W))\neq 0$, then $I\supseteq K$ .
(3) $res_{W,E}(c_{t}(W))=c_{t}(E)$ .
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4. THE SPIN MODULE $D^{(m+1,m-1)}$ OF $\Sigma_{2m}$

Set $\Omega=\{1,2, \cdots, 2m\}\subset\Omega_{0}=\{0,1,2, \cdots, 2m, 2m+1\}$ and $\Sigma_{2m}=\Sigma_{\Omega}\subset$

$\Sigma_{2m+2}=\Sigma_{\Omega_{0}}$ . The spin module $D^{(m+2,m)}$ is of dimension $2^{m}$ . Using a presentation
of the spin module $D^{(m+2,m)}$ given by Nagai and Uno [14], we have the following
lemma.

Lemma 4.1. Set $\tau_{i}=(i2m+1),$ $0\leqq i\leqq 2m$ . Then for $\sigma\in\Sigma_{2m},$ $\sigma\tau_{i}\sigma^{-1}=\tau_{\sigma(i)}$

and the following statements hold.
(1) For a subset $\Lambda\subset\Omega,$ $\sum_{i\in\Lambda}\tau_{i}$ is centmlized by $\Sigma_{\Lambda}\cross\Sigma_{\Omega\backslash \Lambda}$ .
(2) The following elements in $k\Sigma_{2m+2}$ annihilate $D^{(m+2,m)}$ .

(a) For $i\neq j,$ $\tau_{i}+\tau_{j}+(ij)$ .
(b) For $i\neq j,$ $\tau_{i}\tau_{j}+\tau_{i}\tau_{j}+1$ .
(c) For three distinct $i,$ $j,$ $k_{f}(\tau_{i}+\tau_{j})\tau_{k}+\tau_{k}(\tau_{i}+\tau_{j})$ .
(d) $(m+1) \cdot 1+\tau_{0}+\sum_{i=1}^{m}\sigma_{2i-1}$ .

(3) The following elements in $k\Sigma_{2m+2}$ annihilate $D^{(m+2,m)}(\tau_{0}+1)$ .
(a) $\tau_{0}+1$ .
(b) For $i\neq 0,1+\tau_{i}(\tau_{0}+1)$

(c) For a subset $\Lambda\subset\Omega_{f}|\Lambda|\cdot 1+(\sum_{i\in\Lambda}\tau_{i})(\tau_{0}+1)$ .
(4) Let $\Sigma_{3}=\langle\sigma_{1},$ $\sigma_{2}\rangle$ and $\Sigma_{2}=\langle\sigma_{1}\rangle$ . Then

(a) $\sigma_{1}$ is $\Sigma_{2}$ -invariant and Tlir $\Sigma_{2},\Sigma_{3}(\sigma_{1})$ annihilates $D^{(m+2,m)}$ .
(b) $\sigma_{1}\tau_{3}$ is $\Sigma_{2}$ -invariant and $1+$ Tr $\Sigma_{2},\Sigma_{3}(\sigma_{1}\tau_{3})$ annihilates $D^{(m+2,m)}$ .

(5) Let $\Sigma_{4}=\langle\sigma_{1},$
$\sigma_{2},$

$\sigma_{3}\rangle$ and $\Sigma_{2}\cross\Sigma_{2}=\langle\sigma_{1}\rangle\cross\langle\sigma_{3}\rangle$ . Then $\sigma_{1}\sigma_{3}$ is $(\Sigma_{2}\cross\Sigma_{2})-$

invariant and $T\}_{\Sigma_{2}\cross\Sigma_{2},\Sigma_{4}}(\sigma_{1}\sigma_{3})$ annihilates $D^{(m+2,m)}$ .

4.1. The Restriction of $D^{(m+2,m)}$ to $\Sigma_{2m}$ .
The restriction of the spin module $D^{(m+2,m)}$ of $\Sigma_{2m+2}$ to $\Sigma_{2m}$ is a self extension

of the spin module $D^{(m+1,m-1)}$ of $\Sigma_{2m}$ . This is isomorphic to the restriction of the
spin module $D^{(m+1,m)}$ of $\Sigma_{2m+I}$ to $\Sigma_{2m}$ and described as follows.

Set $M=M^{(m+1,m-1)}=D^{(m+2,m)}\downarrow\Sigma_{2m}$ and $D=M(\tau_{0}+1)\subset M$ where $\tau_{0}=$

$(02m+1)$ . $\tau_{0}$ centralizes $\Sigma_{2m}$ and therefore $D$ is a $k\Sigma_{2m}$-submodule of $M$ . We can
see that $D\cong D^{(m+1,m-1)}$ and $D=\{u\in M ; u(\tau_{0}+1)=0\}$ and we have a short
exact sequence of $k\Sigma_{2m}$-modules,

(1) $0arrow Darrow gMarrow fDarrow 0$

where $f$ is the multiplication map by the element $\tau_{0}+1$ and $g$ is the inclusion map.
Let $k\in\Omega$ and consider $\Sigma_{\Omega\backslash \{k\}}\cong\Sigma_{2m-1}$ . Set $\tau_{k}=(k2m+1)$ . Then $\langle\tau_{0},$ $\tau_{k}\rangle\cong\Sigma_{3}$

centralizes $\Sigma_{\Omega\backslash \{k\}}$ . By Lemma 4.1, we have the following equalities on the effects on
$M$ by multiplying the following elements,

. $(\tau_{0}+1)\tau_{k}(\tau_{0}+1)=\cdot(\tau_{0}+1)(\tau_{0}\tau_{k}\tau_{0}+\tau_{k})=\cdot(\tau_{0}+1)\tau_{0}=\cdot(\tau_{0}+1)$

Thus if we define a map $h_{k}$ : $Marrow M$ by $h_{k}(u)=u\cdot\tau_{k},$ $u\in M$ , then $h_{k}$ is a
$k\Sigma_{\Omega\backslash \{k\}}$-homomorphism and

$f\circ h_{k}\circ g=id_{D}$

Thus the short exact sequence (1) splits as a sequence of $k\Sigma_{\Omega\backslash \{k\}}$-modules.
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Let $\rho\in Ext_{k\Sigma_{2m}}^{1}(D, D)\subset Ext_{k\Sigma_{2m}}^{*}(D, D)$ be the cohomology element determined
by the exact sequence (1).

We shall use notations from the notion of Coxeter groups introduced in Section
3. We shall investigate the cohomology element $\rho$ .

Set $S=\{\sigma_{k} ; 1 \leqq k\leqq 2m-1\}$ and $\Sigma_{2m}=W=(W, S)$ . We use the letter X,
$X^{t}$ to describe the complex $A(W, S)$ .

$\tilde{X}$ $0arrow karrow\iota X^{0}arrow X^{1}d^{0}arrow d^{1}$ . . . $arrow X^{2m-3}arrow X^{2m-2}d^{2m-3}arrow kd^{2m-2}arrow 0$

If $|I|\leqq m-1$ , then $W_{I}\subset\Sigma_{\Omega\backslash \{k\}}$ for some $k\in\Omega$ . We have observed that the

sequence $0arrow Darrow gMarrow fDarrow 0$ is $\Sigma_{\Omega\backslash \{k\}}$ -split. Thus we can lift the identity map
$id_{D}:Darrow D$ to have the following commutative diagram of $kW$-modules,

$0arrow Darrow^{g}$ $M$
$arrow^{gof}$

$M$
$arrow^{gof}$ .. .

$\Vert$ $\downarrow\lambda^{0}$ $\downarrow\lambda^{1}$

$0arrow Darrow^{id_{D}\otimes\iota}D\otimes X^{0}arrow^{id_{D}\otimes d^{0}}D\otimes X^{1}arrow^{id_{D}\otimes d^{1}}$ . . .

. . . $arrow$ $M$
$arrow^{gof}$ $M$ $arrow^{f}$ $D$ $arrow 0$

$\downarrow\lambda^{m-2}$ $\downarrow\lambda^{m-1}$ $\downarrow\mu^{m}$

. . . $arrow D\otimes X^{m-2}arrow^{id_{D\otimes ff^{n-2}}}D\otimes X^{m-1}arrow^{id_{D}\otimes d^{m-1}}D\otimes{\rm Im} d^{m-1}arrow 0$

$\mu^{m}$ is uniquely determined modulo maps which through the map $id_{D}\otimes d^{m-1}$ .
In the following discussion, we shall give maps $\lambda^{t}(0\leqq t\leqq m-1)$ and the resulting

map $\mu^{m}$ in degree m-term explicitly.

We have an isomorphism $Hom_{kW}(M, D\otimes[I]kW)\cong Hom_{kW_{I}}(M\downarrow_{W_{I}}, D)$ given by
$Hom_{kW}(M, D\otimes[I]kW)\ni\lambdarightarrow\hat{\lambda}\ni Hom_{kW_{l}}(M\downarrow_{W_{I}}, D)$ , where

$\lambda(v)=\sum_{x\in W_{I}\backslash W}\hat{\lambda}(vx^{-1})x\otimes[I]x,$

$v\in M$

If $I\subset K$ , then $(id_{D}\otimes\pi_{I}K)\circ\lambda\in Hom_{kW}(M, D\otimes[K]kW)$ corredponds to $\ulcorner h_{W_{I},W_{K}}(\hat{\lambda})\in$

$Hom_{kW_{K}}(M\downarrow_{W_{K}}, D)$ .
The maps we shall define are multiplication maps of elements in $k\Sigma_{\Omega_{0}}$ . Let $\tau_{i}=$

$(i2m+1)0\leqq i\leqq 2m$ and set

$\tau(0)=\tau_{1}$ , $\tau(i)=\sigma_{1}\sigma_{3}\cdots\sigma_{2i-1}\cdot\{\sigma_{1}+\sigma_{3}+\cdots+\sigma_{2i-1}+\tau_{2i+1}\}(1\leqq i\leqq m-1)$

And let $I_{i}$ be an i-points subset of $S$ given by

$I_{i}=\{1,3, \cdots, 2i-1\}$ , $1\leqq i\leqq m$

Set $\sigma=\sigma_{1}\sigma_{3}\cdots\sigma_{2m-1},$ $\rho_{i}=(2i-12i+1)(2i2i+2),$ $1\leqq i\leqq m-1$ and
$F=\langle\rho_{1},$ $\cdots,$

$\rho_{m-1}\rangle$ . Then

$C_{W}(\sigma)=W_{I_{m}}xF$, $F\cong\Sigma_{m}$
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Define $\lambda^{0}:Marrow D\otimes X^{0}$ as follows. For $v\in M$ ,

$\lambda^{0}(v)=\sum_{x\in W_{\emptyset}\backslash W}vx^{-1}\cdot\{\tau(0)(\tau_{0}+1)\}x\otimes[\emptyset]x$

$= \sum_{x\in W_{\emptyset}\backslash W}vx^{-1}\cdot\{\tau_{1}(\tau_{0}+1)\}x\otimes[\emptyset]x\in D\otimes[\emptyset]kW=D\otimes X^{0}$

For each $i$ with $1\leqq i\leqq m-1$ , define $\lambda^{i}:Marrow D\otimes X^{i}$ as follows. For $v\in M$ ,

$\lambda^{i}(v)=\sum_{x\in W_{I_{\}}\backslash W}vx^{-1}\cdot\{\tau(i)(\tau_{0}+1)\}x\otimes[I_{i}]x\in D\otimes[I_{i}]kW\subset D\otimes X^{i}$

Define $\mu^{m}:Darrow D\otimes X^{m}$ as follows. For $u\in D$ ,

$\mu^{m}(u)=\sum_{x\in W_{I_{m}}\backslash W}ux^{-1}\cdot\{\sigma_{1}\sigma_{3}\cdots\sigma_{2m-1}\}x\otimes[I_{m}]x$

$= \sum_{x\in C_{W}(\sigma)\backslash W}ux^{-1}\sigma x\otimes[C_{W}(\sigma)]x\in D\otimes[I_{m}]kW\subset D\otimes X^{m}$

where $[C_{W}( \sigma)]=\sum_{h\in C_{W}(\sigma)}h=[I_{m}]\sum_{y\in F}y$.

Lemma 4.2. The maps $\lambda^{i}(0\leqq i\leqq m-1)$ and $\mu^{m}$ defined above make the diagmm
given above to be commutative.

A proof uses Lemma 4.1 and will be done direct calculations.

4.2. The Restriction of $D^{(m+1,m-1)}$ to $\Sigma_{m}\cross\Sigma_{m},$ $\Sigma_{m}?\Sigma_{2},$ $m=2P$ .
In this subsection let $m=2\ell$ . We shall investigate the restriction of $D^{(m+1,m-1)}$

to $\Sigma_{m}\cross\Sigma_{m}$ . Set
$S_{1}=\{\sigma_{1}, \sigma_{2}, \ldots, \sigma_{2\ell-1}\}$ , $S_{2}=\{\sigma_{2l+1}, \sigma_{2t+3}, \cdots, \sigma_{2m-1}\}$ , $T=S_{1}\cup S_{2}=S\backslash \{\sigma_{2\ell}\}$

$\Omega_{1}=\{1,2, \cdots, 2P\}$ , $\Omega_{2}=\{2P+1,2P+2, \cdots, 2m\}$

$W_{S_{1}}=\Sigma_{\Omega_{1}}\cong\Sigma_{2\ell}$, $W_{S_{2}}=\Sigma_{\Omega_{2}}\cong\Sigma_{2\ell}$ , $W_{T}=W_{1}\cross W_{2}$

$W_{T}$ is a Coxeter group with generating set $T$ of type $A_{2\ell-1}\cross A_{2\ell-1}$ . Set
$\mu=(12P+1)(22\ell+2)\cdots(i2\ell+i)\cdots(2P2m)$

Then $W_{S_{1}}^{\mu}=W_{S_{2}}$ and we can consider a semidiect product
$W_{T}\subset(W_{S_{1}}\cross W_{S_{2}})\dot{n}\langle\mu\rangle\cong\Sigma_{m}?\Sigma_{2}$

In fact, $(W_{S_{1}}\cross W_{S_{2}})\rangle\triangleleft\langle\mu\rangle=N_{W}(W_{T})$ . We denote this subgroup by $W_{0}$ .
For $1\leqq i\leqq 2\ell-1$ ,

$\sigma_{i}^{\mu}=\sigma_{2\ell+i}$

so that $\mu$ acts on $T$ . Consider the complex $Y=A(W_{T}, T)$ associated to $W_{T}$ . Each
term $Y^{t}= \oplus\sum_{I\subset T},$ $|I|=t[I]kW_{T}$ of $Y$ becomes $kW_{0}$-module by defining the action
of $\mu$ as follows. For $[I]\gamma\in[I]kW_{T}\subset Y^{t}$ , define $[I]\gamma\cdot\mu$ to be

$[I]\gamma\cdot\mu=[I^{\mu}]\gamma^{\mu}\in[I^{\mu}]kW_{T}\subset Y^{t}$

It is not hard to see that the differentials $d^{t}$ commute with this action of $\mu$ . Thus
$Y$ becomes a complex of $kW_{0}$-modules.
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By Lemma 4.1, the action of the following two elements
$p$ . $1+\sigma_{1}+\sigma_{3}+\cdots+\sigma_{2\ell-1}$ , $\ell\cdot 1+\sigma_{2l+1}+\sigma_{2\ell+3}+\cdots+\sigma_{2m-1}$

on $D^{(m+1,m-1)}$ coincide. Thus the action of $\tau$ on $D^{(m+1,m-1)}$ commutes with those
of elements in $W_{T}=W_{S_{1}}\cross W_{S_{2}}$ and of $\mu$ . In this subsection, set

$D=D^{(m+1,m-1)}\downarrow W_{0}$ , $L=D\cdot\tau\subset D$

$L$ is a $kW_{0}$-submodule of $D$ and $L=\{u\in D_{0} ; u\tau=0\}$ as $\tau^{2}=0$ . So we have a
short exact sequence of $kW_{0}$-modules

(2) $0arrow Larrow Dg0arrow Lfoarrow 0$

where $f_{0}$ is a multiplication map by $\tau$ and $g_{0}$ is an inclusion map.
If we denote the spin module $D^{(\ell+1,\ell-1)}$ of $\Sigma_{m}=\Sigma_{2\ell}$ by $D_{1}$ , then we can see that

$L\cong D^{\bigotimes_{1}\Sigma_{m}l\Sigma_{2}}$ , $L\downarrow_{W_{S_{1}}\cross W_{S_{2}}}\cong D_{1}\otimes D_{1}$

where $D^{\bigotimes_{1}\Sigma_{}1\Sigma_{2}}$ is a tensor induction.
Let $\eta\in Ext_{k[\Sigma_{m}1\Sigma_{2}]}^{1}(L, L)\subset Ext_{k[\Sigma_{m})\Sigma_{2}]}^{*}(L, L)$ be the cohomology element deter-

mined by the exact sequence (2).
We shall construct maps $\gamma^{i}:Darrow L\otimes Y^{i}$ and $\delta^{i+1}=(id_{L}\otimes d^{i+1})\circ\gamma^{i}$ which give

the following commutative diagram.

$0arrow Larrow^{g0}$ $D$
$arrow^{g0\circ fo}$

$D$
$arrow^{g0\circ f_{0}}$ . . .

$\Vert$ $\downarrow\gamma^{0}$ $\downarrow\gamma^{1}$

$0arrow Larrow^{id_{L}\otimes\iota}L\otimes Y^{0}arrow^{id_{L}\otimes d^{o}}L\otimes Y^{1}arrow^{id_{L}\otimes d^{1}}$ . . .

.. . $arrow^{g0\circ f_{0}}$

$D$
$arrow^{g0\circ fo}$

$D$ $arrow^{fo}$
$L$ $arrow 0$

$\downarrow\gamma^{\ell-2}$ $\downarrow\gamma^{\ell-1}$ $\downarrow\delta^{\ell}$

... ut $L\otimes Y^{\ell-2}$ ut $L\otimes Y^{\ell-1}$ ec $L\otimes{\rm Im} d^{l-1}arrow 0$

Set
$\sigma(0,0)=(12P+1)$ , $\sigma(0,0)_{0}=1$ , $\sigma(1,1)_{0}=\sigma_{1}$ , $\sigma(0,1)_{0}=\sigma_{2\ell+1}$

For $1\leqq i\leqq P$ , set
$\sigma(i, i)=(\sigma_{1}\sigma_{3}\cdot\sigma_{2i-1})\cdot\{(\sigma_{1}+\sigma_{3}+\cdots+\sigma_{2i-1})+(2i+12P+1)\}$

$\sigma(0, i)=(\sigma_{2l+1}\sigma_{2\ell+3}\cdots\sigma_{2\ell+2i-1})\cdot\{(\sigma_{2p+1}+\cdots+\sigma_{2\ell+2i-1})+(12\ell+2i+1)\}$

For $1\leqq j<i\leqq P$ , set
$\sigma(j, i)$

$=(\sigma_{1}\cdots\sigma_{2j-1})(\sigma_{2l+1}\cdots\sigma_{2\ell+2(i-j)-1})$

. $\{(\sigma_{1}+\cdots+\sigma_{2j-1})+(\sigma_{2\ell+1}+\cdots+\sigma_{2\ell+2(i-j)-1})+(2j+12\ell+2(i-j)+1)\}$

$\sigma(i, i)_{0}=\sigma_{1}\sigma_{3}\cdot\sigma_{2i-1}$ , $\sigma(0, i)_{0}=\sigma_{2\ell+1}\sigma_{2\ell+3}\cdots\sigma_{2\ell+2i-1}$

$\sigma(j, i)_{0}=(\sigma_{1}\cdots\sigma_{2j-1})(\sigma_{2l+1}\cdots\sigma_{2\ell+2(i-j)-1})$
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We have the following equalities.
$\sigma(j, i)^{\mu}=\sigma(i-j,i)$ , $\sigma(j, i)_{0}^{\mu}=\sigma(i-j, i)_{0}$

By Lemma 4.1, for $0\leqq j\leqq P-1$ , we have the following equality on the action on $D$

$\tau\cdot(2j+12P+2(i-j)+1)+(2j+12P+2(i-j)+1)\cdot\tau$

$=\sigma_{2j+1}\cdot(2j+12\ell+2(i-j)+1)+(2j+12P+2(i-j)+1)\cdot\sigma_{2j+1}\equiv 1$

Thus the following lemma holds.
Lemma 4.3. For $u\in L,$ $u\cdot\sigma(j, i)\tau=u\cdot\sigma(j, i)_{0}$ for each $0\leqq j\leqq i\leqq P-1$ .

For each $1\leqq i\leqq p$ , we define the certain i-elements subsets of {1, 3, $\cdots,$
$2\ell-$

$1,2\ell+1,$ $\cdots,$ $2m-1\}$ as follows,
$I(i, i)=\{1,3, \cdots, 2i-1\}$

$I(j, i)=\{1,3, \cdots, 2j-1,2P+1, \cdots, 2P+2(i-j)-1\},$ $1\leqq j\leqq i-1$

$I(0, i)=\{2P+1,2\ell+3, \cdots, 2P+2i-1\}$

Then
$I(j, i)^{\mu}=I(i-j, i)$

And we set $W_{I(j,i)}=W(j, i)\subset W$ .

Lemma 4.4. $\sigma(j, i)$ and $\sigma(j, i)_{0}$ are $W(j, i)$ -invariant. Let $k\not\in I(j, i)$ and set $I=$
$I(j, i)\cup\{k\}$ . Then the following statements hold.

(1) If $k\neq 2j+1,2P+2(i-j)+1$ , then Tr$W(j,i),W_{I}(\sigma(j, i))\equiv 0$ .
(2) If $k=2j+1_{f}$ then $I=I(j+1, i+1)$ and Tr$W(j_{)}i),W(j+1,i+1)(\sigma(j, i))\equiv$

$\sigma(j+1, i+1)_{0}$ .
(3) If $k=2\ell+2(i-j)+1_{f}$ then $I=I(j, i+1)$ and $Tr_{W(j,i),W(j,i+1)}(\sigma(j,i))\equiv$

$\sigma(j, i+1)_{0}$ .

Let
$i=a_{0}+a_{1}\cdot 2+\cdots+a_{s}\cdot 2^{s}$ , $j=b_{0}+b_{1}\cdot 2+\cdots+b_{s}\cdot 2^{s}$ , $0\leqq a_{u},$ $b_{v}\leqq 1$

be the 2-adic expansions of $i$ and $j$ . We say that $i$ contains $j$ , or $j$ is contained in $i$

provided that $b_{0}\leqq a_{u}$ for all $u$ . We write $i\supseteq j$ or $j\subseteq i$ if $i$ contains $j$ . Notice that
the definition here is slightly different from Definition 24.12 [9]. $0$ and $i$ are always
contained in $i$ .

We have an isomorphism $Hom_{kW_{T}}(D, L\otimes[I]kW_{M})\cong Hom_{kW_{I}}(D\downarrow_{W_{I}}, L)$ given
by $Hom_{kW_{T}}(D, L\otimes[I]kW_{T})\ni\gammarightarrow\hat{\gamma}\in Hom_{kW_{I}}(D\downarrow_{W_{I}}, L)$ , where

$\gamma(v)=\sum_{x\in W_{I}\backslash W}\hat{\gamma}(vx^{-1})x\otimes[I]x,$
$v\in D$

If $I\subset K$ , then $(id_{L}\otimes\pi_{IK})\circ\gamma\in Hom_{kW_{T}}(D, L\otimes[K]kW_{T})$ corredponds to
$Tr_{W_{I},W_{K}}(\hat{\gamma})\in Hom_{kW_{K}}(D\downarrow_{W_{K}}, L)$ .

Define $\gamma^{0}$ : $Darrow L\otimes Y^{0}$ as follows. For $u\in D$ ,

$\gamma^{0}(u)=\sum_{x\in W_{z}\backslash W_{T}}u\cdot x^{-1}\sigma(0,0)\tau x\otimes[\emptyset]x)\in L\otimes[\emptyset]kW_{T}=L\otimes Y^{0}$
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For $1\leqq i\leqq P-1$ , define $\gamma^{i}$ : $Darrow L\otimes Y^{i}$ as follows. For $u\in D$ ,

$\gamma^{i}(u)=\sum_{j\subseteq i}\{\sum_{x\in W(j,i)\backslash W_{T}}u\cdot x^{-1}\sigma(j,i)\tau x\otimes[I(j, i)]x\}\in\oplus\sum_{j\subseteq i}L\otimes[I(j, i)]kW_{T}\subset L\otimes Y^{i}$

We have observed that $\sigma(j, i)$ is $W(j, i)$-invariant. So the maps $\gamma^{i}$ are $kW_{T}$-homomorphsms.
And we can see easily that $\gamma^{i}$ commute with action of $\mu$ so that $\gamma^{i}$ are $kW_{0^{-}}$

homomorphisms.
For $1\leqq i\leqq P$ , define $\delta^{i}$ : $Larrow L\otimes Y^{i}$ as follows. For $u\in L$ ,

$\delta^{i}(u)=\sum_{j\subseteq i}\{\sum_{x\in W(j,i)\backslash W_{T}}u\cdot x^{-1}\sigma(j, i)_{0}x\otimes[I(j, i)]x\}\in\oplus\sum_{j\subseteq i}L\otimes[I(j, i)]kW_{T}\subset L\otimes Y^{i}$

We can see that $\delta^{i}$ is also a $kW_{0}$-homomorphism.

Lemma 4.5. The maps $\gamma^{i}(0\leqq i\leqq P-1)$ and $\delta^{\ell}$ defined above make the diagmm
given above to be commutative.

Assume that $n=2m=2^{s}$ for some integer $s\geqq 2$ so that $m=2^{s-1},$ $p=2^{s-2}$ .
Then only $0$ and $p$ are contained in $p$ and

$I(p, p)=\{1,3, \cdots, 2P-1\}$ , $\sigma(l, P)_{0}=\sigma_{1}\sigma_{3}\cdots\sigma_{2l-1}$

$I(0, l)=\{2P+1,2P+3, \cdots, 2m-1\}$ , $\sigma(0, P)_{0}=\sigma_{2\ell+1}\sigma_{2\ell+3}\cdots\sigma_{2m-1}$

Set
$I(1)=I(p, p)=\{1,3, \cdots, 2P-1\}\subset S_{1}$

$\sigma(1)=\sigma(P, l)_{0}=\sigma_{1}\sigma_{3}\cdots\sigma_{2\ell-1}\in W_{I(1)}$

$I(2)=I(0, \ell)=\{2P+1,2P+3, \cdots, 2m-1\}\subset S_{2}$

$\sigma(2)=\sigma(0, l)_{0}=\sigma_{2\ell+1}\sigma_{2\ell+3}\cdots\sigma_{2m-1}\in W_{I(2)}$

Then

$\delta^{\ell}(u)=\sum_{x\in W_{I\langle 1)}\backslash W_{T}}u\cdot x^{-1}\sigma(1)x\otimes[I(1)]x+\sum_{x\in W_{I\langle 2)}\backslash W_{T}}u\cdot x^{-1}\sigma(2)x\otimes[I(2)]x$

$= \sum_{x\in C_{W}s_{1}(\sigma(1))\backslash W_{S_{1}}}u\cdot x^{-1}\sigma(1)x\otimes[C_{W_{S_{1}}}(\sigma(1))]x\cdot[S_{2}]$

$+ \sum_{x\in C_{W_{S_{2}}}(\sigma(2))\backslash W_{S_{2}}}u\cdot x^{-1}\sigma(2)x\otimes[S_{1}]\cdot[C_{W_{S_{2}}}(\sigma(2))]x$
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5. THE VARIETIES $V_{E}(D^{(m+1,m-1)}),$ $V_{E}(M^{(m+1,m-1)})$ FOR $\Sigma_{2m}$ WITH $m=2^{s-1}$

Assume that $n=2m=2^{s}$ for some integer $s\geqq 2$ and let $E$ be a maximal regular
elementary abelian 2-subgroup of $\Sigma_{2^{s}}$ . Let $D$ and $M$ be $k\Sigma_{n}$-modules and $L$ be a
$k\Sigma_{m}l\Sigma_{2}$-module defined in Section 4. Let $\mu\in\Sigma_{m}1\Sigma_{2}$ be a regular involution and
set $\Gamma=C_{\Sigma_{m}1\Sigma_{2}}(\mu)$ . Then $\Gamma=\triangle(\Sigma_{m})\cross\langle\mu\rangle$ where $\triangle(\Sigma_{m})$ is the diagonal subgroup
in $\Sigma_{m}\cross\Sigma_{m}\subset\Sigma_{m}1\Sigma_{2}$ . We shall propose a problem concerning the cohomology
elements $\rho\in Ext_{k\Sigma_{n}}^{1}(D, D)$ and $\eta\in Ext_{k\Sigma_{m}1\Sigma_{2}}^{1}(L, L)$ . If $n=2^{2}$ , then we can see
that

$res_{\Sigma_{n},E}(\rho^{2})=c_{1}(E)\otimes id_{D}$ , $res_{\Sigma_{m}|\Sigma_{2},\Gamma}(\eta)=0$

Problem 5.1. Assume that $n=2^{s}$ . Then are the following statements true $Q$

(1) There exists a positive integer $k,$ $t$ such that $res_{\Sigma_{n},E}(\rho^{k})=c_{s-1}(E)^{t}\otimes id_{D}$ .
(2) There $e$ vists a positive integer $u$ such that $res_{\Sigma_{m}1\Sigma_{2},\Gamma}(\eta^{u})=0$ .

By an inductive argument and Lemma 2.1, we have the following remark.

Remark 5.2. If the problems have affirmative answers, then the following state-
ments hold.

(1) $V_{E}(D^{(m+1,m)}\iota_{E})=V_{E}(c_{s-1}(E))$ .
(2) $V_{E}(D^{(m+1,m-1)}1_{E})=V_{E}(k)$ .

In particular, Conjecture 1.2 is true.
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