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Abstract

We will use a polynomial collocation method to compute the kernel dimension of
singular integral operators with reflection and piecewise continuous functions as
coefficients. The so-called k-splitting property of the operators is also discussed.
An example is included to illustrate the proposed procedure.
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1 Introduction

Let L%(T,w) be the weighted Lebesgue space over T := {t € C : |t| = 1} equipped
with the norm

[fll2. = @£l (1.1)

where | - ||z denotes the usual norm of the Hilbert space L%(T). We will assume that all
weights @ : T — [0, +00] are such that @, =™ € L*(T), and

1 12 74 1/2
Ce = SUPSUp (—/ w('r)zld'r[) (—/ W(T)‘zldﬂ) <00, (1.2)
teT e>0 \€ JT(t,e) € JT(te)

where
T(t,e) :={r €T : |7 —t| <e}, e>0.

The property (1.2) is the so-called Hunt-Muckenhoupt-Wheeden condition, and Ay(T) is
referred to as the set of Hunt-Muckenhoupt-Wheeden weights.
In the present work we deal with the singular integral operators

A = agly + boSt + ayJ + b, S¢J : L*(T,w) — L*(T,w), (1.3)
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with essentially bounded piecewise continuous coefficients ag,bp,a;.b; € PC(T), the
identity operator It, the Cauchy singular integral operator St defined almost everywhere

by
_1 f(7)
($eDO) = mpv-[ L0, teT,
the reflection operator V
(Jo)(t) = p(-1), teT, (1.4)

and where the weighted Lebesgue space L?(T,w) is considered for weights w belonging
to A§(T) := {w € A2(T) : w(—t) =w(t), t € T}.

We will apply a collocation method to the operator A which will help us to obtain
information about the k-splitting property and the kernel dimension of the operators in
consideration.

The paper is organized as follows: Section 2 is devoted to the collocation method,
which will be used to compute de kernel dimension of the operators under consideration.
The approzimation and projection methods, as well as the notion of singular values and
stability are considered in a general setting in subsection 2.1 and applied to our case
in subsection 2.2. These previous results will be useful in Section 3 for obtaining an
estimation of the operator A kernel dimension. A specific example where the singular
values of some associated operators are computed is provided at the end of the paper.

2 A polynomial collocation method for singular in-
tegral operators

Under the assumption that the operator A given by (1.3) is a Fredholm operator (see
[2] for corresponding criteria), we will study their kernel dimension by means of a poly-
nomial collocation method for singular integral operators proposed by A. Rogozhin and
B. Silbermann in (8].

2.1 General framework
2.1.1 Approximation numbers.

Let F be a finite dimensional Banach space with dim F' = m. The k-th approximation
number (k € {0,1,...,m}) of an operator A € L(F) is defined as

sk(A) = dist(A, Fri) :=inf{||A = F| : F € Fruei},

where J,,_; denotes the collection of all operators (or matrices from C™*™) having the
dimension of the range equal to at most n — k. It is clear that

0 < s1(A) < -+ < sim(A) = || Al ().
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Notice that the approximation numbers can be also defined as the singular values of a
square matrix A, € C*V*"N which are the square roots of the spectral points of A} A,
where A’ denotes the adjoint matrix of A,. v

Definition 1 A sequence (A,) of matrices nN x nN zs said to have the k- splzttmg
property if there is an integer k > 0 such that

lim s;(A,) =0 and liminfsg4i(A,) > 0.

n—00 n—o0
The number k is called the splitting number. Alternatively, we say the singular values
A, (computed via A% A,) of a sequence (A,) of k(n) x I(n) matrices A, have the splitting
property if there exist a sequence ¢, — 0 (¢, > 0) and a number d > 0 such that

A, C0,e,]U[dioo) for all m,

and the singular values of A, are said to meet the k-splitting prbperty if, in addition, for
all sufficiently large n exactly k singular values of A, lie in [0, c,)].

2.1.2 Approximation method.

For the sake of self-contained global presentation we will describe here the approximation
method in the scope of Banach spaces. Afterwards, we will show the natural adaptation
to our cases. More information about this method can be found, for instance, in (3, 7, 8].

Let X be a Banach space. Given a bounded linear operator A on X, A € E(X ), and
an element f of X, con51der the operator equation

Ap = J. , | 2.1)

To obtain approximate solutions of this equation, we consider approximate closed sub-
spaces X,, in which the approximate solutions ¢, of (2.1) will be sought. In practice,
the X,, spaces usually have finite dimension but we will not require this assumption. We
will assume that X, are ranges of certain projection operators L, : X — X, so that
these projections converge strongly to the identity operator: s —lim,_,o, L, = I. This
strong convergence implies that U2, X, is dense in X.

Having fixed subspaces X,,, we choose convenient linear operators A4, : X, — X,
and consider in the place of (2.1) the equations

CAppn=Lnf, n=12..., o (2.2)

with their solutions sought in X;, = Im L,,.

A sequence (A,) of operators A, € L£(Im L,,) is an.approzimation method for A €
L(X) if A, L, converges strongly to A as n — oo: :

Note that even if (A,) is an approximation method for A, we do not yet know anything
about the solvability of the equations (2.2), and about the relations between (eventual)
solutions ¢, of (2.2) and the (possible) solution ¢ of (2.1). .
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The approximation method (A,) for A is applicable if there exists a number ng such
that the equations (2.2) possess unique solutions ¢, for every n > ng and every right-
hand side f € X, and if these solutions converge in the norm of X to a solution of
(2.1). An equivalent characterization of applicable approximation methods is the notion
of stability, where a sequence (A,) of operators A, € L(Im L,) is called stable if there
exists a number ng such that the operators A,, are invertible for every n > ng and if the
norms of their inverses are uniformly bounded:

sup ||A;L, | < oo.

n>ng
These notions are connected by the Polski’s Theorem.

Theorem 1 (Polski; see [3, Theorem 1.4]) Let (L,) be a sequence of projections
which converges strongly to the identity operator, and let (A,) with A, € L(Im L,) be
an approzimation method for the operator A € L(X). This method is applicable if and
only if the operator A is invertible and the sequence (A,) ts stable.

2.1.3 Projection methods and the algebraization of stability.

Let A be a bounded linear operator on X and (L,) a sequence of projections converging
strongly to the identity I € £(X). The idea of any projection method for the approx-
imate solution of (2.1) is to choose a further sequence (R,) of projections which also
converges strongly to the identity and which satisfy Im R, = Im L,. Thus, we choose
A, = R,AL, :Im L, — Im L, as the approximate operators of A. In fact, Lemma 1.5
in [3] proves that (R,AL,) is indeed an approximate method for A.

Let X be an infinite dimensional Banach space and let (X,) be a sequence of finite
dimensional subspaces of X. Moreover, we assume that there is a sequence (L,) of
projections from X onto X, with strong limit / € X as n = oo. Let F refer to the
set of all sequences (A,)%2, of operators A, € £(Im L,) which are uniformly bounded:

n=0
sup{||A,L,|| : n > 0} < 0o. The “algebraization” of F is given by the natural operations
/\I(An) + /\2(Bn) = (’\lAn + )\2Bn)» (An)(Bn) = (Aan) (23)
and

(A7 := sup{|| AnLn|| : n =0}

which make F to be an initial Banach algebra with identity (I, ). The set G of all
sequences (G,) in F with lim, , ||G,L,|| = 0 is a closed two sided ideal in . The
Kozak’s Theorem (Theorem 1.5 in [3]) establish that a sequence (A,) € F is stable if
and only if its coset (A,) + G is invertible in the quotient algebra F/G.

If instead of a Banach space X we consider a Hilbert space H and L, to be the
orthogonal projections P, from # onto #,, then (A,)* = (AZ) defines an involution in
F which makes F a C*-algebra. Note that in this case the approximation numbers of
an operator A, € L(H,) are just the singular values of A,.
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Let further 7" be a (possible infinite) index set and suppose that, for every t € T,
we are given an infinite dimensional Hilbert space H! with identity operator I! as well
as a sequence (E?) of partial isometries E! : H' — H such that the initial projections
P! of E! converge strongly to /' as n — oo, the range projection of E! is P, and the
separation condition . . .

' (ES)*EL — 0 weakly as n — o0 (2.4)
holds for every s, € T with s # t. Recall that an operator E : H' — H" is a partial
isometry if EE*E = F and that E*E and FE* are orthogonal projections (which are
called the initial and the range projections of E, respectively). The restriction of E to
Im(E*FE) is an isometry from Im(E*E) onto Im(EE*) = Im E. We write E* instead of
(EL)*, and set H,, := Im P, and H! :=Im P!.

Let FT stand for the set of all sequences (A,) € F for which the strong limits
s— lim E* A,E! and s- lim(E' A,E!)"

n—>00 n-—00

exist for every ¢t € T, and define mappihgs Wt: FT — L(H!) by
WYA,) :=s— lim E' A,E:.

n—o00
The algebra FT is a C*-subalgebra of F which contains the identity, and W* are x-
homomorphisms. Moreover, T is a standard algebra. This means that any sequence
(A,) € FT is stable if and only if all the operators IW*(A,,) are invertible.

The separation condition (2.4) ensures that, for every { € T and every compact
operator K* € K(H!), the sequence (E!K!'E" ) belongs to the algebra F7, and for all
seT
K' ifs=t
0 ifs#t.
Conversely, the above identity implies the separation condition (2.4). Moreover, the ideal
G belongs to F7. So we can introduce the smallest closed ideal J7 of F7 which contains
all sequences (ELK'E" ) with t € T and K* € K(H!), as well as all sequences (G,) € .

Corresponding to the ideal J7, we introduce a class of Fredholm sequences by calling
a sequence (A,) € FT Fredholm if the coset (A4,)+J7 is invertible in the quotient algebra
FT/JT. 1t is also known (see [3]) that if (4,) € F7 is Fredholm, then all operators
Wt(A,) are Fredholm on H!, and the number of the non-invertible operators among the
Wt(A,) is finite.

The main result concerning standard algebras reads as follows:

Theorem 2 (see [3]) Let (A,) be a sequence from the standard C*-algebra F7T.

(i) If the coset (A,)+J7 is invertible in the quotient algebra F1 /J 7, then all operators
W' (A,) are Fredholm on H', the number of the non-invertible operators among the
W' (A,) is finite, and the singular values of A, have the k-splitting property with

k(A,) = dimker W*(A,).

teT

WS(ELK'E! ) = { (2.5)
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(i) If WY A,) is not Fredholm for at least one t € T, then for every integer k > 0

sk(A,) — 0, as n— oco.

2.2 The collocation method for singular integral operators on
[L(T, w)]?

In this part we will consider pure (matrix) singular integral operators defined on weighted
Lebesgue spaces [L?(T, w)]2, where the weight w belongs to Ax(T).
In addition, let us consider the following singular integral equation on [L?(T, w)]%

(alt + bSt)u = f. (2.6)

In view to obtain an approximate solution of (2.6) by the collocation method, we seek
to polynomials u,, by solving the linear (2n + 1) x (2n + 1)-system

a(z;)un(25) + b(2;)(St)un(z;) = f(2;), j € {—n,....n},
which can be equivalently written in the form
L,(aly +bSt)Pu, = L, f

and our goal is to examine the stability of the sequence (L,(alt + bSt)P,).

The algebraization of the stability runs as follows in this case. We start by considering
the Fourier projection P, € L([L?(T,w)]?) that in terms of the Fourier coefficients of a
function ¢ € [L?(T,w)]? acts componentwise according to the rule

P = zt/;ktk — i vt*,  neN.
k€eZ k=—n

In addition, we take the Lagrange interpolation operator L, (which is bounded in
[L?(T, w)]?, see for instance [1]) associated to the points

o
t, = exp <2nr—:-]1)’ j=01,... 2n.

That is, L, assigns to a function ¢ its Lagrange interpolation polynomial L,y € Im P,
uniquely determined, on each component, by the conditions (L,¢)(1;) = ¢(i;), j =
0,1,...,2n. One can show that || P9 —|j2. — 0asn — oc for every v € [L3(T, w))?
and in [5] it was proved (for the scalar case) that || L,y — ¢|l2, — 0, n — 0.

For r € Z, given, we construct

Apy o= Ly(aly + bSp) Pa(Po = Wo P, W,).  n € Zy, (2.7)
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where the operator W,, € L([L(T,w)]?) acts by the rule

n -1
Whtp = an'ktk + Z ¢—n—k—1tk-
k=0 .

k=—n

Note that if r = 0, then we get a polynomial collocation method A, for the solution of
the singular integral equation (2.6).
First, note that the operators W, and P, are related as follows:

W2="p, W,P,=PW,=W,. (2.8)

On the other hand, in [3, 4, 6] it was shown that: |
Lyaly = LyaL,, StP, = P,StP,, W,L,aW, = L,aP, (2.9)
(Ln,aP,)* = L,aP,, (P,StP,)" = P,5tP, - (2.10)

where for a € L*(T),
zz(t)=a<%), e,

We denote by 75 the index set {1,2} and by F”2 the C*-algebra of all operator sequences
(A,), with A, € L(Im P,), for which there exist operators (x-homomorphisms) W*'(4,),
W2(A,) € L([L*(T,w)]?) such that

s— lim P,A,P, = W*4,) and s— lim W,A,W, = W?(4,)

n—o0 n—o0

s— lim (P,A,P,)" = W'(A,)* and s— lim (W,A,W,)* = W?(A4,)".

Furthermore, let us introduce the subsets J* and J?2 of the C*-algebra F72:

J' = {(P.KP,)+(Gn) : K€ K(L*(T,w)]), |Gnll = oo}
T? = {(WuLW,) +(G,) : L€ K(L*(T,w)]?), |Gnll = oo}

Again, JT2 is the smallest closed two-sided ideal of F7 which contains all 'sequences
(J,.) such that .J,, belongs to one of the ideals J*, t =1, 2.

Theorem 3 Let a,b € [PC(T)]|?*? and consider the operators
Apy = Ly(alr + bST)Pn(Pn - WoProiW,), n € Zy.
(1) The sequence (An,rj :belongs to the C’*-dlge.bnﬁz‘f%. In pa}'ticular |
 WMAw) =ale+bSr, and WA(A.,) = @k +5S5)Qs

where Q.1 =1— P._;.
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(2) The coset (Anr)+T™ is invertible in F72 /T if and only if the operator Wi(A,.,)
= alt + bSt is Fredholm.

(3) If the operators W'(A,,) and W%(A,,) are Fredholm on [L*(T,w)]?, then the
approzimation numbers of A, . have the k-splitting property with

k(A,,) = dimker(alr + bSt) + dim ker((@/r + bSt)Q,—1).

(4) Otherwise, s;(An,) — 0 for each | € N.

Proof. We are going to compute W*(A,,,) and W2(A,,). Having this goal in mind,
we will use the relations (2.8) and (2.9). First note that for each r € N the sequence
(WnP._,W,,) belongs to J2. So, from (2.5) we have that W!(P, — W,,P,_;W,) = I and
W2(P, - W,P,_iW,) = I — P,_;. Since W*, t € Ty, are *-homomorphisms, then it only
remains to compute
WYL, (alt + bSp)P,) = s-— lgglo L,(alr + bST)P, P,
= lim L,(aly + bSr) P,
= aly + bSy
and
W2(L,(aly +bS7)P,) = s— lim W, (La(alr + bSt) Pa)W,
= lil’{.lo We(Lyn(alr + bSt)P,)
= lim L,(alt + bSr)P,
n—oo
= alp + EST.

Therefore, W'(A,,) = alr + bSt and W?(A,,) = (alr +EST)QT_1. Similarly, using the
above mentioned properties (2.8) and (2.9), as well as (2.10), we are able to compute
W1(A,,)* and W2(A,,)*, which proves proposition (1) above.

©On the other hand, from the previous part we have that W 1(A,,_,) = alt + bSt and

W?(A,,) = (@lr+bSr)Q-—1. Then, propositions (2), (3) and (4) follow from Theorem 2.
0O

3 On the kernel dimension of the operator A

Now, we are in condition to compute the kernel dimension of the operator A given in
(1.3).
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Theorem 4 If the singular integral operator A is Fredholm, then the singular values of
the operators A, , defined in (2.7) have the k-splitting property with

k = k(A,,) = dimker(A) + dim ker(ar It + o1S1)Qr—1

where Q.1 :=1— P._;.

Proof. From [2, Theorem 2.2] we know that the operator A is equivalent to a matrix
singular integral operator of the form

Dr = uply + vrSt € L([LA(T, w))?), (3.1)
with coefficients given by
1 1 1 1 tl/2
UT(t) = D) ( 12 12 )Ul(tl/?) ( 1 —tl/2 ) (3-2)
and ) 12
1 1 1t
vr(t) = 2 < 12 _y-1/2 >U1(t1/2) ( 1 g2 > ) (3.3)
where 0 0
rr, Qo t T, a1 t
1) = + +
i) = ey a0(—1) 7, a1(~1) )
and

ra,bo(t) 7, ba(t)
vi(t) = ( TT+b02—t) re, b1(=t) )

The conclusion is now obtained from proposition (3) in Theorem 3, taking into ac-
count that W1(A, ) = Dr, and the fact that two equivalent after extension operators
have the same kernel dimension. O

Lemma 3.7 in [7] implies that if r is large enough then the kernel dimension of the
operator urlt + vrSt is equal to the rank of the projection P,_j, that is 2(2r — 1).
Observe that if r is replaced by r+1 and the number of singular values increases exactly
by 2, then a correct r is found. Le., k(A +1) = k(A,,) = 4 (see [9] for a more detailed
explanation). Moreover, we would like to know the number dim ker(.A) provided that we
would be able to-compute A,, N[0, c,] where A, is the set of the singular values of (4, ;).

3.1 Order of convergence of sx(Ank)

In order to analyse dim ker(.4), we have to identify the number of singular values of A, ,
tending to zero. This suggests us to investigate the convergence speed of sx(Anx) to
zero. To this end, by using the operator equivalence relation given in Theorem 2.2 of [2]
and Theorem 3, we can adapt the results of Section 4 in [8], as follows:
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Corollary 1 Let ag,a1,bo, by € PC(T). If the singular integral operator A is Fredholm,
then

Sk(An,r) <C ma‘x(“An,rS‘:l”, Sy ”An,r‘Pl”a “WnAn,rWn"/)IHv cees ”WnAn,rWn‘/’m”)

with k = dim ker(A) + dim ker (ur It + U151)@r—1, where the constant C' does not depend
on n, and {p;}'; and {y;}, are some orthonormal bases of ker(urlr + vrSr) and
ker(urIt + vrSt)Qr-1, respectwely

Thus, we have to estimate the norms ||A,.¢| and ||W, A, ,.W,pl||, where is taken
¢ € ker(uyly + vrSt), ¥ € ker(urlt + vrS1)Qr-1, and ||| = |[¢|| = 1. Such estimates
are provided in [8]. Here, for the sake of the presentation completeness, we are going to
include them. First, we will deal with smooth coefficients ur and vr. By C(T) ¢ PC(T)
we denote the algebra of all continuous functions on T, by H*(T) ¢ C(T) the Hélder-
Zygmund space and by R(T) C C(T) the algebra of all rational functions on T. For each
continuous function f € [C(T))**?, we put

E”(f) = [R"(T)]2X2 ”f P“OO, ne Z+)
where [R™(T)}**? is the set of all matrix trigonometric polynomials p on T of the form
p(t) = 3 r__, pit*, with p, € C**2. Recall that for any f € [C(T)]**? and n € Z., there
is a polynomial p,(f) € [R™(T)]?*2 such that E,(f) = [|f — pn(f)]lco-

In what follows, by [an] we denote the integer part of an (with n € Z,).

Lemma 1 Let ag,a;,by,b € PC(T) and let o € (0,1). If the singular integral operator
A is Fredholm, then

Sk(An,r) < Cmax(E[an] (UT)1 E[an] (UT), “Qn—[an]‘pl'h sy ”Qn—[an]sol“»
”Qn—-[om]wl”: ey ”Qn-—[an]wm”)
for o € (0,1) with k = dim ker(.A)+d1m ker(ur It+vrSt)Q,-1, where the constant C does

not depend onn, and {p;}\_; and {y;} ", are some orthonormal bases of ker(ur It+vrSt)
and ker(ur it + thT)QT_l,_respectwely

The last inequality can be used in order to estimate the convergence speed for ag, a;, by
and b; smooth functions.

Proposition 1 Let ag, a1, by, by € C(T) and let the singular integral operator
A = aglt + bySt + a;J + b StJ,

be Fredholm. If the functions ur,vr given by (3.2) and (3.3) belong to [H*(T))**? for
some s > 0, then
se(Anr) =0(n7%), asn— oo. (3.4)

On the other hand, if the functions ag, a;, by and b; belong to R(T), then thereisap >0
such that ,
Sk(Any) = O(e™), asn — oo. (3.5)
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For more general cases where non-smooth conditions are imposed over the coefficients
ag,a1,by and by, similar estimates to (3.4) and (3.5) can be also obtained. For this
situation, the equivalence relation between the operator A and the Toeplitz operator Ty,
with 9 = (ur — vr) Y(ur + vr) (see [2, Corollay 2.1]), allows us to use the results of
Section 2 in [8], and in particular Theorem 2.2, which gives the estimates (3.4) and (3.5)
for corresponding truncated Toeplitz matrices A, , = Tn(¥).

Example 3.1 In view of illustrating the applicability of Theorem 4, we will present here
an example within the smooth coefficients case. Let us consider the operator A as in
(1.3) with reflection operator J defined in (1.4) and coefficients given by

1
ao(t) — 5[t2(s—1) + t_2 + t—Zs]’
1
ait) = 5[—#“‘” -2+ 1%,
t~2s 1 2t2n1 3t2(—rc2-a——1/2)
bo(t) = gy (527~ 1)+ T )
2271 + 1\ 2 3t=2k2 4+ 1
13t7%2 -1, ,
SO T 2 e2(s-1) -2
+23t-2m+1(t T,
—2s 2K1 2(—k2—a—1/2)
b)) = s (em -1 - 2
2t2r1 41 \ 2 322 41
13t722 -1,
e tre2(s-1) -2
syt TE)

with k1, k2,5 € 2Z and o = (4k — 1)/2, k € Z. From the theory exposed above, A is
equivalent to the operator Dy with coefficients ur and vr given by

e 0 t”52t'€,1_1 t_"(4t"1+1/2+6t”‘2—&)
’LL']I‘(t) = ( ) and U’]I‘(t) — ( 2t8141 Rt 1+1) (8t *2+1) ) ‘

0 v 0 e e

To perform our computations, in a similar manner as in [8, 10], instead of the operators
A, defined in (2.7) we are going to consider the following operators which have the
same singular values as A, ,:

Bnn‘ = F2n+1An,rF2_n{|.1 = (UT(tj)éj,k)_?;Lc:O + (vT(tj)6j,k)§j;c=0F2n+lQn,rF2_n%+.1

where 8, . is the Kronecker symbol and Fy,1; (with inverses Fy},) are the 2(2n + 1) x
2(2n + 1) matrices

1 mij 2n ( 1 omij >2n
Fopp1 = | —=e2+11 . Fpl = | ———=e ],
2n+1 ( B 1 2>i’j=0 2n+1 Aan + 1 2 im0
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(with I, being the identity 2 x 2 matrix). Considering these matrices we rewrite A, ,
with respect to the standard basis Im P, as

Anr = Fly (ur(t)85 1) 2kcoFantr + Fan (0(8)05,8) 2% 0 Font1Qnyr

here
Qnr—d'agOI,...,OI,I,...,I ,OI,...,OI .

n+l n—-max(0,r~1) max(0,r—1)

On the other hand, from Corollary 2.1 in [2] we know that 4 is equivalent to the
Toeplitz operator T; with

0 = (ur) = on(0) () 4 n(0) = (27 2T,

where in the case o > 0, we have that ¢ admits a (right) Wiener-Hopf factorization

w-(37)(5 ) (14)

This implies, from the well-known Simonenko’s Theorem, that

dimker T, = Z max(0, —7).

je{KI,—N2}

3 3
25 28|
2 2
18 18

s,-8, 8,
\ 378y ' 2%
\ |
08 0.8,

s, s,
o s o s,
1 15 2 28 3 38 0 45 [} 0 10 20 X 4 80 6 70 60 9 100

Figure 1: The behavior of the first 6 singular values of A, (n =5 and n = 100).

Notice that for K1, k2 > 0, 9(t) = (1) also admits a right Wiener-Hopf factorization

= (2" A2 gprate (2 L t™=r 0 1 39
0 3t~2 0 1 0 ¢ 0 3

166



A COLLOCATION METHOD FOR SIO WITH REFLECTION

with g = k1 + ko + @ and h = —k; — ko — 1/2. Therefore, dimker(urly + vrSt) =
dim ker7zb~ = k1. Thus, these facts give us the value of k(A,,,) in Theorem 4, which is
k = k1 + Kka. For the case k1 = 2, ko = 0 and o = 7/2, Figure 1 illustrates that in fact
A, , has the 2-splitting property.
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